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Abstract

We analyze a mathematical model of within-host dymas of plasmodium
falciparum. We report that there are two criticalopits the infection-free
equilibrium point and the infection equilibrium pait. We show that the infection
— free equilibrium is asymptotically stable if theproduction number R< 1 and
unstable if R > 1. New theorems were formulated using the basiproduction
parameter R.
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1.0 INTRODUCTION

The development of malaria due to Plasmodium faleiph is a complex, multi-stage process. It is Ugudiaracterized by
an exponential growth in the number of parasitedtdd erythrocytes, followed by marked oscillatioRisis of course has
been a subject of various mathematical modelsattiqular the mathematical model proposed by AratertMay and
Gupta (1989) which attempt to address the blooggesasexual cycle of Plasmodium falciparum by filhg the invasion
of erythrocytes (RBC) by merozoites and the inféctsd blood cells (IRBC). In this paper we areriested in the
mathematical analysis of the equilibrium pointscoysidering the stability of such points which degpen the basic
reproduction parametd®, as discussed by Oluyo et-al (2007).

2.0 MATHEMATICAL FORMULATION
The model to be discussed in this paper is as pieddy Anderson, May and Gupta (1989) given as

dx_
dt—y ux — Bxs
dy
A — 1
== Bxs—ay ™
ds

x:the uninfected red blood cells concentration(URBC}he infected red blood cells concentration(IRBCthe
concentration of the merozoitgsthe fixed rate at which erythropo iesis is produgethe bone marrow:the normal
decay of RBCs at constant raterate at which merozoites are released from rupguiiRBCs;r:the multiplication rate per
cycle; B:coefficient of merozoites eliminated by the invasbf fresh RBCs at a rate proportional to the eotrations of
RBC and merozoites:merozoites eliminated due to loss of infectivity.

It is important to point here that we have replagduly y in the model as presented by Anderson et al (1989)

3.0 METHODOLOGY
3.T THE CRITICAL POINTS
The critical points of equation (1) are:
Y * §  yBr—yB—ud yBr-yB-ué
4o = (Z' 0,0) and 4" = (B(r—l)' Br—a ' ps )
A, is the infection-free equilibrium point aad the infection equilibrium.
3.2 THE TRANSLATED EQUATIONS TO THE ORIGIN
The translated equations to the origin of thenfsd, andA*are:
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X _ xs - s
E——HX—I? _ﬁﬂ
%=£BS—aY+BXS (2)
ds Su+ B i
E——ﬁXS+arY—( . )S
and
X P e—vx-—2 _s_pxs )
- 50D BCEY) -B .
dY ypr—yp—ud
T X—aY+(r_1)S+BXS (3)
as  (yBr—yB —ué or
E——<f)X+arY—(r_—1)S—BXS J

3.3 THE REPRODUCTION PARAMETER
The basic reproduction parameigyris defined by Patrick De Leenheer et al (2003)}his papeRr, is determined by
considering the fate of a single productively inéetcell in an otherwise healthy individual withrmal target URBC

level x = x,. Infact R, in this case B, = £~

3.4 STABILITY THEOREMS
We shall need the following theorems in the analgéithe nature of the critical points
THEOREM3.1[2]:

Let% = P (X, y),% = Q(X, y)andx{;j :

Let X, = [XlJ be a critical point of the plane autonomous system
1

_ (P(xy)
X1=9g (X) _(Q(X, y)

(a) If the eigenvalues of A = (X,) have negative real part then X an asymptotically stable critical point.
(b) If A = g*(X,) has an eigenvalue with positive real part, thenikan unstable critical point.
THEOREM 3.2 [2]:
Consider the system
1_
X =8 X+a,y
1_
Yy = auX+asy
where theyay; are real constants ar@; a,, = a;, ay; =0, so that the origin (0, 0) is the only criticalipp Let A, and

J, where P (X, y) and Q (X, y) have continuous first partial derivatives in a iigrhood of X,

/]2 be the two roots of the auxiliary equations

2 —
A" = (ail + a“zz)/1 + (aﬂa'zz - 321312) = 0.Then the
origin is stable ifA; and A, are purely imaginary:

(@) the origin is asymptotically stable if Ré < 0 and Red, <0
(b) the origin is unstable in all other cases.

THEOREM 3.3 (DESCARTES’ RULE OF SIGNS) The
number of positive zeros (negative zeros) of pofyiads with real coefficient is either equal to tieémber of change in
sign of the polynomial or less than this by an ewember (By counting down by two’s)
Consequent to the above theorems we shall statpramd new theorems that could be derived fronthberems. We
now propose the following theorems:
Theorem3.4 The
critical point of the infected-free equilibriumasymptotically stable iR, < 1 and ifu > 0, > 0,6 >0,y > 0,8 >
0,r > 0, otherwise the critical point is unstable.
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Proof:
The Jacobian matrix of equation (2)4atis (see [3])

-YB
— 0 —_
e )
](AO):I 0 —a ﬁ I
| u

I
\ Su+ A8
0 ar - ( )
u
So the eigenvalues are given By u — 1) [AZ + mw + (ad — #)] =0ie
(—u =) 2 + D) 4 (a5 - Ro)| (4)

Hence,
}‘1 = U,

A = i (—ap — Su —yB + Ja2u? + 2au?8 + 2auyB + 62u% + 26uyB + y2B? — 4u?ad + 4u?R,),

-1
A = Z(—a/x —-Su—ypB+ \/azuz + 2au?é + 2auyB + 52u? + 26uyB + v?p?% — 4ucad + 4u?R,)

