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Abstract 

 
Hybrid methods with one or more off-step points give better stability 

characteristics and higher order than the conventional linear multistep methods 
(LMM). Enright (1974) discussed the formulation of the second derivative LMM which 
was found to be stiffly stable for step number 7k ≤  for the numerical solution of stiff 
Initial Value Problems (IVPs) in Ordinary Differential Equations (ODEs). In this 
paper some second derivative continuous linear multistep methods with two hybrid 
points are proposed for step number  9k ≤  for stiff ODEs. The derivation of these 
methods is based on collocation and interpolation approach of Onumanyi et al (1996) 
and Arevalo et al (2002). The family of methods is stiffly stable for 8k ≤  and of 
comparable accuracy to the Enright’s method and the state of-the-art code Ode 15s in 
MATLAB. 

. 
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1. Introduction: 
Methods for solving the initial value problem 

  ( ) ( )0, ( ) , ( ) , ,y f x y x y a y x a b′ = = ∈      (1.1) 

Whose solution is stiff and where ( ), ( ) ( )f x y x and y x  may be vectors can be based on continuous methods with hybrid 

points in the interval  ( ),n n kx x +  

Analogous methods are the discrete methods of [2, 3, 4, 6, 7, 9, and 10]. 
 The search for good methods for solving stiff problems is inexhaustible. This paper shows that a slight modification of the 

Enright method is possible. The modification consists of the addition of two parameters    ( ) ( )v n v v n v
t y and t fα β ∗ ∗+ +

     in 

(1.2). The inclusion of the hybrid points improves the stability characteristics of the new class of methods. Also the 
formulation of the new scheme provides numerical solutions at any desired point in the integration interval.      
The general form of the Hybrid Second Derivative Continuous Linear Multistep Methods  
(HSDCLMM) for the numerical solution of (1.1) to be considered is given by 

1 1
0

( ) ( ) ( ) ( )
k

n k k n k j n j v n v v n v
j

y t y h t f t y h t fα β α β ∗ ∗+ − + − + + +
=

= + + +∑           (1.2) 

The hybrid predictor formulas n vy +   and    
n v

y ∗+
   at the hybrid points   n vx +   and   

n v
x ∗+

  

respectively are 

2 '
1 1 1, 2,

0

( ) ( ) ( )
k

n v k n k j n j k n k
j

y t y h t f h t fµ θ θ+ − + − + +
=

= + +∑                                             (1.3) 

                                                        (1.4) 
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where         
 

1, 2, 3,( ), ( ), ( ) , ( ) , ( ) ( ) , 0(1)j j j j k jt t t t t and t j kα β µ θ θ θ =  

are  continuous coefficients in t and  ( ) '' ' ', , ( , )n j n j n j n j n j n j n jf f x y y f f x y+ + + + + + += = =  .The scaled variable is 

defined as 1nx x
t

h
+−

=  and 1n nh x x+= −   is a fixed mesh size. Practical implementation demands that the index of (1.4) 

be shifted by a unit, that is 
 
 
 
 
 

The parameters v  and v∗
 are incorporated to provide off grid collocation points n vx +  and  

n v
x ∗+

 in an open interval 

( ) 1
1 2,n k n kx x and v k+ − + = −  where k  is the step number of the scheme. The resulting scheme (1.2) and the hybrid 

predictors (1.3) and (1.4) are of order ( ) ( )3 , 2 ( 1)k k and k+ + +  respectively. 

 
2.0 Derivation of the HSDCLMM 
 Let us assume that the numerical solution of (1.1) is in the form of the polynomial interpolant  

 
0

( )
m

j
j

j

y x a x
=

= ∑                 (2.1) 

In the derivation of HSDCLMM, let   3+= km      

then 
3

1

1

( )
k

j
j

j

y x j a x
+

−

=

′ = ∑   and  
3

2

2

( ) ( 1)
k

j
j

j

y x j j a x
+

−

=

′′ = −∑           (2.2) 

Collocating (2.2) at the points 1, ,n k n v n vx x x x+ + + += and interpolating at  , 0(1)n jx j k+ =    we obtain the linear 

system of equations 
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After evaluating (2.3) using MATHEMATICA, the resulting values of { } 3

0

k

j j
a

+

=
 are substituted into (2.1) to give the 

continuous coefficients  ( ) , ( )j jt tα β   which are shown in Table 1 for the first three values of k  

 
3.0 Derivation of the Implicit and Explicit Hybrid Predictors 
 Following the pattern in section 2.0 the implicit hybrid predictor (1.3) and the explicit hybrid predictor (1.4) at the 

hybrid points n vx +   and  
n v

x ∗+
 are derived using the polynomial interpolant  (2.1) by setting    2m k= +     and    

1+= km     respectively. The continuous coefficients for the two hybrid predictors are given in Table 2 and Table 3 
respectively .              
 4.0 Stability of the Methods 

 Substituting the hybrid solutions 1n v n vy and y+ + +  at the points 1n v n vx and x+ + + respectively into the method 

(1.2) for a corresponding k  and applying the resultant method to the scalar test problem 
, Re( ) 0 ,y y h z hλ λ λ′ = < =  with an arbitrary initial value we obtain the stability polynomial   

1 1 2
1 1, 2,

0 0 0

( , ) (1 )
k k k

k k j k j k j
k j v j k jv

j j j

r z r r z r r z r z r z z rπ α β α θ θ β β∗
− −

−
= = =

 
= − − − + + − + 

 
∑ ∑ ∑                      

The root locus plot of the stability polynomial shows that the new methods are stiffly stable for  8k ≤  . It is unstable for  

9k ≥ . Figures 1-9 are the graphs of the root loci of the method (1.2). The step number, the interval of absolute stability, the 
error constant and the order of methods are given in Table 4.  
  
