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Abstract

In this paper, a class of convergent implicit Raial Runge-Kutta schemes
using Taylor and binomial series expansion, are d@ped, analysed and
computerized to solve ODEs.

Numerical results arising from the new schemes camgfavourably with the
existing Euler's method. Furthermore, the resulthew that the schemes are
effective and efficient.
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1.0 Introduction:
In the field of Science, Technology and Engineerihg rate of change of one variable in relatiomanother is called a
derivative. Any equation which connects the daixes of a differentiable function of one indegent variable with
respect to itself is called ordinary differentéguations (ODES).

The most general form of an ODE is

y =1y, y(X,) =Y, (1)
where y is the dependent variable.
In an attempting to solve this, it will be assuntieat f(X, y), satisfies the following conditions

0] f(x, y) is a real vector function.
(i) f(x, y) is defined and continuous in the region
D={x,y/asx<b,-w <y <o} @)
(iii) There exist a real constant L such thatday X D[a,b] and numbersyyand y  in D.
[ [0, Y) -0, )] < L]y, = s 3)

where L is the Lipschitz constant of order 1.

Research in techniques for solvingODEs have gesgtratlot of interest because of the difficult natof the solution
process of ODEs.Popular methods include convertiBna K schemes such as implicit, semi-implicit agxplicit
schemes.

In 1982 Hong Yuanfu introduced a Rationalized RuKgéa scheme of the general form

R
yn + Z VVIKI
You = = 4)

1+ yni\/lHl
i=1

where , = hf(X,, Yn)
K =hf (x, +chy, + > a;K))
=1
H, = hg (%, z) |
|'ﬂ:hg(xn+dih, zn+2binjJ ©)

j=1
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In his development,;a b; = 0 for j=i. He developed families of methods of orders amd three of these schemes.
During analysis, he discovered that the schemesAastable. Perhaps, this A-stability property anohicity of
programming of explicit Rational R — K scheme stiated [6] in extending the schemes to family ofesrfbur.

However, experience with the conventional R-K seég have shown that implicit R — K scheme haveebet
resolution properties (than explicit ones). Thipextation is the chief motivation of the presemisideration.
2. 0. Derivation of the Scheme

Recall from (4) that an R-stage implicit RaabR — K scheme is

R
+>Y WK.
B yn IZ:]; 1 1 (7)
yn+1 - R
1+ ynzvi H,
L=1
where,
L
Ki= hf(xn +ch, y, +Za,.jij
j=1
L
Hi=h{xn+dih, zn+2qujj (8)
j=1
9(x,.2,)=~Z2f (X, ¥,)
Z, =
7, ©)
with the constraints
G =2 a0 =10R
j=1

d, = Zi:bij , i=1()R (10)
j=1

The parameters;¥YW,, C, d, g and k) are to be determined from the system of non-lisepration generated
by adopting the following steps;

0] obtained the Taylor series expansion ¢él&nd H's about point (xy,) for i=1(1)R.
(ii) Insert the series expansion into (6).
(iii) Compare the final expansion with Taylor series esjn of y.; about

(Xny Yn) in the power of h.
The numbers of parameters normally exceedsntimber of equations, but in the spirit of [2,53,these
parameters are chosen to ensure that one or mthe @fllowing conditions are satisfied.
1. Minimum bound of local truncation error exists.
2. Adequate order of accuracy of the scheme is actieve
3. The method has maximum interval of absolute stghili
4. Minimum computer storage facilities are utilized.
By equation (6), the general one-stage impliciidtatl R-K scheme of order two is of the form
+W, K
yn+1 — yn 1'% (10)
1+y,ViH,
where,
K, =hf (Xn +c,h,y, +311K1)

H, =hg(x, +d,h, z, +b,H,) (11)
alx, z,)=-2Z21(x,. )
with the constraints

G =aa
d =byy (12)
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Adopting binomial expansion theorem on the righdaide of equation (10) and ignoring terms ofeordigher than
one , we get

You =Y, + WK, —y2 V,H, +(higherorderr tem) (13)
The Taylor series expansion gf.yabout y, gives
LIS LR T LT S
u=y. +thy +—y +— +— + Oh (14)
Yo = Yo H Yo+ Vot ¥+ o

Now y, =f(x,,y,) ="
y, =f + ff, =Df,

n

Vo =t + 26+ 21+ fy(fX + fnfy)= D*f, + f,Df,

y, @ =t +3f f #3620 + 26, +f [, +2f £+ 126, )+, + 1.1, )3f, +3f,f +f2)
= D*f +f D?f +3Df Df, +f’Df (15)
Substituting (15) into (14) gives
h2 h3 2 h4 3 2 2 5
Yoo = Yo +hf, +2 D, +E(D f+ fnyn)+Z(D f,+f,D2f, +3Df,Df, + f2Df, )+0(h®) (16)

Similarly expanding Kabout (x, Yy, we have,

K, = h(fn +(c,hf, +a11klfy)+%(th2 fo +20,hak, f, +adk? fwj+0h4 (17)

