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Abstract

Hybrid methods with one or more off-step points givbetter stability
characteristics and higher order than the convental linear multistep methods
(LMM). Enright (1974) discussed the formulation dhe second derivative LMM which
was found to be stiffly stable for step numbkr< 7 for the numerical solution of stiff
Initial Value Problems (IVPs) in Ordinary Differenal Equations (ODESs). In this
paper some second derivative continuous linear rstétp methods with two hybrid
points are proposed for step numbek < 9 for stiff ODEs. The derivation of these
methods is based on collocation and interpolatioppaoach of Onumanyi et al (1996)
and Arevalo et al (2002). The family of methods ssffly stable for k < 8 and of
comparable accuracy to the Enright's method and thte of-the-art code Ode 15s in
MATLAB.
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1. Introduction:
Methods for solving the initial value problem

y'=f(x y(x), y@) =Yy, xO(a,b) 1.1)
Whose solution is stiff and wheré (X, y(x)) and y(X) may be vectors can be based on continuous mettittd&ybrid

points in the intervaI(Xn ) Xn+k)

Analogous methods are the discrete methods of, [2,&, 7, 9, and 10].
The search for good methods for solving stiff peofs is inexhaustible. This paper shows that ashgpdification of the

Enright method is possible. The modification cotssés the addition of two parameters, (t)y,,, and B.(t)f . in

(1.2). The inclusion of the hybrid points improvhs stability characteristics of the new class etimds. Also the
formulation of the new scheme provides numerichitgms at any desired point in the integratioreiaal.

The general form of the Hybrid Second Derivativenfmious Linear Multistep Methods

(HSDCLMM) for the numerical solution of (1.1) to bensidered is given by

Kk
yn+k = ak—l(t) yn+k—1 + hZﬁ] (t) fn+j + av (t) yn+v + hﬁvﬂ (t) fn+VD (12)
j=0

The hybrid predictor formulay,,, and 'y . atthe hybrid pointsX,,, and X -
respectively are

K
Yorw = Mt (O Yoaea + hZ 6,;Of, + h26?2k (9 (1.3)
i=0
k
ynwj = Ho (t)yn + hz Hs,j (t) fn—k+j (1-4)

j=0
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where

a;(t), B, ®), #;t) . 6,;), 6, () and 6;;¢) , j= Ok
are continuous coefficients in t anfl,,; = f()(nJrj : yn+j) , y;ﬂ. = fn'ﬂ- = f‘(Xnﬂ- +Ynej ) -The scaled variable is

X —_—
defined ast = % andh =X, —X, is afixed mesh size. Practical implementatiomaieds that the index of (1.4)

be shifted by a unit, that is
k
yn+vD = :uO (t) yn + hz 33,] (t) fn—k+j : V= VD
j=0
n-n+l
The parametery and v are incorporated to provide off grid collocatiomirgs X, and X .o in an open interval
(Xyekt » Xy ) @A V=k =1 whereK is the step number of the scheme. The resultihgrae (L.2) and the hybrid
predictors (1.3) and (1.4) are of orc(d( + 3) , (k + 2) and (K + 1) respectively.

2.0 Derivation of the HSDCLMM
Let us assume that the numerical solution of (i.1) the form of the polynomial interpolant

Y09 = 2,3 (2.1)
i=0
In the derivation of HSDCLMM, let M=K +3
k+3 _ s |
then  Y'(x) =2 jax” and  Y'() = j(j-Dax™ (2.2)
= =

Collocating (2.2) at the pointX = X, , X,y » X  andinterpolating atx,,;, j = 0(1)k we obtain the linear
system of equations

0 1 Z(n 3(5 Q(+ 3)(['?+2__a0 _ _fn _

0 1 2(n+1 3<r?+1 t ¢< +3 k:12 a f“+1

0 1 2>(n+2 3(rf+2 T d( +3 k++§ a, fn+2

0 1 2(n+3 3(rf+3 o G( +3 k:§ 8 fn+3

: : : : e = (2.3)
0 1 2>(n+k 3(r%+k t G( + 3)(rl:—l<2 a fn+k

0 1 2>(n+vD 3(:+VD o d( + 3)(::\/25 A1 fn+vD

1 Xa X Xk Xnrk-1 A2 Yk

1 Ko X§+v Xr?+v o Xrl:s Bera Yow
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k+3
After evaluating (2.3) using MATHEMATICA, the resing values of{ aj} ~_are substituted into (2.1) to give the

continuous coefficientsa; (t) , B;(t) which are shown in Table 1 for the first threéurea of k

