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Abstract

The Stability functions of numerical integrators fothe solution of initial value
problems (ivps) in Ordinary Differential Equation@ODES) are of paramount interest as
it helps to determine the suitability of the methéat obtaining the solutions required.

In this paper we analyze the stability functions ofo new integrators of order three
and four we derived. Our results shows that they droth A — stable and L — stable and
hence can cope effectively with stiff problems.
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1. Introduction:

Many of the problems in real life from physicalusitions, chemical kinetics, engineering work, papah models,
electrical networks, biological simulations, mecieahoscillations, process control often result$nitial Value Problems in
Ordinary Differential equations that are eitheffS8ingular or Oscillatory, [1 - 3, 5, 6, 8 ].

To solve stiff systems, we need numerical integeatibat possess special stability properties sach a stability and L
— stability.

In this paper, we desire to analyze the order tlamee four rational integrators of [5, 6] in order determine their
stability properties.

The next section, section 2 of this paper will Ipederivation of the integrators. In section 3 wdl deérive the stability
functions of the integrators while section 4 wid bevoted to the Analysis of the Stability funcasf the new integrators.
The remarks and conclusions will be on section 5.

2. The Order three and four Integrators
In [5, 6] the order three and four rational inteégra were derived using the operator:
U:R - C™?(x) be defined by

U(x) [1+gx+a,X* +ax° |=p, () (2.1)
where,
U(x) has at least®1.2" 39. . . (m + 2 derivatives
X . fori = 0
U(x,.) = Y (o) . 2.2)
Yosi for i= 0,1,:
With the indicator m = 0 and comparing equationg)2nd (2.2) we obtain the order three integrator
= Y (2.3)
yn+1 1 + A + B + C
where
—hv
A= X, = —— (2.4)
Yn
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| 2y - y,y¥? |
2y;
n* [ 6yyely, ~ 6y - yiyz |
6y

B=0,X,, = (2.5)

C= CI3X2+1 = (2.6)

Similarly with our indicator as m = 1 and comparaguations (2.1) and (2.2) we obtain our order faimerical integrator
as

1 hryln)
> gy,
_ = [I!
yn+1 1+A+B+C (27)
where
| vEyA) -6y, 7 - 4y, Y7 + 1271 |
A= Clen+1 = 3 (2'8)
4[—y§ Y&+ By, Y v - eyl }
R 2y -y ey |
B= X%, = . 2.9
e 4| =y + By, Yy - eyt | -
Ayl 240y v 18Y - 3,0+ 6L
C=0X = (2.10)

24 -2y + By, iy - oY |

3. Derivation of the Stability Functions

To effectively solve ivps that are stiff and sirguive need integrators that possess special gsaditich as A — stability. For
an integrator to possess L — stability propertguairantees the effectiveness of the integratoramdling ivps. For easy
understanding we state the following definitions

Definition: [4]: A numerical method is said to be A-STABLE if itsgRen of Absolute Stability (RAS) contains the whole

the left-hand, half of the complex plane |%e(h) < O.

Definition: [7, 8]: A numerical integrator is said to be Absolutelylfaf the absolute value of the stability functimﬁﬁ)
is less than unity. That is,

‘c(ﬁ)‘ = | ¢lu+iv) <1, i=+-1 o)
Definition: Region of Absolute Stability (RAS) [9]: A region D of the complex plane is said to be aiéhag)f Absolute

Stability (RAS) of a given method, if the methodlssolutely stable forh [0 D.
Definition: [7]: A given one-step method is said to be L-stableiff A-stable and in addition,

Limit s(ﬁ)‘ =0 (3.2)

Re(h) - —co

Journal of the Nigerian Association of Mathematic&hysics Volumel8 (May, 2011) 267 — 272

268



On The Analysis of The Stability Functions Of.. Elakhe A.O. Jof NAMP

In this section, we shall be interested in investigy the stability properties of our new methaoas,begin by applying the
integrator to the usual test equatioh=y\y.

3.1 Stability function of the Order Three Numerical Integrator
Our integrator is given as
o=
™1+ A+B+C
where A, B, C are as specified by (2.4), (2.5), &nh€l) respectively.
On applying the integrator on the test equatiba ¥h we simply have,

Aln)= -h
—2
h)=n
B(n)= .
-\_ _h
clh)=-—
-1
Substituting and simplifying we have
) Z Yo _ 6
C(h) - - = — —2 =3
Yn 6-6h+3h -h
- 6
0 c( h) = _ _ (3.3)
6-6h+ 3h -h
3.2 Stability function of the Order Four Numerical Integrator
Our integrator is given as,
1 Khry®
27”+Ayn
y - r=0 r!
" 1+A+B+C
where A, B, C are as specified by (2.8), (2.9), &nhdl0) respectively.
Also on applying them to the test quation we synfalve,
A(Fl): -3h
=2
~-\_h
Blh)=—
N
Q\_ -h
Clh)=—
b=
Substituting into the integrator and simplifying hvave our stability function as
O\ Yo L 24 + 6h
C(h) - = — —2 =3
Y 24 -18h + 6h - h (3.4)

4. Analysis of the Stability Function of the Numerical Integrator
We now wish to analysis the stability function of &wo numerical integrator using Cartesian coaathirforms.

4.1 The Case of Order three
Our Stability function is given as
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- 6
)=
6-6h+3h —h
By settingh = u +iv, i = -1, we get

‘Z@Mslm

6 < ‘6— 6(u+iv)+3u+ivy - (u+ iv)3‘

- ‘6—6(u+iv)+3(u+iv)2 —(u+iv)3‘ >| 6

Now then,

6-6(u+iv)+3u+iv) —(u+iv)* = Alu,v)+iB(u,v)

where

Alu,v) = 6-6u+3u® —3v* —u° + 3uv?