0K, =hA +h°B, +h’D, +0h*

(18)
where,
A =1, B =C (fy + 1, fy) = C,Df,
D, =C,B,f, +1C2(f, +2f f +f2f )
= c?(pf, f, +1D?f,) (19)
In a similar manner, expansion of Bbout (¥, z,) yields
H;, = hN; + KM, . h°R; + OH' (20)
where,
Nl = g’1 ’ M = dngna
R=d?(g,Dg, +1D?g,) (21)
Expressing g and its partial derivatives in termbto facilitate the comparison of coefficientsatis to
- f - f - f
Jn :_n’gx :_ngxx =—
Yo Yo Y
-2f, -2f,
z = y + fy1 gXZ = y + ny
-2f
XXz :y—XX+ fXva 9., :_an +y§fW
gxzz =-2 f>< - yrf f><yy
_ 2 2 4
- 4yn fy +6yn fyy +yn fyyy (22)

Substituting (22) into (21) , to get

- _ 2
N; = %, M1: dl(Dfn"'anJ
Yn

y: y;

_ A2 _ 2
Ri= Cil ( 2f, . ny[Dfn +fnJ + 3| D*f, - 2, (r2 + fo (23)
Yo [L Ya Yo Yn
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Adopting (18) and (20) in (13) gives

Ynua =Yn * Wl(hAi +h*B, +h°D, + Oh4)_ Ye (Vl(th +h*M, +h°R, + Oh4)

=y, WA - y2ViN, J+(W,B, - y2V,M, J? + (WD, - y2V,R Jn* + 0 (24)

Taking the coefficient of h andf linto consideration we obtained the following systef equation for family of one-
stage scheme of order two.

W1+Vl =1

Wic; + Vldl =1 (25)
With the constraints

d1=0C

b=d (26)

We can now obtain the following results
(|)W|th WJ_:O, V1: 1, Q:d]_:]/Z, a; = b_u_:]/z
equation (10) yields

_ Y
Yo =720 @7)
l+ yn H 1
where,
Hi=hg(x+ %2 h, z+%H) (28)
(i) WithVi=W, =%, g=ay=%,d=by=%
equation (10) yields
yn+l = yn +%Kl
1+ 00,
2 (29)
where K=hf(x,+%h, y+3K)
Hi=hg(s+ Y% h, z+YaH) (30)

(iii) WithW, =Y, V1= %, G=dh =% ,a=b=%
equation (10) yields

+1K
ATy @
1+ZynH1
where
K]_:hf()(n"':]/zh, M+J/2K1)
Hi=hg(x+%h, 2+ % H)
i 2 1
(iv) Withw; =3, V;=3, a;=¢=3
by =0 = /2
Equation (10) becomes
o= Yok (32)
1+§ynHl
where
1 1

Ki=hf(a+ 3h, v+ 3Ky
7, 7,
Hy = hi(x, +/42 h, %+ /2H))

3. Error, Convergence, Consistent and Stability Propgies
3.1. Error Analysis
Error of numerical approximation techniques for QDdtises from different causes that can be majddysified into
discretization, truncation, and round-off errorspetively.
Discretization error is the error introduced assuit of transforming a differential equation intifference equation.
Mathematically the discretization error,.g£associated with the formular (10) is the diffeermetween the exact
solution and numerical solution,.y generated by (10) at point.x That is
€11 = Ve — Y(Xor1) (33)
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Truncation error is the error introduced as altaxfuignoring some of the higher terms of the poweries (Taylor and
binomial series ) during the development of the frmular. Mathematically it can be defined as

Yx,) + 3 WK, "
Toor =YXpua) = Wm

where K; =hf(x, +ch y(x,) +> a,K,)
j=1

i
|_|i = hg(xn + dih’ Z(Xn) +zbij H j)
j=1
For example, the local truncation error for thenifst of one-stage scheme of order two is

2
T,.= (D2, +1,.0f - %W —}évldf)—vldf(anyn(Dfn _2f] J_zfy;"}ﬁ (35)

Round-off error is the error introduced as a rasoftthe computing devices. Mathematically it barexpressed as

Yn+1 = yn+1 - I:)n+1 (36)
where ¥, is the expected solution of the difference equmstivhile R, is the computer output at the (n#ijeration.
The Convergent Property
The numerical scheme (10) for solving ODE (1)bislsaid to be convergent, if the numerical apprakiom
Vn+1 that is generated by it tends to the exact salut{@,.1) of the ODE (1) as the step size tends to zero.
That is

lim [y(Xn+1) - yn+1]O (37)

n - oo
h-o

To analyze the convergence of the propose schemeonsider the following standard theorem whiehstate
without proof.

