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Abstract

In this paper we derive two new numerical integrators of orders seven and eight
for the solution of initial value problemsin ordinary differential systemsthat are stiff,
singular or oscillatory. We then compare our integrator with some existing methods.
Our results show good improvement over some known existing methods.
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1. Introduction:

Obtaining solutions to Initial Value Problems inddrary Differential equations that are Stiff, Siteyuor Oscillatory
has been the desire of several scientific reseescfidhese problems easily arise from real life pwis in physical
situations, chemical kinetics, engineering workpylation models, electrical networks, biologicahslations, mechanical
oscillations, process control [1 — 7, 9].

In this paper, the initial value problem (ivp),

y =f(xy), y(%)=Yy, asx<b (1.1)
is considered, wherd (X, y) is defined and continuous D ] C[a, b] . The ivp may be Stiff, Singular or Oscillatory.

We desire to have an order seven and order eighérical rational integrator for the solution oftial value problems in
ordinary differential equations as an extensiof2pfWe then compare our results with the resuttsimed with the
Maximum order second derivative hybrid multi — stepthods of [5] and Adaptive Implicit Runge — Kyptaposed by
[4]. Our results show good improvement over somakmnexisting methods.

We shall in section 2 of this paper be concerndt thie derivation of the two integrators. Sectione3will be on
Convergence and Consistency while section 4 willideoted to numerical examples. Finally, remarld @nclusions
will be given in section 5.

2. Construction of the Integrators
Let the operator: U : R C™?2(x) be defined by

U (x) [1+ X+ g, x° +Q,x° ] = p, (%) (2.1)

where U(x) has at least|12", 3¢. . . (m + 2 derivatives
U(x..) = y(X,.;) fori=0
" Vi for i= 0,1,:

2.1 The Integrator of Order Seven

(2.2)

Here the indicator m = 4.
Comparing equations (2.1) and (2.2) we have
_ G660+ GGG GG GGG 6T
G (2.3)
CoCiC -GG~ GGt 26 GG §
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C4CsC, -CAC, +C,C.C, — C,C,C, -CC, + CiC,

d, 2 2 3
C¢C,C, -C4C; —C:C, + 2C.C,C, —C, (2.4)
2+~ _
g = &% 266G+ G GGG 6T s
3 .
C:CiG GG~ GG+ 26G G- §
h i)
Where C = D% (2.6)
rx,
2 3
By considering (2.3) — (2.6), we obtain valuesdar GXsar GXnen AN Xy as
7,062 _ M)y, ©) (5) @ _ (5)? (3) 6)y,4),,(3 )y, 4)?
« = NAoYPYY -30y YRy +42yPy Ry -84y, 70yynyn +105/Py;
AiXnea 730y(6)y(4) 2 _ 40y(6)y(3) _36y(5) (2)+120),(5)y(4) 3) _ 75y(4) (2 7)
2 6)y,(5)y,3) _ 6)?,, ) (5) @ _ @) (4) @ _ (5)? (4) @2 ,,(6)
2 h 28y( yn 14y y +12yn yn n 20y yn n 42y +35y yn
Q2Xnaa = 1430y(6)y(4) 2 _ 40y(6) 3)? _36y(5) (2)+12Q/(5)y(4) @) _ 75y(4) (2 8)
q s _ h3[7,0y(n6)2y(3) 210),(6)y$]5)y(4) +126y(5) _60y(7)y(n5)y(3)+75y(7)y(4)
3™ n+l
21q30y$]6)y$]4) &]2) 40y$]6) &]3) _36y(5) (2)+120y(5)y(n4) (n3) 75y(4)J (2.9)
Our integrator from (2.1) for m = 4 is given as,
y - pO +p1Xn+1+p2X§+l+p3Xi+1+p4X::+l
n+l 2 3
i 140X g T 02X 00 T 05X (2.10)
where
P = W
h nl)
PEGA+t G = yat T = opxo= yaxt
n+l
h n1) h2 n2) r(12)
=GG *+ Gq+ G = yg+ X)/ o= PHE Y gt fy ax+ y 211
n+1 “In+l .
h 1) h2y(2) h3y(3)
P;=G04; + G, + G+ g= Yyg+ a q+ 22, & 3,
h2y@ hy®
= G BX= QYo+ e ax,
020G +oa + ogq+ g= Mg DN PN Ry
‘ (:lqs Czqz (\3 q q n+1 q 2|Xﬁ+l 3'Xi+l 4'X‘:ﬁ'1
h2y(2)q h3y( )q h4 y(4)
( n Y2 n+1 il r+1
JAx= My G =) 3 a