5.0 Implementation of the Derived Methods 
For  1k = , (1.2) becomes 

                   (5.1) 
 
 

Where 
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To test and compare the derived methods with [5] and Ode 15s Code of MATLAB in [8], (5.1) is used to solve the following 
IVPs: 
 The nonlinear chemical problem of [5]    

 32
4
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With x   in  the range [0, 3] and 0 .0 0 0 1h =  
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The graphs showing the accuracy of the scheme when compared with Enright’s method and Ode 15s Code of MATLAB are 
given in Figures 10 and 11. 
 

Table 1:  Continuous Coefficients of HSDCLMM. 
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Table 2:  Continuous Coefficients of the Implicit Hybrid Predictor.   

k t j )(tjµ  )( 2
3−kjµ  )(,1 tjθ  )( 2

3
,1 −kjθ  )(,2 tkθ  )( 2

3
,2 −kkθ  

1 

2

1−  
0 1 1

 

33

1 3t+  
24

7
 

0 0 

2

1
 

1 1 0 0 0 0 

1 0 0
 

33

2 3t
t −+  

24

5
 

326

1 32 tt ++−
 

12

1−  

2 

2

1
 

0 0 0
 

1668

432 ttt −+−  
768

11−  
0 0 

1 1 1
 

432

432 ttt
t +−−  

192

67
 

0 0 

2

3
 

1 1 0 0 0 0 

2 0 0
 

16

3

68

5 432 ttt −+  
768

127
 

84

42 tt +−  
128

7−  

3 

2

3
 

0 0 0
 

9072

5

27

4

91080

23

54

32

tt

tt

+−

+−
 

    17280

71
 

0 0 

1 0 0
 

204

4220

9

54

32

tt

tt
t

−+

−−+−
 

 
640

21−  
0 0 

2 1 1
 

108

3

40

29 54
2 tt

t +−+−  

640

247
 

 

 

 

0 0 

2

5
 

1 1 0 0 0 0 

3 0 

 
0

 

180

11

36

7

108

11

18

7

540

83

54

32

tt

tt

−+

+−
 

17280

2467
 

3012

186180

11

54

32

tt

tt

+−

−+−
 

1440

61−  

 

 
 
 
 
 
 
Journal of the Nigerian Association of Mathematical Physics Volume 18 (May, 2011), 281 – 292  



287 

 

A Special Family of LMM with Two Hybrid Points for Stiff ODEs .  G. C. Nwachukwu     J of NAMP 
 

Table3: Continuous Coefficients of the Explicit Hybrid Predictor.   
 

 

  

k t j )(tjµ  )( 2
1−jµ  )(,3 tjθ  )( 2

1
,3 −jθ  

1 

2

1−  
0 1 1

 

22

1 2t
t −−−  

8

1−  

2

1
 

1 1 0 0 

1 0 0
 

2
2

2

3 2t
t ++  

8
5

 

2 

2
1−  

0 1        1 

64

3

12

5 32 tt
t +++  

12
1

 

2

1
 

1 1
 

0 

 

0 

1
 

0 0 

3
23

3

4 3
2 t

tt −−−−  
24
7−  

2 0 0
 

64

5
3

12

23 32 tt
t +++  

24

17
 

3 

2

1−  
0 1 1

 

24312

11

8

3 432 ttt
t −−−−−  

      384

25−  

2
1

 
 1 1 0        0 

1 0 0 

86

7

2

7
4

24

37 432 ttt
t ++++  

384
107

 

 

 

 

2
 

 0 0 

83

4

4

19
6

24

59 432 ttt
t −−−−−

 
384
187−  

3 0 

 
0

 

2426

13
4

24

55 432 ttt
t ++++  

128

99
 



 
2

8
8

T
ab

le
 4

: T
he

 s
te

p 
nu

m
be

r,
 in

te
rv

al
 o

f a
bs

ol
ut

e 
st

ab
ili

ty
, e

rr
or

 c
ons

ta
nt

 a
nd

 o
rd

er
 o

f m
et

ho
ds

. 
    

  
  

  
   

  
   

  
  

   
  

   
  

  
   

 
 

 

 k
 

In
te

rv
al

 o
f A

bs
ol

ut
e 

st
ab

ili
ty

 fo
r 

z
 

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
 E

rr
o

r 
C

on
st

an
ts

 
O

rd
er

 

t 
M

e
th

o
d

 (
1

.0
.2

) 
+

 (
1

.0
.3

) 

+
 (

1
.0

.4
) 

M
e

th
o

d
 (

1
.0

.2
) 

M
e

th
o

d
 (

1
.0

.3
) 

M
e

th
o

d
 (

1
.0

.4
)  

)2.0.1(
1P

 
)3.0.1(

2P
 

)4.0.1(
3P  

1
 

0
 

  
  

 (
)

(
)

∞
∪

∞
−

,
33.

