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Abstract 
 

We analyze a mathematical model of within-host dynamics of plasmodium 
falciparum. We report that there are two critical points the infection-free 
equilibrium point and the infection equilibrium point. We show that the infection 
– free equilibrium is asymptotically stable if the reproduction number R0 < 1 and 
unstable if R0 > 1.  New theorems were formulated using the basic reproduction 
parameter R0. 
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1.0 INTRODUCTION 
The development of malaria due to Plasmodium falciparum is a complex, multi-stage process. It is usually characterized by 
an exponential growth in the number of parasite-infected erythrocytes, followed by marked oscillations. This of course has 
been a subject of various mathematical models. In particular the mathematical model proposed by Anderson, May and 
Gupta (1989) which attempt to address the blood –stage asexual cycle of Plasmodium falciparum by following the invasion 
of erythrocytes (RBC) by merozoites and the infected red blood cells (IRBC). In this paper we are interested in the 
mathematical analysis of the equilibrium points by considering the stability of such points which depend on the basic 
reproduction parameter ��  as discussed by Oluyo et-al (2007). 
 
2.0 MATHEMATICAL FORMULATION 
The model to be discussed in this paper is as presented by Anderson, May and Gupta (1989) given as  
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�:the uninfected red blood cells concentration(URBC); �: the infected red blood cells concentration(IRBC); �:the 
concentration of the merozoites; 	:the fixed rate at which erythropo iesis is produced in the bone marrow; μ:the normal 
decay of RBCs at constant rate; �:rate at which merozoites are released from rupturing IRBCs; �:the multiplication rate per 
cycle; 
:coefficient of merozoites eliminated by the invasion of fresh RBCs at a rate proportional to the concentrations of 
RBC and merozoites; �:merozoites eliminated due to loss of infectivity.                                                                                                        
It is important to point here that we have replaced Λ by γ in the model as presented by Anderson et al (1989). 
 
 
3.0 METHODOLOGY 
3.1̀  THE CRITICAL POINTS                                                                                                                                         
 The critical points of equation (1) are: 

  �� � ��� , 0,0"  and  �# � � $%�&'(� , �%&'�%'�$%�&'(�) , �%&'�%'�$%$ "      

 �� is the infection-free equilibrium point and �# the infection equilibrium. 
3.2 THE TRANSLATED EQUATIONS TO THE ORIGIN                                                                                          
  The translated equations to the origin of the points �� and �#are:  
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3.3 THE REPRODUCTION PARAMETER                                                                                                                                
The basic reproduction parameter �� is defined by Patrick De Leenheer et al (2003)]. In this paper �� is determined by 
considering the fate of a single productively infected cell in an otherwise healthy individual with normal target URBC 

level  � � �?. Infact  �� in this case is�� � @�%&� . 

3.4 STABILITY THEOREMS                                                                                                                                                 
 We shall need the following theorems in the analysis of the nature of the critical points 
THEOREM3.1[2]:                                                                                                                                                                          
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 be a critical point of the plane autonomous system  
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, where ),( yxP  and ),( yxQ have continuous first partial derivatives in a neighborhood of X1,  

(a)  If the eigenvalues of A = g1 (X1) have negative real part then X1 is an asymptotically stable critical point.  
(b) If A = g1 (X1) has an eigenvalue with positive real part, then X1, is an unstable critical point.  
THEOREM 3.2 [2]:                                                                                                                                                                                       
Consider the system                                                                                                                               

 yaxax 1211
1 +=                                                                                                         

 yaxay 2221
1 +=  

where they ija  are real constants and 021122211 =− aaaa , so that the origin (0, 0) is the only critical point.  Let  1λ  and 

2λ be the two roots of the auxiliary equations  

( ) ( ) 0122122112211
2 =−++− aaaaaa λλ .Then                                                                                                       the 

origin is stable if 1λ  and 2λ  are purely imaginary: 

(a) the origin is asymptotically stable if Re 01 <λ   and Re 02 <λ   

(b) the origin is unstable in all other cases. 
 
THEOREM 3.3 (DESCARTES’ RULE OF SIGNS)                                                                                                       The 
number of positive zeros (negative zeros) of polynomials with real coefficient is either equal to the number of change in 
sign of the polynomial or less than this by an even number (By counting down by two’s) 
Consequent to the above theorems we shall state and prove new theorems that could be derived from the theorems. We 
now propose the following theorems: 
Theorem3.4                                                                                                                                                                        The 
critical point of the infected-free equilibrium is asymptotically stable if �? A 1 and if < B 0, C B 0, = B 0, 	 B 0, : B0, ; B 0, otherwise the critical point is unstable. 
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Proof:                                                                                                                                                
The Jacobian matrix of equation (2) at �� is (see [3]) 
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So the eigenvalues are given by  �
< 
 λ� MλN 0 �@�O�$O�%�� P 0 �C= 
 �)&%� �Q � 0 i.e 

   �
< 
 λ� MλN 0 �@�O�$O�%�� λ 0 �C= 
 �?�Q    (4) 

Hence, 
 λ( � 
<,          
                λN �  (N� �
C< 
 =< 
 	: 0 RCN<N 0 2C<N= 0 2C<	: 0 =N<N 0 2=<	: 0 	N:N 
 4<NC= 0 4<N�?�, 

 λN � 
12< �
C< 
 =< 
 	: 0 RCN<N 0 2C<N= 0 2C<	: 0 =N<N 0 2=<	: 0 	N:N 
 4<NC= 0 4<N�?� 

If < B 0, C B 0, = B 0, 	 B 0, : B 0 and �? A 1 in equation (4) then  the result follows that there are no change in signs 
which implies that there are no positive solutions of equation (4). If P is replaced by  
P in equation (4) then               
 λT 0 ��UO�)O$��O�%� " λN 
 �C< 0 <= 0 	: 0 C= 
 �?�λ 0 <�C= 
 �?� � 0  (5) 

If < B 0, C B 0, = B 0, 	 B 0, : B 0 and �? A 1 then there are 3 sign changes so that equation(5) has 3 negative roots or 1 
negative root which implies that all the eigen values λ(, λN, λT are all negative. Hence the result follows that the infection-
free critical point ��is asymtotically stable 
 
Theorem3.5         
The critical point of the infected-free equilibrium is unstable if �? B 1and if < B 0, C B 0, = B 0,  	 B 0, : B 0, ; B 0. 
 