Substituting and rearranging we have our orderrsémegrator as

w DL NS LI LM

- 0 oI r! 2.12
Yo 1+ A + B + C (212)

where,
A = OiXn+1 @S i equation (2.7)
2
B = @Xn4 asinequation (2.8)
3
C = @Xna asin equation (2.9)
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2.2 The Integrator of order Eight
Our indicator in this case is m = 5.
Comparing equations (2.1) and (2.2) we have

GG~ GGGt GGG 66 GGor 6%
CCsCC G~ GG+ 266G §

0 - C,CC GG+ GGG~ GGG G Gr B¢ (2.14)

2 C,CCC G~ GG+ 266G §

6 = C7C,~ 26 GG+ G GGGt 6% (2.15)

3 C,GC ¢, 6~ GG+ 266G §

where thecr's are specified by (2.6).

q, (2.13)

If we examine equations (2.13) — (2.15) with (21@) obtain values for oug, X, ,, Q2X§+1 and q3xn3+1 as
hl75y(8) @’ _ 60y(8)y(5)y(3) +80y(7)y(6)y(3) 14@,(6)2 4 _ 120/(7))/(5))/(4) +16&/(6’y(5’y(5’

U Xpe1 = 2 s

elo0yy Py - 7Dy~ T0yy + 210,y Py 126, (2.16)
g _ hzll40)/7)y$]6)ry$]4) 80y(7) y(3) + 70y(8)y§]6)y$]3) 10@(8)y$]5)y514) 196y(6) (5) +16&/(5) y(7)
2%n+1 2

56[60)’(7))/(”5))/(:) 75y Dy @ — 70y O 4 210yOyEy@ 126y‘5) ] (2.17)

q s _ h3|120}}7) y$]4) — 336y(7)y$]6)y(5) +196y(6) _10@(8)y(n6)y(4) +126y(8)y(5)
3™ n+1
33660y"y Oy — 75y Dy’ — 70y y® + 210yOy Oy @ — 126y’ J (2.18)

Our integrator from equations (2.1) at m = 5, etlgiven as,
5

Z pr X:1+1

= r=0 2.19
yn+l 1+ q1Xn+l + q2X2n+ 1+ q3X3 ( )

F1

Values forpr XL 1 r= 0(1)4 is as given in equatiOI (211)
2 3,3 4, ,(4 5,,5
h y(j) h y(1) h y(j) h y(j)

p5 - Czqg ¥ Cqu ¥ C4ql ¥ CS - 2|Xr21+1 qS 3 Xn+1 q2 4 Xn+1 ql 5 Xn+1
= p X hzyf)qsxfwl + h3y$13)q2Xr21+1 + h4y$14)qlxn+l + h5yf15) (220)
T ) 3! 41 5!

Substituting equation (2.16) — (2.18), (2.11) ah@Q) into equation (2.19), and upon simple regeament we obtain our

order eight integrator as,
5 hr (r) hr hr r)

= I = ! r!

+ ZHW

= 2.21
Yoo 1 + A+ B + C (221
where,
A = (Q,X,,; asinequation (2.16)
B = ,X%, asinequation (2.17)
= Q,X3,, asin equation (2.18)
3. Convergence and Consistency
One-step methods are normally described symbalicsil
Yo = Yo +h(x,,y,:h) (3.1)
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Where

CD(Xn, yn;h) is called the increment function, the mesh point and h the mesh size. Convergeneepasperty any

numerical integrator must have is so vital thatdéscribed it as a minimal property to expect atimnerical method. [7]

went further to state that there is no practical taswhich we can put methods which are not corerdrgven though there
are some convergent methods that are not suitabferdictical computation. As reported in [8] by J[B0one — step method
is said to be convergent, if for an arbitrary @ditvector y at an arbitrary point x =.xn [a, b], the global truncation error

y(X,) — ¥, satisfies the relationship (for some ndfi).