B(uv) = -6v + 6uv — 3u%v + V*

Alu,v)’ = 36-72u+72u% -36v* - 48U° + 720v° + 21u* - 54u>V? — 6U°
+24u’v? +9v* -18uv* +u® - 6u’v® + uv*

B(u,v)’ = 36v% - 72uv? + 7T2u%% —12v* - 36u%V? +12uv* + 9u*V? - BUPV* - \°
Hence our inequality above becomes,

‘ Z(ﬁ)‘ <1 |AQuv)+iBuv)=]g

ie « Alu,vf+B(u,v) =36

which holds after expansion and rearrangement
u® +3uv? + 3udv* + v —6u° —120%* - 6uv® + 21u* +18uA - 3v* —48u° + 7202 - 72u + 36> 36

which in turn holds <

u® +3u'v? +3u?v* +v8 —6u° —12u%? —6uvt + 21t +18uAV - 3v - 483 + TP =720 =0
After rearranging and collecting terms the relatiaids <

2 2 2 2 \? 2 2 2 2\, ,2 2 2

(u +V )3—6u(u +V ) +9(u +V )+12(u +V )(u -V )—24u (Zu —-3u +3)2 0
Our preference is forﬁu2 + VZ)3 , 9(u2 + V2)2

Observethat : O u, v we have

2
(u2 +v2)3 >0, 9(u2 +v2) >0
Hence Region of Instability (RIS) from this seteisipty by this contribution as our RAS covers theoltof the left and
right hand of the complex plane.

For the preference‘.-Gu(u2 +V2)2 and 24u (2J2 -3+ :)
Ou<O,and Ov
—6u(u2 +v2)2 >0
—24u(2u -3u+3)2 0

Hence our RIS from this set is the right half of tomplex plane, by this our Region of Absolutebffity for this group
covers the entire left half of the complex plane

Also for the preference’l.Z(u2 + VZ)(U2 —V2)
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(i) Ou, vwehave:
(u2+v2)20,
(i) u?-v?)z0
s u=2v20o0rusvs<(,

Hence 12(u2 +v2)(u2 —v2) >00u<0
Therefore our inequality

(u? +v2)3 -6u(u? +v2)2 +9(u?+v?)+12u’+v?)(u’-v)- 241 (2%~ 8+ 3= wW<O
Hence our Integrator is A — Stable and by direbsitution ofg(ﬁ),
1)

Which shows that our integrator is L- Stable.

4.2 The Case of Order four
Our Stability function is given as

-~ 24 + 6h
<) 24 -18h+6h -h°
By settingﬁ =u+iv, i? =-1, we get
| Z(ﬁ)‘ <1
| 24+ 6(u +iv)| < ‘ 24 -18(u +iv)+6(u +iv)’ - (u +iv)3‘

Now then,
24+6(u+iv)=A(uv)+iB(uv)

where

A(u,v)=24+6u

B(u.v)=6v
and

24-18(u+iv)+6(u+iv)’ - (u+iv)* =c(u,v)+iD(u,v)
where

C(u,v)=24-18u +6u? -6v2 - u® +3uv?

D(u,v)=-18v +12uv - 3u?v + v°
Hence our inequality above becomes,

‘ Z(ﬁ)‘ <1< | Aluv)+iB(uv)<| Cluv)+i D(u,v)

ie « Au,vf +B(u,v) <C(uv)+D(u,v)
which holds after expansior»
576+ 2881 + 36u® + 36v° < 576—864u + 6121% + 36v° — 2641° - 72uv° + 720" + 720V —120°

- 24uv? -12u +u® + 3u*Vv? + 3uAvt +\°
which in turn holds <

(02 +v2 P —12u(u? +v? + 7202(u? +v2) - 72u(u? +v?) - 48u(au® - 120+ 24)= 0
Observe that
(u2 +v2)3 >0, 7&12(u2 +v2)2 0, 0u,v

Journal of the Nigerian Association of Mathematic&hysics Volumel8 (May, 2011) 267 — 272
271



On The Analysis of The Stability Functions Of.. Elakhe A.O. Jof NAMP

~12u(u? +v?)= 0, - 72u(u? +v?) = 0 and - 48u(4u? ~12u + 24)> 0 Ovandu <0

OF(u,v) =0 where
Fluv)= (02 +v2f —12u(u? +v2 +7202(u? +v2) - 720(u? +v?) - 48u(au? ~12u+24) >0 D u < 0, v
Observethat : O u, v we have
(u2 + v2)3 > 0 and 72u2(u2 + v2) 20
Observe also that] u < 0 and v we have that
—12L(u2 + v2)2 > 0,
-72u(u2 +v2)2 >0
-48U4u? -12u+24) > 0

And so the method is A — Stable.
Consequently, the inequality

(u2+v2)3—121(u2+v2)2+7212(u2+v2)— 72|(u2+v2)— 48( 4’ 1a+ 2)@ 00 u<
ie‘ c(u,v)‘sl OuyvD{u+iviu<g

Hence the integrator is A — stable and so the RegfoAbsolute Stability of the integrator is thetiem left — half of the
complex plane.

The Integrator is L — Stable as by direct subtitituof (ﬁ)

Lt [¢(p) =0

5. Remarks and Conclusion

In this paper we have presented the analysis oheveoorder three and four numerical integrators dha both A — stable
and L — stable. We have also been able to cretteesi in the study of the stability nature of amgthod we hope to adopt in
solving initial value problems in ordinary differtéal equations.

The stability properties possessed by our Ordezettand four numerical integrator makes them mofieieft and
effective is solving stiff problems in Ordinary fdifential equations.
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