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Abstract 

 
  In this article, a three-step hybrid linear multistep method for solution of first 

order initial value problems (IVPs) in ordinary differential differential equations 
(ODEs) is proposed.  

Essentially, the method is based on collocation of the differential system and 
the interpolation of the approximate solution at the grid and off-grid points. 

Evaluation of the proposed method at n kx x +=  and 5
2n

x x
+

= yields a class of 

two discrete schemes of order 7 which are not self-starting. Furthermore, a self-
starting method is adopted. The proposed method is consistent, zero stable and 
convergent. Finally, the accuracy of the method is tested on some standard IVPs. 

. 
 
Keywords: , linear multistep, initial value problems, collocation, interpolation, consistent, zero stable and 

convergent. 
 

1.0  Introduction: 
 
Many problems encountered in the various branches of science, engineering and management give rise to differential 
equations of the form: 

          ( , )y f x y′ = , 0 0( )y x y= , a x b≤ ≤                                                    (1.1) 

where f is assumed to be Lipschiz constants[8]. 

  The solution of (1.1) has been discussed by various researchers (see [1, 2, 3, 4, 5, 7, 8]).  However, experience has shown  
[3, 4] that the traditional multistep methods including the hybrid ones can be made continuous through the idea of multistep 
collocation.  These earlier works have focused on the construction of continuous multistep methods by employing the 
multistep collocation.  The continuous multistep methods produce piecewise polynomial solutions over k –steps [xn, xn+k] for 
the first order systems of ordinary differential equation (ODEs).  Sirisena [8] developed a continuous new Butcher type two-
step block hybrid multistep method for problem (1.1).  The results obtained showed a class of discrete schemes of order 5 and 
error constants ranging from C6 = 1.45 x 10-5 to C6 = 1.790x 10-4.  In this paper, we propose a continuous Butcher type three- 
step block hybrid method employing multistep collocation approach, which yields a class of 2 discrete schemes of order 7 
with error constants. 
  

8 8

2 7 1 5 5 5 2 5
C  a n d  C

7 7 7 4 2 0 1 2 7 3 7 2 4 9 2 8
= − =  for solving problem (1.1). 

 
2.0 DEVELOPMENT OF THE METHODS 

In this section we discussed the development of continuous scheme and its discrete schemes using [5] where a K-step 
multistep collocation method with m collocation points was obtained as follows: 

t-1 1

j n j j j j j
j

y(x) (x)y(x ) h ( ) (x , (x ))
m

o j o

x f yα β
−

+
= =

= +∑ ∑                                                (2.1) 

where, 
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t m-1

i
j , 1

i o

h (x) h  xj iβ β
+

+
=

= ∑                                                                  (2.3) 

are the continuous coefficients of the method and  xn+j, j = 0, 1...t-1 in (2.1) are t (0<t≤ k) arbitrary chosen interpolation points 

from (xn, … xn+k) and   jx , j = o, 1…, m-2 are the m collocation points belonging to  {xn…, xn+k}. 

To determine αj (x) and βj (x), we use a matrix equation of the form 
   DC = I         (2.4) 
Where, 
I is an identity matrix,  
D and C are matrices defined as in [5]. 

2 t m -2
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n 1 n 1 n 1

t m -22
n 1 n 1n 1
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                                      (2.5) 

and 
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        (2.6) 

The columns of the matrix C = D-1 consists of the continuous coefficients, i.e.  
 αj(x);  j =o, 1…k-1 and  βj (x);  j = 0, 1…. k-1. 

In this paper k = t = 3, m = 6, x o = xn,  x n, x 1= xp+1, x 2 = xn+2.  Then equation (2.1) becomes 

5 5
2 2o 1 n 1 2 n 1 1 2 2 3 n 3 ny(x) ( ) ( )y ( ) ( )f ( ) ( ) ( )f ( ) fn o n nx y x x y h x x f x f x xα α α β β β β β+ + + + +

 = + + + + + + +   

                         (2.7) 
Thus, the matrix D in (2.5) becomes 

5
5 52

2 2

2 3 4 5 6 7
n n n n n n n

2 3 4 5 6 7
n 1 n 1 n 1 n 1 n 1 n 1 n 1

2 3 4 5 6 7
n 2 n 2 n 2 n 2 n 2 n 1 n 1

2 3 4
n n nn
2 3 4
n 1 n 1 n 1n 1

2 3
n 2 n 2 n 2

2 3
n 3 n 3 n 3

2 3
n n n

1 x x x x x x x

1 x x x x x x x

1 x x x x x x x

3x 4x 5x2x0 1
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0 1 2x 3x 4x
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0 1 2x 3x 4x