3.0 Derivation of the Implicit and Explicit Hybrid Predictors
Following the pattern in section 2.0 the implicytnid predictor (1.3) and the explicit hybrid pretir (1.4) at the

hybrid points X ,,, and X, are derived using the polynomial interpolant by setting M=K+2 and

m=k+1 respectively. The continuous coefficients fog two hybrid predictors are given in Table 2 aadhl€ 3
respectively
4.0 Stability of the Methods

Substituting the hybrid solutiony,,, and V..., atthe pointsx.,, and X, ., respectively into the method

(1.2) for a correspondindl and applying the resultant method to the scakmoblem
y' =1y, Re(dh)< 0,z= Ah with an arbitrary initial value we obtain the st polynomial

k [ [
— vk k-1 j k-1 j 2 k j
m(r,z)=r“-a_r"t -z Br’ —av( 42y 6,1+ 2%6,, 1 j -zB,(1+2)_Br')
j=0 j=0 j=0
The root locus plot of the stability polynomial siothat the new methods are stiffly stable #6r< 8 . It is unstable for

K =9. Figures 1-9 are the graphs of the root loci efrtiethod (1.2). The step number, the interval sbhlte stability, the
error constant and the order of methods are givdrable 4.

5.0 Implementation of the Derived Methods
For k=1, (1.2) becomes
1 17 13 2 (5.1)
= —(-13y,+32y_.)+h(-——f +—=f  ,——f : =4
yn+1 19( yn yn+5) ( 114 n 38 n+l 57 n+§) p
Where
h h? .
L = — (7 f, +5f )~ —"f..., =3
Yoey T Y ¥ o (01 #5800) = fon P
h
yn+% = yn+l+§(_ fn+l+5fn+2) ’ p:2

To test and compare the derived methods with [B]@de 15s Code of MATLAB in [8], (5.1) is used & the following
IVPs:
The nonlinear chemical problem of [5]

y; = — 004y, +10%y,y,

1
y, = 004y, -10%y,y, - 3x10"y; , y(0)=| O
0

y; = 3 x10"y;

x 0 0(0.0001) 3

and the linear problem of [5]
-01 0 0 0 1
, 0 -10 0O 0 1
Yl o 0o -0 oY YO,
0 0 0 -100 1

With X in therange [0, 3]and = 0.0001
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The graphs showing the accuracy of the scheme whmpared with Enright's method and Ode 15s CoddATLAB are
given in Figures 10 and 11.

Table 1: Continuous Coefficients of HSDCLMM.

B a,(0) a (-1 B, B, (k-1)
1 (0|0 _13  48t* 32t° 48t 13 _ 17 73t _6t’ _46t° 17
19 19 1¢ 1¢ _E 114 114 1€ 57 _m
1 32 _48t?  32t°  48t° 32
> 19 19 1¢ 19 19
0 0
1 1 1 3,97 _22t° 14t 13
38 38 19 19 38
E 0 0 _£+22t2+12t3+16t4 _ 2
2 57 57 19 57 57
21110 0 0 o’ 3 7t 2 L
———t =+t 26(
26C 26 65 65
1| ,_1440® e40® 720" _ 217 ,_1912° 403° osa’ _166
247 247 247 247 741 741 741 741
_384° _148°
247 247
3| 1440® e4a® 7200 464 0 0
2 247 247 247 247
384t°
+
247
2 1 1 36%% 329° 7MY 74° 301
- + t— = 98¢
98¢ 494 247 247
5 0 0 272 _112° 13@' 112° | _ %8
2 3705 741 370F 123F 370¢
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2 0 0 291  270t%? 4313t __35
- + p
31976 3997 35973 4111
_8257t*  673t° _ 247t°
95928 23982 71946
1 0 0 _ 8133 9509t 127t° 697
22840 11420 3426 6852(
L L1727t" 203t°  437t°
4568 1142 17130
2 837 480a> 288aG° _581 7857 759%2 108164° _ 11657
=t - 571 - + - 4111:
571 571 571 4568 1713 5139
_l92a* 1728° 320° _7911*  4669° 2467°
571 571 571 456¢ 342¢ 1027¢
5| 1408_4800° , 2880° 1152 0 0
2| 571 571 571 571
,l92a* 1728° 320°
571 571 571
3 1 1 939 1925t2 6625t° 11669
— + — P
4568 2284 10278 4111
_ 4049t 1325t° _ 863t°
1370« 342¢  1027¢
7 0 0 792  10384t? 5200t° _ 472
! - + :
2 19985 59955 35973 2569¢
L 216t° 1040t°  3904t°
3997 11991 179865
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Table 2: Continuous Coefficients of the Implicit H/brid Predictor.