Limit (ng ||y(>9)—yn||) =0 (3.2)

and further that every one-step method is converijeand only if the one step method is consisté€ht. consistency, a
one-step method is said to be consistent if theement function is consistent with the initial valproblem, that is

CD(Xn ' Yo O) =f ()qq A ) Finally, by [10], a One — step method is convatgkand only if it is consistent.

Armed with these facts we state and prove the agewvee and consistency of our order seven and eglanal

integrators.
3.1 The case m = 4 (Order seven)

THEOREM 1
The order seven rational integrator

4 K y(r) y( 2 W yr) 1 H yr)
— A + B —% +
m 1 + A+B+C '
where the function A, B and C are specified by)2(2.8) and (2.9) respectively is consistent amavergent.

Proof:
From the integrator (2.12) we have

h' y(r) 3 hry(r) 2 K r )
+ A ” + Ch
Yo = Yo = Z; 4 5 n Zl | ' (3.3)
o 1+ A + B+ C
hence,
4 r-1,,(r) r-1,,(r) r-1,,(r)
z h yn + Az h yn + Bz h yn + C)}nl)
Yo = Yn — r=1 r! r= ! (34)
h 1 + A + B + C
(n 3 r (r) 2 (2)
yP[L+ A+ B+ d + o~ 'Yy +,§h + h
- =2 Il = ! 2! (3.5)
1 + A+ B+ C
Note that from (2.7), (2.8) and (2.9).
Limit A =0
h -0
Limit B=0
h-o0
Limt C=0
h-o0
- W1 + 0+ 0+ + 0+ O+ |
Hence Limit [—y"” y"} = Vo[ q
h-o0 h 1+ 0+ 0+ O
= ﬁl)y
0 Limit {u} = P = fx,y (3.6)
h - 0 h
as required.
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Thus our new rational integrator of order severoissistent with the initial value problem, hence integrator is
convergent [10].

3.2 The case m =5 (Order eight)

THEOREM 2.
The order eight rational integrator,

0] 0] )
Zihy +AZhy +BZhy +CZ
r=0 ' r=0 ' r=0

— r=0 r!

h' y(r)

yn+l 1+ A+ B + C (221)

where the functions A, B and C are specified b$&2.(2.17) and (2.18) respectively is consisteat eonvergent.
Proof:
From the integrator (2.21) we have

Q] Q] (0] 2 )
thj +AZhy +BZhy +Czh):
= rl r! =~ !
yn+1 yn 1 + A + B + C (37)
hence,
5 r-1,,(r 4 r-1, ,(r) r-1 (r) 2 r-1, ,(r)
h yn +A Zh yn +Bzh h yn
Yo - Yo — r=l r! r=1 r!
h 1 + A+ B + C (3.8)
(0] Q] n 2.,(2)
(1)[1+A+B+C] Zr”:-'-Azhy +Bzhy Chgln
- =2 I =2 I r=2 !
1+ A+ B + C (3.9)
Note that by (2.16), (2.17) and (2.18).
Limt A =0
h -0
Limit B=0
h -0
Limt C=0
h -0
_ (€]
Hence Limit {y“ﬂ y“} = Y [1+0+0+0] + 0+0+0+0
o h 1+0+0+0
= yy
O Limit [y”ﬂ y“} YWY = (X, ¥,)
h-o h (3.10)
as required.

That is, the order eight numerical integrator issistent. Hence, our integrator is convergent [10].

4. Numerical Examples

We illustrate the performance of our new integrateer the Maximum order second derivative hybridtmustep
methods of [5] and the Adaptive implicit Runge —ttéumethods of [4] in the following examples.