D

+ + + + + + +

+ + + + + + +

+ + ++

+ + +

+ + +
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=

5 5 5
2 2 2

5 6
n n
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n 1 n 1

4 5 6
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4 5 6
n 3 n 3 n 3

4 5 6
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6x 7x

6x 7x

5x 6x 7x

5x 6x 7x

5x 6x 7x

+ +

+ + +

+ + +

+ + +

 
 
 
 
 
 
 
 
 
 
 
 
  

         (2.8) 

We obtained C =D-1 in (2.8) to determine αi(x) ; i = 0(1)2 and   hβi (x); i = 0, 1, 2, 3, 5/2 in (2.7) as follows: 
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[ 5 2 4 3 3 4 2
7

5 6 7 2
n n

1
(x) 20115 (x x ) 39189 (x x ) 32910 (x x ) 14169

2468h

(x-x ) 3065 (x x ) 264(x x ) 2468

o n n n

n

h h h h

h h

α = − − + − − − +

− − + − + 

          (2.9)                                                               

5 2 4 3 3 4 2 5
1 n n n n7

6 7
n n

1
( ) 180 (x -x ) 6148 (x x ) 10005 (x -x ) 6156 ( x -x )

617

1670 h(x -x ) 168(x x )

x h h h h
h

α = − + − − +

− + − 

           (2.10)                                                                                      

5 2 4 3 3 4 2 5
2 n n n n7

6 7
n n

1
( ) 20835 (x-x ) 6378 (x x ) 72930 (x-x ) 38793 (x-x )

2468
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x h h h h
h

h

α = − − + −

+ − − 

(2.11) 

6 5 2 4 3 3 4
n n n n6

2 5 6 7
n n n

1
( ) 37020 (x-x ) 136364 (x x ) 200531 (x-x ) 150680 (x-x )
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oh x h h h h
h

h h

β = − − + −

+ − − + 

(2.12) 

5 2 4 3 3 4 2 5
1 n n n n6

6 7
n n

1
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h

h
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(2.13) 

5 2 4 3 3 4 2 5
2 n n n n6

6 7
n n

1
( ) 11250 (x-x ) 35645 (x x ) 42556 (x-x ) 23805 (x-x)

2468
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h x h h h h
h

h

β = − + − − +

− + − 

     (2.14) 

5 2 4 3 3 4 2 5
3 n n n n6

6 7
n n

1
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797  (x-x ) 92(x x )
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h

h

β = − + − − +
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     (2.15) 

5
2

5 2 4 3 3 4 2 5
n n n n6

6 7
n n

1
( ) 9216 (x-x ) 30464 (x x ) 38400 (x-x ) 22976 (x-x )
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h

h

β = − − + −

+ − − 

   (2.16) 

 Putting equations (2.9) – (2.16) into equation (2.7), we obtained a continuous scheme. 

5 2 4 3 3 4 2 5
n n n n7
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[5
2n 5 2 4 3 3 4 2 5

n n n n6

6 7
n n

921 (x-x ) 30464 (x-x ) 38400 (x-x ) 22976 (x x )
9255h

6528 (x x ) 704(x-x )

f
h h h h

h

++ − + − −

+ − − 

  (2.17) 

On evaluating (2.17) at x = xn+3 and x = 5
2nx x += , we obtained the following 2 discrete equations. 

 

5
2n 3 n 2 n 1 n n n 1 n 2 3 n

783 135 31
y y y y 234 f 297 0 f 810 f 2790 1 3824 f

6 17 617 6 17 1 8510 n

h
f+ + + + + + +

 − + + = − − − + + 
 (2.18) 

and 
 

[ ]
2

5
2

5 n32n1n1n2n1nnn f326401125f67500f16125f990
157952

y
157952

124875
y

157952

29000
y

157952

4077
y ++++++++ +−++−=+−− nf

h

             (2.19) 
The schemes (2.17) and (2.18) has order p = 7, error constants. 

   
8

15525

1273724928
C =  and  

8

27

777420
C

−=  respectively. 

 
Since the order p > 1, then the equations (2.18) and (2.19) are consistent as in [2]. 
 
Equations (2.18) and (2.19) are two equations with four unknowns.  For the two equations to constitute two member block 
hybrid method, we need to eliminate two unknowns either by using existing standard one-step method or using the analytical 
solution or develop two more equations.  What we adopted is discussed in the next section. 
 

1.0 STARTING VALUES 
We adopted the explicit sixth order Runge-Kutta scheme in [2] to evaluate   yn+j; j=1 and 2; n = o i.e. 