k]t ) | gyk=3) o, (t) 0,;(k-3) 6, (1) 0, (k—3)
1| 1|0 1 1 1,6 7 0 0
2 3 3 24
1 1 1 0 0 0 0
2
1 0 0 2 8 5 -1 t? 1t 1
S tt-— — —+—+— -——
3 24 6 2 3 12
2 1 0 0 0 t2 3 4 11 0 0
2 876 16 76¢
1 1 1 t2 3 4 67 0 0
t———+— —
2 3 4 192
3 1 1 0 0 0 0
2
2 0 0 5° 73t 127 2, t _ 7
'8 6 16 76¢ 4 8 12¢
3| 3 0o 0 0 23 _t* 4 71 0 0
2 1080 9 27 1728(
S
72 90
1 0 0 9 t?2 8 21 0 0
- +t-—-— -
20 2 4 64C
t* t°
4 20
2 1 1 29 ., 3t* t° 247 0 0
-4t I
40 8 10 64C
5 1 1 0 0 0 0
2
3 0 0 83 7t 11 2467 | 11 t* | _ 61
540 18 108 1728( 180 6 18 144(
7t 11° t* t°
- e
36 18C 12 30
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Table3: Continuous Coefficients of the Explicit Hylsid Predictor.

J of NAMP

Kl ot @ | g(-3) 6, (t) 6, (-1
1101 1 1 t? 1
-_—— _7_t_7 -
2 2 2 8
1 1 1 0 0
2
! 0 0 §+2t+i §
2 2 8
2 110 1 1 5 32 3 1
2 2 "4 "% 12
l 1 1 0 0
2
1 0 0 3 7
—f_gt_ZtZ_t_ -
3 3 24
2|1 0 0 23 52 t° 17
—+3+—+— —
12 4 24
sf_1jo[ t [ 1 | 3w e ¢ | _25
2 8 12 3 24 384
1 1 1 0 0
2
1 0 0 37 7t Tttt 107
—+ Attt —t —+ — -
24 2 8 384
2| ° 0 |59 _g 19t a4 ] 187
24 4 3 8 _@
3 0 0 §+4t+13t2+£+i ﬂ
6 2 24 12¢
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X 10'5 Numerical Solutions

4.5

HSDCLMM
—— Odelb5s

Figure 10: The plot of numerical solution of the componeﬁzt(x) of the nonlinear chemical problem of [5].
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Figure 11: The plot of numerical solution of themqmonent yl(x) of the linear problem of [5]
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6.0 Conclusion

In this paper, a family of stiffly stable sex derivative continuous linear multistep methadth two hybrid points is
derived for the numerical solution of the initisdlue problem (1.1). The scheme employs collocadinag interpolation as
alternative to integration and differentiation mathof deriving computational methods for IVPs in EXD The root loci in

Figures 1-9 show that the methods are stiffly stébt K<8 and unstable foK = 9.The graph of the numerical results
in Figure 10 shows that HSDCLMM and Ode 15s Cod®ATLAB are of comparable performance while the rasival
results in Figure 11 show that HSDCLMM coincidaghviEnright’s method.
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