Example 1: [4]

V=-100y, y(x)=1 x0O[o]]

— »-100x
The exact solution to isy(x) =t and the time constant is 0.01.
A variable step size was used starting with h £0.1
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Table 1: Errors in Numerical Integration of Example 1
H Value of x Analytic Maximum order Order Seven Order Eight
solution 2" derivative integrator integrator
hybrid multi —
step [5]
1.00000D-01 1.00000D-01 4.53999D-0% 2.14454D-02 11022D-16 0.00000D+00
5.00000D-02 1.50000D-01 3.05902D-07 2.00536D-02 1022D-16 -1.11022D-16
2.50000D-02 1.75000D-01 2.51100D-08 1.97436D-02 6®48D-08 0.00000D+00
1.25000D-02 1.87500D-01 7.19412D-09 1.68208D-02 1022D-16 -5.96046D-08
6.25000D-03 1.93750D-01 3.85074D-09 1.24074D-02 96@46D-08 5.96046D-08
3.12500D-03 1.96875D-01 2.81726D-09 7.84083D-03 0@OD+00 5.96046D-08
1.56250D-03 1.98438D-01 2.40973D-09 4.43528D-03 6®48D-08 0.00000D+00
7.81250D-04 1.99219D-01 2.22864D-09 2.36270D-03 96646D-08 -1.11022D-16
3.90625D-04 1.99609D-01 2.14326D-09 1.21590D-03 1022D-16 0.00000D+00
1.95313D-04 1.99805D-01 2.10180D-09 6.19892D-04 1022D-16 0.00000D+00
9.76563D-05 1.99902D-01 2.08138D-09 Not Stated 2.22045D-16 0.00000D+00
Example 2: [3]
x| _[5x -2y][x x(0)] _[1
y'| [3x y]" Ly(@)] |2

Exact Solutions is given as

o

2621
%Zt

—e¥
—e¥

Table 2a: Error in Numerical Integration First Comp onent (Uniform Mesh size h = 0.03)

Values of Tl

Adaptive Implicit
Runge — Kutta [3]

Our new Integrators

Order Seven
integrator

Order Eight
integrator

3.00000000D-02

0.3238292541D-04

-6.15099061D-

15@89061D-09

6.00000000D-02

0.2995808673D-04

-1.11073899D-

11473899D-07

9.00000000D-02

0.2787104097D-04

-1.15763126D-

15763126D-07

1.20000000D-01

0.2605580892D-04

-1.05589737D-

05889737D-09

1.50000000D-01

0.2446254221D-04

-1.62302885D-

62302885D-07

1.80000000D-01

0.2305287807D-04

3.51731264D-0

735264D-08

2.10000000D-01

0.2179681180D-04

-4.33673466D-

336¥%3466D-08

2.40000000D-01

0.2067053833D-04

-6.53996413D-

539926413D-08

2.70000000D-01

0.196542975D-04

-1.62053748D-(

2058748D-08

3.00000000D-01

0.1873444048D-04

4.25262905D-0

262305D-08

3.30000000D-01

0.1789630619D-04

-1.37350189D-

37350189D-08

3.60000000D-01

0.1712994847D-04

-8.42760395D-

42-7860395D-08

3.90000000D-01

0.1712994847D-04

-9.86133362D-

86183362D-08

4.20000000D-01

0.1642652616D-04

-9.38846805D-

38816805D-08

4.50000000D-01

0.1577859276D-04

4.70074202D-1]

0¥4202D-10

4.80000000D-01

0.1517983194D-04

-9.95356952D-

95356952D-08

5.10000000D-01

0.1462485089D-04

-5.62501530D-

62801530D-08

5.40000000D-01 0.1410901759D-04 2.95151725D-0 1%59%25D-09
5.69999900D-01 0.13628331113D-04 -2.83948820D- .839248820D-08
5.99999900D-01 0.1275894717D-04 1.67908905D-0 9DBI05D-08
6.29999900D-01 0.1236456325D-04 2.52512509D-0] 5A.3209D-08
6.59999800D-01 0.1199382870D-04 -1.15564580D- 15864580D-08
6.89999800D-01 0.1164467828D-04 1.53459467D-1 489867D-11
7.19999800D-01 0.1131528043D-04 4.31058034D-0 068034D-09

7.49999800D-01

0.1070939677D-04

-1.91763583D-

91+763583D-08

7.79999700D-01

0.1016509888D-04

-1.72803656D-

72803656D-08

8.09999700D-01

0.9913183923D-05

-4.51632189D-

51682189D-08

8.39999700D-01

0.9673451145D-05

1.03405924D-0

4095324D-08

8.69999600D-01

0.9445040210D-05

-1.83549945D-

83849945D-07

8.99999600D-01

0.1043015177D-04

-4.18202735D-

SN N N S R EE S EEE R A E NN

18202735D-08
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Table 2b: Error in Numerical Integration Second Conponent (Uniform Mesh size h = 0.03)
Our new Integrator