[ ]n j n j-1 1 3 4 5 6 7 8y y 41 216 27 272 27 216 41
840

h
k k k k k k k+ += + + + + + + +                   (3.1) 

where, 
  k1 f(xn, yn+j –1) 

  
)yf(x

191-jn ,9n2 k
hhk ++= +  

  
{ })3(yx 21241-jn ,6n3 1

kkfk hh +++= +  { })43(yx 32161-jn ,3n4 kkkfk hh ++++= +  { })624275(yx 432181-jn ,2n5 kkkkfk hh −−+−++= +  { })10286798122(yx 5432191-j3 ,2
2

n6 kkkkkfk hh +−+−++= +  
{ }5

6, 487 n 3 j-1 1 2 3 4 5 6x y ( 183 678 472 66 80 3 )h hk f k k k k k k+= + + − + − − + +         (3.2) 

4.0 CONVERGENCE AND STABILITY ANALYSIS  
       In this section, we discuss the stability and convergence properties of the schemes (2.18) and (2.19). 
Zero stability of (2.18) 

3 783 135 31
0

617 617 617
P ξ ξ ξ= − + + =  

1 21,  0.4285ξ ξ= =  and 3ξ
= 0.1587 

Since   1 2 3 ξ ξ ξ≠ ≠  and 

1 2 31  and 1,ξ ξ ξ≤ ≤ ≤  then the method is zero stable according to [2] 

Zero stability of (2.19) 

( ) 0
157952

4077

157952

29000

15795

124875 32
2

5 =−−−= ξξξξl

 
2094.0 and 0258.0 ,1 321

=== ξξξ
 

Since   1 2 3ξ ξ ξ≠ ≠  
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Therefore, the method is zero stable according to [2].  According to [2], the necessary and sufficient condition for a linear 
multistep method to be convergent are that it be consistent and zero stable.  Therefore, proposal schemes are convergent.  
5.0 NUMERICAL EXPERIMENT  
In this section, we use the proposed schemes (2.18) and (2.19) with equations (3.1) and (3.2) as starting values to solve the 
examples stated below.  The errors arising from the computed and theoretical values are compared with Sirisena et al [9] as 
shown in Tables 5.1, 5.2 and 5.3 below. 
 

Example 5.1 y -y,  y(o) 1, 0 x 1, h  0.1′ = = ≤ ≤ =  

   y(x) = e-x 
Example 5.2 y x-y,  y(o) 0, 0 x 1, h  0.1′ = = ≤ ≤ =  

   y(x) = x + e-x –1 
Example 5.3 y 8( -x) 1,  y(o) 2, 0 x 1, h  0.1y′ = + = ≤ ≤ =  

   y(x) = x + 2e-8x 

 
Table 5.1.:  Result of Example 5.1 

X Sirisena et al [9] Proposed scheme 
0.1 2.0 x 10-9 2.1 x 10-10 

0.2 2.0 x 10-9 2.2 x 10-10 

0.3 1.0 x 10-9 6.0 x 10-10 
0.4 2.0 x 10-9 1.0 x 10-10 
0.5 1.0 x 10-9 4.1 x 10-9 
0.6 3.0 x 10-9 7.0 x 10-10 
0.7 2.0 x 10-9 1.5 x 10-9 
0.8 3.0 x 10-9 7.0 x10-10 
0.9 3.0 x 10-9 1.4 x 10-9 
1.0 3.0 x 10-9 8.0 x 10-10 

 
 

Table 5.2. : Comparison of Errors 
X Sirisena et al [9] Our New Method 
0.1 2.0 x 10-9       0.0 

0.2 2.1 x 10-9       0.0 

0.3 1.7 x 10-9 6.0 x 10-10 
0.4     0.0  2.0 x 10-11 
0.5 6.7 x 10-9 7.0 x 10-10 
0.6      0.0 1.0 x 10-10 
0.7 1.0 x 10-9 8.0 x 10-10 
0.8      0.0 2.0 x10-10 
0.9      0.0 9 x 10-10 
1.0      0.0 4.0 x 10-10 

 
Table 5.3. : Comparison of Errors 

X Sirisena et al [9] Our method 
0.1 3.6 x 10-4       1.7 x 10-5 

0.2 1.5 x 10-4       1.6 x 10-5 

0.3 5.9 x 10-5       9.3 x 10-6 
0.4 1.6 x 10-5        4.6 x 10-6   
0.5 4.3 x 10-5       1.8 x 10-6 
0.6  2.1 x 10-5     4.2 x 10-7 
0.7 5.7 x 10-7    1.8 x 10-7 
0.8  1.6 x 10-6     2.3 x 10-6 
0.9  5.1 x 10-6    3.8 x10-7 
1.0    2.8 x 10-6     3.2 x 10-7 
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6.0 DISCUSSION / CONCLUSION 

 
From the above presented tables, our new method is more accurate when compared with Sirisena et al [9].  The 

proposed method uses two difference equations per step while Sirisena et al [9] used three difference equations per step. 
Our new proposed scheme is consistent and convergent.  And it compares favourably with the existing scheme. 
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