Theorem 1: Let{ej, j=o0 (1)r} be the set of real numbers, If there exist fiodi@stants R and S such that
| < R‘ej_l\ +S, j= o(l)n- (38)

R"le+ Rle,

Let g1 and T,.; denote the discretization and truncation erroreegged by (10) respectively.
Adopting binomial expansion and ignoring highentsiin equation (10) and (33), we obtain

Y((Xpa) = Y(X,) + g, (x,, y(X,);h) + he (x,, y(x, ); h) + higher tem+ T, (40)

where ¢,, andy, are continuous in the domair a< b, |y| <o, 0 < h<h, define as

, R# ! (39)

then ‘ej‘ g(

R
ha(x,, y(x,)ih) =D WH, (41)
#(%, Y0) ) =14 y(x,) + DBy H) (42)
j=1
Similarly (7) yields
Yo =Y, +he,(x,y,;h)+he(x,, y.;h) + higher tems (43)

Subtract equation (40) from (43) and use equd88hto get

€e1 =€ + [, (%, Y% S 0] =, (%, v ]+ hledx,, v ) h )= (%, yoih] + T a9)
By taking the absolute values on both sides of egu#44), we have the inequality

le,..|<e, +Khe,|+hLje,|[+T (45)
where L and K are Lipschitz constant fgg (X, y; h),andi, (X, y; h)respectively and

T= [T, (46)

a<sx < b
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By settingN =L + K
Inequality (44) becomes
e <le,|@+hN)+T, n=0,1..... (47)
From theorem 1, expression (47) becomes
_(L+hN)"-1)
hN

T+(@+hN)"fe,| (48)

Since (1+ hN)“ =" = eN(xn—a)
andx<b,thenx—a<b-a

Consequently e < gN®=a) (49)
(eN(b_a) - l)T N (b-2)
g, s — 1 +e"" g (50)
hN

To = h, (%, + Y (x, +60) =, (%, Y(x,)] + hlaa(x, + 6, y(x, +6h) = (%, Y(x,)]
= hly, (x, + ), y(x, +6N) =, (x, + 6, y(x,) + (%, + b, y(x, )]
+hlgy, (x, + 60, (%, +60) = ¢4 (x, + 6, Y(X,) + G (X, +Ey(X,) + ¢ (%, Y(%,)] 5D

By taking the absolute value of (51) on both sigled taking equation (45) into consideration, we get

T=hLly(x, +h) - y(x,)| + 28+ hK|y(x, + &) = y(x,) + Mh?8

T=h’Ny'(&) +(J +M)h?G, x, <E<X, ., (52)
Where M and J are partial derivative @f and {/, with respect to x respectively.
By setting Q =J + M and

Y= Suﬁy'(x)|
a&x<hb (53)

Therefore, equation (52) yields
T =6 (NY +Q) (54)

By substituting (54) into (50), we have
h2aeM® Ny + Q]

e, < ~ +eee | (55)
Assuming no error in the input data. Thatjs@, then in the limit as h. 0.
we obtain

limit |e,| =0 (56)

h- 0 , N> o
which implies that

limit y, = y(X,)

h-0,n- o (57)

Consistency
The one-step method is said to be consistent, if

Iim{M} =f(x.,Y.) (58)
h-o h
To show the consistency of this scheme
Recall that

You = Y, *WK, —y2V,H, + (higherorder terns) (59)
Subtract y from both sides of equation (59) to get

You — Ya = WK, —y2V,H, + (higherorder terns) (60)
But K = hf(x, + cih, ¥ + &iKy)

Hi=hg O + dih, 7+ by Hy) (61)
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Substitute (61) into (60) and divide by h and makihe limit as h- 0, gives
”m[ynﬂ B yn} :f(xn' yn)
h-o h

(62)
Stability Properties
To analyze the stability properties.
Recall that general one stage implicit rationat R scheme is
y  =* WK,
n+l
1+y, ViH, (63)

where
K1 = hf(xs+cih, yh + a1 Ky)
Hl = hg (Xh + dlhv % + bll Hl)
Applying (63) to the stability equation
Y =AY, ¥(X,) = Y, (64)

We obtain the recurrent relation

_ (1+WJ - anP)'lj
Ya = T -1 |In
1_V1 (1+b11P)

(65)
That is Y1 = U(P) ¥
For example, the associated stability function (@7) to ( 32) is
1+¥%P
=_ 7 66
MP=T 0 (66)

Itis A —stable
Since|,u(P)| <1atP! [-», 0]

Numerical Computation and Results
In order to demonstrate the accuracy of thissehsome sample problems were considered.
Problem 1: Consider initial value problem

y =-100Qy - x°) +3x*,y(0)=1 (67)
The theoretical solution is
y(x) - X’3 + e—lOOOX (68)

The numerical results of probleml which compaeeaccuracy of the scheme and Euler’'s schemeharensin Table
1.
Problem 2 Consider the initial value problem

y =2x+y, y(0)=1 (69)
whose theoretical solution is

y(x) = -2(x+1) + 3¢
The numerical results of problem2 which compareait@iracy and convergency of both the scheme aled’&acheme
are shown in Table 2.
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Discussion

A cursory observation of results in Tables 1 argh@w that the new convergent implicit rational Rs¢hemes

produce more accurate results than those producg&dler’'s scheme of the same stage.
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