6
0

,
 

9
6

01
 

11
52

11
 

121
 

4
 

3
 

 

  
  

  
2

 

2
 

1
 

  
  

 (
)

(
)

∞
∪

∞
−

,
7

2
.

8
0

,
 

14
22

72

49
 

23
04

0

71
 

38
4

25
 

5
 

4
 

3
 

3
 

2
 

  
  

 (
)

(
)

∞
∪

∞
−

,
56.

10
0

,
 

6
9

0
6

8
1

6
0

1
0

5
8

3
 

7
6

8
0

0

1
0

9
 

2
8

8
0

1
5

7
 

  
  

  
6

 
5

 
4

 

4
 

3
 

  
  

 (
)

(
)

∞
∪

∞
−

,
10.

12
0,

 

22
81

57
44

18
37

 
12

90
24

10
1

 
5

1
2

0

2
4

3
 

7
 

6
 

5
 

5
 

4
 

  
  

 (
)

(
)

∞
∪

∞
−

,
40.

13
0,

 

00
0

53
25

48
17

28

25
10

69
71

3
 

14
45

06
88

69
71

 
96

76
80

40
99

7
 

  
  

  
8

 
7

 
6

 

6
 

5
 

  
  

 (
)

(
)

∞
∪

∞
−

,
60.

14
0,

 

00
75

03
19

89
76

22
36

02
31

 
37

15
89

12
00

11
91

38
9

 
30

96
57

60

11
91

61
9

 
9

 
8

 
7

 

7
 

6
 

  
  

 (
)

(
)

∞
∪

∞
−

,
66.

15
0,

 

61
60

00
19

23
05

83
19

1
38

35
54

65
19

 
66

88
60

41
60

15
05

86
3

 
11

61
21

60
0

41
11

11
7

 
1

0
 

9
 

8
 

8
 

7
 

  
  

 (
)

(
)

∞
∪

∞
−

,
62.

16
0,

 

43
03

87
20

0
27

29
19

01
68

38
23

38
08

33
06

45
 

00
17

51
77

72
80

28
87

75
07

 
37

15
89

12
00

12
22

24
74

7
 

1
1

 
1

0
 

9
 

9
 

8
 

  
  

 U
n

st
a

b
le

 

00
18

69
72

16
00

70
95

10
53

92

16
29

32
7

71
76

73
30

64

 

40
0

23
97

98
84

54

29
91

32
72

3

 

0
24

52
48

81
92

75
53

00
05

9

 

1
2

 
1

1
 

1
0

 



 289 

A Special Family of LMM with Two Hybrid Points for Stiff ODEs .  G. C. Nwachukwu     J of NAMP 
 

         

Figure 1: Root Locus for k=1         Figure 2: Root Locus for k=2                                                              

                                                                                              

                   

Figure 3: Root Locus for k=3         Figure 4: Root Locus for k=4         
 

                    
            Figure5: Root Locus for k=5                                                      Figure 6: Root Locus for k=6         

 

Journal of the Nigerian Association of Mathematical Physics Volume 18 (May, 2011), 281 – 292  

 20  10 0 10 20
0.0

0.5

1.0

1.5

2.0

r j

 20  10 0 10 20
0.0

0.5

1.0

1.5

2.0

r j

 20  10 0 10 20
0.0

0.5

1.0

1.5

2.0

r j

 20  10 0 10 20
0.0

0.5

1.0

1.5

2.0

r j

 20  10 0 10 20
0.0

0.5

1.0

1.5

2.0

r j

 30  20  10 0 10 20 30
0.0

0.5

1.0

1.5

2.0

r j



 290 

A Special Family of LMM with Two Hybrid Points for Stiff ODEs .  G. C. Nwachukwu     J of NAMP 
 

           

             Figure7: Root Locus for k=7                                                       Figure8: Root Locus for k=8  

                                       

                                                          

                                

             Figure9: Root Locus for k=9                                                        
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Figure 10: The plot of numerical solution of the component )(2 xy  of the nonlinear chemical problem of [5].  

 

Figure 11: The plot of numerical solution of the component  )(1 xy  of  the  linear problem of [5]    
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6.0 Conclusion    
 
      In this paper, a family of stiffly stable second derivative continuous linear multistep methods with two hybrid points is 
derived for the numerical solution of the initial value problem (1.1). The scheme employs collocation and interpolation as 
alternative to integration and differentiation method of deriving computational methods for IVPs in ODEs. The root loci in 

Figures 1-9 show that the methods are stiffly stable for   8k ≤    and   unstable for  9k ≥ .The graph of the numerical results 
in Figure 10 shows that HSDCLMM and Ode 15s Code of MATLAB are of comparable performance while the numerical 
results in Figure 11 show that  HSDCLMM coincides with Enright’s method.                                     
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