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Abstract

We modify existing SIS mode to reflect permanent immunity due to vaccination or
previous non-fatal attacks of the disease. The model incorporates information on
current and past states of the disease needed by families in deciding on whether to
vaccinate or not their children. Of particular interest in the analysis are the criteria for
stable endemic equilibrium.

1.0 Introduction:

It is believed that the more we know how diseagesasl, the more we will be able to control the agréVe know that
vaccines have helped to curtail the spread of desand the typical example is the eradicationm&llpox [2]. It is known
that availability of vaccines may not be sufficiéot people to take the necessary advantage. Sonme cases, families have
to be motivated to take advantage of the vacciiée history of many vaccinations shows that thegmss toward
increasing degrees of disease control is inter-thixg episodes of coverage decrease due to theotebsitween public
health targets and individual freedom i.e. betweempulsory vaccination and conscientious or phipbécal exception [2,
4]. Buonomo et al. [2] further pointed out that isties are increasingly facing move complex chaéerof rational
exception, consisting in the family decision to mneiccinate children as a consequence of pseudmehtcomparison
between the risk of infection and the risk of vaecrelated side effects. What is clear is that udeoluntary vaccination
policy, rational exception makes eradication imflmesand may trigger childhood diseases to oseilla}.

Because of the importance of vaccines in the easidit of diseases and the possibility of side ¢ffe the vaccination,
the search for better knowledge of how the vacciesk continues and existing mathematical modetsraodified in the
process.

In this paper we investigate an SIS model with imfation-dependent function that measures how irddion on
current and past states of the disease is useahtilids in deciding on whether to vaccinate orthefr children.

2. Mathematical Model
As in [2], we envisage a fully effective vaccimeviding life-long immunity:

B (t)sl
S'"=u(l-p,)- ———~— - US + yl 1)
. B(t)s
1= 22T (p+y) i, (2)
where

S= susceptible individuals
| = infective individuals
H = recruitment rate of individuals (newborn and irgrants). It is also the death rate
Po = fraction of individuals that are vaccinated.

B(t) = rate at which susceptible individuals becanfected.
y = rate at which infected individual are treatedrecover.

¢(| ) summarizes how information on current and paststaf the disease is used by families in decidinghether to
vaccinate or not their children.
We assume that the continues funct'(d(ll ) satisfies

p(1)=1+ @ (1), ¢ (1) isafunction| ,q(o):o,wl' (1)z o.
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3. Mathematical Analysis
The population N(t) is constant. So if V(t) is tinaction of the individuals that have been vact@dathen

V(t) + Sft) + 1(t) = Land
S+1<1-p,
Following [2], wel_et

[ = B, in case of constant rate, and
otherwise

7 =%iﬂ(U)du,

where@ is the periodicity of the rate of transmissjaft).

3.1 Disease free equilibrium (DFE) and its propergs
DFE = (1- p,,0)
1- _
Let R = M, R, = P is the basic reproduction number.

HtYy Uty
So, it suffices to takg (t) as constant.
Proposition 1

(i) Stability of DFE does not depend aW(I ) .
(i) If R <1 then DFE is globally asymptotically stable

(iii) if R =1 then DFE is unstable.
Proof:

DFE =(1-p,,0) =(S,, 0

Let X = S—§), then

X == pux - Z’SOI + yl +non linear terms
|’ Z,E’Sbl —(,u+y)| + non linear terms

The nonlinear terms tend to zerobs-» 0, X —» O,
So the relevant matrix is

Az[-u -BS+y J
0 BS-u+y
Hence stability of DFE does not depend(ﬂ(nl ) proving (i)
Also |A—/1| | = 0 gives
A=—p, A = S—pu-yand § =1-p,.
So DFE is globally asymptotically stable
if R <land unstable i} =1.
3.2 Endemic Equilibrium
We assume that@(1) =1+al +a,l” +..+a1" (3)
is a polynomial of degree n, the coefficie@s a,..8, are non-negative.

Proposition 2 If R >1, there is a unique endemic equilibrium EE 5 (3, where $= R, 7¢I ) and Lis a unique
positive solution of the equation

-1 —
H(1=py) —ul - uRp(1) =0 4
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Proof: Clearly, if #0, then equation (2) gives S (4 +vy) 0(1,) - R,7¢1,) substituting S into (1), we obtain
ﬁ e
H(1=py) = ul = uRp(1)=0 (5)
Equation (5) impliesa |"+a ,I""+..+al’+RI-R (1-p,) =0 (6)

Since ds i=1,2...n are non-negative then by Descartes’ ofilsigns, (6) has a unique positive root |

Theorem 1 The endemic positive equilibrium3,) is globally asymptotically stable ﬂo(_l) > _H (7
(1) wu+y

Proof Let X=S-§, y=I-l¢

Then

dx Bl.x BS.y BS.| . .
-t - Ux - ——=<+yy+ —==_y(¢'(l.))+ nonlinear term
dt  o(l,) (1) (o(1.)) (1))

dy _ Blex | BScy

—(u+y)y—&y(¢'(le))+ nonlinear term
(]

dat  ¢(1,) e¢(l.)
A R S M AT
The linear partis dt | _ Pt P ((1.)) [Xj
dy Bl BS BS.| , y
o : -ty - e (1,
a) | w0 e() o’ )
This gives the characteristic roojs= (a e 2,u) tar + 1%+ p°
2 €)
I
Clearlya >0,u>0andl > 0O if qd( ) >_H
o(1) wu+y
That is the two/l'S are negative.
Hence the EE is GAS.
This completes the proof.
3.3 Appropriate Lyapunov function for endemic equilibrium
Letp(l)=¢€",a>0
Assume that the endemic positive equilibrium ig (.
Thenif X =S-S§,, y=I1 -1,
Then
% = - Bl xe " - S ye ™™ — ux+ yy +nonlinear term 9)
% =p1.xe """ +[BS ye ' — (,u + y) y+ nonlinear term (10)
Theorem 2: Let
V(xy)=x +axy + by’ (12)
a2
such that b_Z > 0. (12)
Then v(x, y) is a Lyapunov function for the syst@mand (10) if
all+1,)<2l,,b<11,=S,, ay-2b (y+u)<0and 2y-a(u + y)=0. @3
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Proof:

Oli_\t/ = xye " [2B1,+aBl, - 2BS, - apBl,]
+[aBl, +aB-2pB1,] x? e @'
+[2pbS, -aBS,] y? e '
-2ux®+(ay-2ub - 2yb) y?
+(2y - p, - ay)xy

Thus O:T\: <0 if (13) holds
This completes the proof

Theorem 3: (Se, Ie) is asymptotically stable if (13) holds.

Proof:

This follows from the fact that V(x, y) is a Lyapav function.

Discussion of Results

When the information on current and pastestaif the disease is sufficiefﬁ(a’ - o0 and ¢= e”") the endemic

equilibrium is unconditionally stable. Whear =0, no information on the history of the disease, tlie@ endemic

equilibrium is not automatically stable. In factetlstability of the endemic equilibrium depends be walue of the
equilibrium point, the recovery ratg and the recruitment ratef of the newborn. This study shows that informationpast

and present states of the disease in vital intheéi@tion of the disease.
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