Adaptive Implicit

Values of Tl Runge - Kutta [3] _Order Seven _Order Eight
integrator integrator

3.00000000D-02 0.000000000D+00 2.97718588D-07| A8538D-07
6.00000000D-02 0.000000000D+00 2.11451257D-08 %12%7D-08
9.00000000D-02 0.000000000D+00 -9.78790471D-08 87R0471D-08
1.20000000D-01 0.000000000D+00 -2.58062087D-08 8a53087D-08
1.50000000D-01 0.000000000D+00 1.22857956D-07| 52286D-07
1.80000000D-01 0.000000000D+00 1.05937690D-07| BD580D-07
2.10000000D-01 0.000000000D+00 -5.75347849D-08 5317849D-08
2.40000000D-01 0.000000000D+00 -1.06070213D-07 6€170213D-07
2.70000000D-01 0.000000000D+00 2.09359915D-07| 59985D-07

3.00000000D-01

0.1096978240D-05

-1.54657053D-0

54657053D-07

3.30000000D-01

0.1109145273D-05

-1.97948710D-0

97948710D-07

3.60000000D-01

0.1109145273D-05

1.89917504D-08

91.8504D-08

3.90000000D-01

0.1121585230D-05

-1.53889994D-0

53889994D-08

4.20000000D-01

0.1134307399D-05

-1.47247327D-0

47247327D-07

4.50000000D-01

0.1147321494D-05

4.04549403D-08

54.9403D-08

4.80000000D-01

0.1160637680D-05

3.69060326D-07

08@326D-07

5.10000000D-01

0.1174266597D-05

2.75495756D-07

4B5B56D-07

5.40000000D-01

0.1188219395D-05

-6.38247699D-0

38817699D-08

5.69999900D-01

0.1217143933D-05

-1.37702192D-0

37702192D-08

5.99999900D-01

0.1232140783D-05

-1.16802906D-0

16802906D-07

6.29999900D-01 0.1247511805D-05 1.91263741D-07 263741D-07
6.59999800D-01 0.1263271177D-05 -2.49093537D-08 49083537D-08
6.89999800D-01 0.1279433808D-05 2.02886157D-08 886257D-08
7.19999800D-01 0.1296015373D-05 -7.65913257D-08 6591.3257D-08
7.49999800D-01 0.1313032376D-05 4.66411394D-08 4818419D-08
7.79999700D-01 0.1330502196D-05 7.59433001D-08 41.2357D-07
8.09999700D-01 0.1348443152D-05 1.09458130D-07| 72.3895D-07
8.39999700D-01 0.1366874563D-05 1.47845335D-07| 3323617D-07

8.69999600D-01
8.99999600D-01

0.1385816818D-05
0.1405291455D-05

1.91262203D-07
2.40932396D-07|

4686314D-07
08834560D-07

5. Remarks and Conclusion

In this paper, we have derived two rational intémps of Order Seven and Order Eight for solvingiahivalue
problems in ordinary differential equations thatcansistent and stable. Examining closely the Talkle2a and 2b we
observe that the new integrators gives a betterappation when compared with the Maximum orderosetcderivative
hybrid multi — step methods of [5] and the Adapiivglicit and Classical Runge — Kutta methods dfdiice the resulting
solutions of the new integrators are closer tcatmaytic solutions.

The use of numerical integrators in solving firstir initial value problem have been demonstratgdguthe order
seven and order eight rational integrators and paveed more attractive. Tables 1 shows encouragisgits as our order
four and order five rational integrators convergemate is quick and increases as each mesh pairdaises than the
Maximum order second derivative hybrid multi — stegethods. Tables 2a and 2b show that our integratmmverge more
quickly to the analytic solution at each mesh pdoirain the Adaptive implicit and Classical Runge uttK methods of
Ademiluyi et al (2007). This makes our rational rrival integrators more efficient than the ones parad with.
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