If u>0,a>06>0,y>08>0andR, <1 in equation (4) then the result follows that thare no change in signs
which implies that there are no positive solutiohgquation (4). lfp is replaced by—¢ in equation (4) then

—?\3-1-(@))\2—(au+u6+yﬁ+a5—R0)A+u(a5—R0)=0 (5)

If u>0a>06>0,y>0,8>0andR, < 1 then there are 3 sign changes so that equatiba&b} negative roots or 1
negative root which implies that all the eigen ealy,;, A,,A; are all negative. Hence the result follows thatitifection-
free critical pointd,is asymtotically stable

Theorem3.5
The critical point of the infected-free equilibriumunstable iR, > 1land ifu > 0,a > 0,6 > 0,
y>0,>01r>0.

Proof:

From equations (4) and (5) of the proof of theo®&#n if we letu > 0, > 0,6 > 0,y > 0,8 > 0 andR, > 1 in equation
(4) it follows there is only 1 sign change whichpiias that there is exactly 1 positive rootglfs replaced by—¢ as
before in equation (4) and that> 0, > 0,5 > 0,y > 0, > 0 andR, > 1 in equation (5) yields 2 sign changes and
there are exactly 2 negative roots or zero roois Fhplies that there is exactly 1 positive rootl @negative roots.
Therefore, the result follows immediaely that thiéical point A4, is unstable.

Theorem3.6The infection equilibrium is asymptotically stalleR, < 1and ifu > 0, > 0,6 >0,y >0, >0,r > 1

Proof:
The Jacobian matrix of equation (3)A4itis
_YB r—1) 0 _=5
6 (r—1)
. YBr —yB —ué 8
JA7) = — % % &-p
B (yﬁr -vB— M5) o — —6r
o (r—1)

The characteristic equation of the system of eqnatin equation (3) is

(_YB;T_D _ )\) ((C((T —1D-2 ((Vﬁrz—z(};[j?;';)/ﬁ+u5) _ )\) — ,LL(T' — 1)R0> =0 (6)

Therefore,
A = —Vﬁg‘—l)
Ay = ﬁ(—Zar +yBpr? =2ypr+a+ar? +yB + ué + (a?r* = 2yprra + y?f? — 2ar?ud + u?s% +
6Y2B%r? — 4y2B%r3 + y2B%r* + 4uR 3 + a? — 4y?B%r + 6a’r? — 4a’r — 4a’r® + 8ar3p — 12ar?B + 8arf +
4arpd — 2ap — 2apd — 4uRy — 12uR 72 + 12uRor + 2Bud — 4prud + ZBrzu‘d)l/Z) ,
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Ay =— oD (—Zar +ypr? —=2ypr+a+ ar? +yB + ud + (a?r* — 2yBria + y2p? — 2ar?ué + u?6* +
6Y2B%r? — 4y2B%r3 + y2B%r* + 4uR 3 + a? — 4y?B%r + 6a’r? — 4a’r — 4a2r13 + 8ar3p — 12ar?B + 8arp +
4arpd — 2aB — 2018 — 4uRy — 12uRyr? + 12uRor + 2Bps — 4Prus + 2pr2us) /2)

By expanding equation (6) to obtain
23 4 (—ad(r—l)z—yﬁ5r2+21/ﬁ5r—yﬁ’6—u62+Vﬁ(r—1)2) 22 4 ((VBTZ—ZVBT+VB+u5)(a5—yﬁ)—yﬁa(r—1)2) A+
§(r-1) )
2_ — _ —1)2
(vBr2-2yBr+yB+ud)(as—yp)-yBa(r-1)? _ 0 @

8
If u>0a>048>0y>0/8>07r>1andR, <1 in equation (7) then the result follows that thare no change in

signs which implies that there are no positive sohs of equation (7). it is replaced by—A2 in equation (7) then
3 —a8(r-1)2-yBér2+2ypr—yBS—ps*+yB(r-1?\ 5  ((yBr’-2yBr+yB+us)(as-yp)-yBa(r-1)°
o+ ( o=y )o* = ; Jo+
(vBr?-2ypr+yp+us)(ad-yp)-ypatr-1? _ o ®)

s
If u>0,a>06>0y>0p>0r>1andR, <1 then there are 3 sign changes so that equatitva@)3 negative
roots or 1 negative root which implies that all #igen valued, A,,A; are all negative. Hence the result follows that th
infection critical pointd* is asymtotically stable.

Theorem3.4
The infection equilibrium is unstablekf, > 1 and ifu > 0, > 0,6 >0,y >0, > 0,r > 1.

Proof:

From equations (7) and (8) of the proof of theo&® if we letu >0, >0,6 >0,y >0,8>0,r>1andR,>1in
equation (8) it follows there is only 1 sign changgch implies that there is exactly 1 positivettdbA is replaced Ay
as before in equation (7) and that> 0,a > 0,6 >0,y >0,8>0 ,r >1and R, > 1 in equation (8) yields 2 sign
changes and there are exactly 2 negative rootsrorrpot. This implies that there is exactly 1 pesiroot and 2 negative
roots. Therefore, the result follows immediaelytttie infection critical poind* is unstable.

4.0 RESULTS AND DISCUSSION
The analysis revealed that there are two criticatgs; the infection- free point and the infectjpoint. The stability criteria
shows that the infection-free point is asymptoticatable ifR, < 1 and unstable iR, > 1
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