Proof: 
 From equations (4) and (5) of the proof of theorem 3.1  if we let < B 0, C B 0, = B 0, 	 B 0, : B 0 and �? B 1 in equation 
(4) it follows there is only 1 sign change which implies that there is exactly 1 positive root. If P is replaced by  
P  as 
before in equation (4) and that  < B 0, C B 0, = B 0, 	 B 0, : B 0 and �? B 1 in equation (5) yields 2 sign changes and 
there are exactly 2 negative roots or zero root. This implies that there is exactly 1 positive root and 2 negative roots. 
Therefore, the result follows immediaely that the critical point �� is unstable. 
 
Theorem3.6 The infection equilibrium is asymptotically stable if �? A 1and if< B 0, C B 0, = B 0, 	 B 0, : B 0, ; B 1 
 
Proof:  
The Jacobian matrix of equation (3) at �# is  
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The characteristic equation of the system of equations in equation (3) is 

              �'�%�&'(�$ 
 λ" V�C�; 
 1� 
 λ� �W�%&U'N�%&O�%OX$Y�&'(� 
 λ" 
 <�; 
 1��?Z � 0    (6) 

 Therefore, 

 λ( � '�%�&'(�$   

, λN � (N�&'(� �
2C; 0 	:;N 
 2	:; 0 C 0 C;N 0 	: 0 <= 0 �CN;[ 
 2	:;[C 0 	N:N 
 2C;N<= 0  <N=N 06	N:N;N  
 4	N:N;T 0 	N:N;[ 0 4µR?;T 0 CN 
 4	N:Nr 0 6CN;N 
 4CNr 
 4CN;T 0    8α;Tβ 
 12α;Nβ 0 8αrβ 04αrµδ 
 2αβ 
 2αµδ 
 4µR? 
 12µR?;N 0 12µR?r 0 2βµδ 
 4βrµδ 0 2β;Nµδ�( Na Y ,  
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   λT � 
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2C; 0 	:;N 
 2	:; 0 C 0 C;N 0 	: 0 <= 0 �CN;[ 
 2	:;[C 0 	N:N 
 2C;N<= 0 <N=N 06	N:N;N 
 4	N:N;T 0 	N:N;[ 0 4µR?;T 0 CN 
 4	N:Nr 0 6CN;N 
 4CNr 
 4CN;T 0 8α;Tβ 
 12α;Nβ 0 8αrβ 04αrµδ 
 2αβ 
 2αµδ 
 4µR? 
 12µR?;N 0 12µR?r 0   2βµδ 
 4βrµδ 0 2β;Nµδ�( Na Y ,  
By expanding equation (6) to obtain 

 λT 0 �')$�&'(�U'�%$&UON�%$&'�%$'�$UO�%�&'(�U
$�&'(� " λN 0 �W�%&U'N�%&O�%O�$Y�)$'�%�'�%)�&'(�U

$ " λ 0
               W�%&U'N�%&O�%O�$Y�)$'�%�'�%)�&'(�U

$ � 0      (7) 

If < B 0, C B 0, = B 0, 	 B 0, : B 0, ; B 1 and �? A 1 in equation (7) then  the result follows that there are no change in 

signs which implies that there are no positive solutions of equation (7). If  is replaced by  
λ in equation (7) then                
PT 0 �')$�&'(�U'�%$&UON�%$&'�%$'�$UO�%�&'(�U
$�&'(� " PN 
 �W�%&U'N�%&O�%O�$Y�)$'�%�'�%)�&'(�U

$ " P 0
                W�%&U'N�%&O�%O�$Y�)$'�%�'�%)�&'(�U

$ � 0        (8) 

If < B 0, C B 0, = B 0, 	 B 0, : B 0, ; B 1 and �? A 1 then there are 3 sign changes so that equation(8) has 3 negative 
roots or 1 negative root which implies that all the eigen values λ(, λN, λT are all negative. Hence the result follows that the 
infection  critical point �#  is asymtotically stable. 
 
Theorem3.4                                                                                                                                                                                 
The infection equilibrium is unstable if �? B 1 and if < B 0, C B 0, = B 0, 	 B 0, : B 0, ; B 1. 
 
Proof:                                                                                                                                                                                           
From equations (7) and (8) of the proof of theorem 3.3  if we let < B 0, C B 0, = B 0, 	 B 0, : B 0, ; B 1 and �? B 1 in 
equation (8) it follows there is only 1 sign change which implies that there is exactly 1 positive root. If λ is replaced b
λ y    
as before in equation (7) and that  < B 0, C B 0, = B 0, 	 B 0, : B 0 , ; B 1and �? B 1 in equation (8) yields 2 sign 
changes and there are exactly 2 negative roots or zero root. This implies that there is exactly 1 positive root and 2 negative 
roots. Therefore, the result follows immediaely that the infection  critical point �# is unstable. 
 
4.0 RESULTS AND DISCUSSION  
The analysis revealed that there are two critical points; the infection- free point and the infection point. The stability criteria 
shows that the infection-free point is asymptotically stable if �? A 1 and unstable if �? B 1 
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