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Abstract

We present an analytical study of unsteady temperatenergy equation for gravity
of a fluid with non — Newtonian behaviour through porous medium. For the case
of radial axisymmetric flow, the governing partiadifferential equation is
transformed into an ordinary differential equatiothrough similarity variables. It

is further assumed that the viscosity is temperautependent. We investigate the
effects of velocity on the temperature field. Theors on existences and uniqueness
of solution are formulated based on some criterindathe proofs of the theorem are
established.
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1.0 Introduction:

The steady and unsteady flows of a non — Newtofliads in a porous media in which the main drivifgce is
gravity has attracted a large class of applicationsngineering practice, particularly in appliegoghysics, geology,
ground water and oil reservoir engineering. Du¢h®increasing in the production of heavy cruds,a@hd else where
materials whose flow behaviour in shear cannothzgarterized by Newtonian relationships, it haobez necessary to
have an adequate understanding of the Rheolodfeat® of non — Newtonian fluid flows and, as autesa new stage in
the evolution of fluid dynamics theory is in progsg7].

Some scientists have studied gravity flows of a gmelaw fluid through a porous medium. These inclu®
investigated the effect of permeability on the temapure rise in a reacting porous medium. [6] preEska paper on
unsteady gravity flows of a power-law fluid througtporous medium. [3] presented a note on the @iba power-law
fluid with memory past an infinite plate. [1] inv&gated the hydromagnetic flow and heat transfezrav stretching
sheet. [5] presented a paper on the influence afeptaw exponent on an unsteady endothermic reactiamidi and
Ayeni [4] investigated the influence of power-lamdex on an unsteady exothermic reaction. Manyuliseformation
on the unsteady gravity flow of a power-law flulttdugh a porous media was presented but the tetonperequation
was not considered.

2.0 Mathematical Formulation

The governing equations for the Mathematical foatiah are momentum and energy equation. Consideritvgp
dimensional flow in theX = Z plane where the free surface is a streamlineatiat on the surface, the flow can be
expressed by a modified Darcy's law.

The unsteady equations are

k oh
V=——— (Darcy's law- Momentum) (2.1)
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Itis a single phase flow Wherg— is the gradient in the flow direction and k isépendent of the nature of the fluid but
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depends on the geometry of the medium.
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(Modified Darcy's law) (2.2)
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Where z = h on the free surface. The rheologicedipater n is the power-law exponent which reprassimar-thinning
(i.e. n<1) and shear-thinning (i.e. n>1) fluidé.is the permeability,0 is the density ang is the effective viscosity.

oh

oh
The Dupuit’'s approximation yieldsa— Da— for small gradients and assume a horizontal flath h=h(x, t) (t being
S

X
the time).
VX :—(MJ a_ha_h ' (2.3)
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Where V' is the component of the velocity in the radiakdtion, whereas for radial axisymmetric flow

vy = k@) 3nlonfs 2
Uy | OR|OR
Substituting (2.3) and (2.5) into the continuityuatjons we obtain
1 a(Rhv,) oh
AV T RI—_p 2.6
R OR ? ot 29
For radial axisymmetric flow where h=h(R, t) anddylindrical coordinate equation (2.6) becomes
ii@ ﬁ =-¢ 'u_ef @ (2.7)
RORAR| |OR ko | ot
Defining new variables
h(Rt)=t"f(7)n = R/
By similarity variables we obtain
d n a+n
Ll ”}:az at -2 g 2.8
d/][ ( ) ,7[ n+1 7 } @8
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Where @ being the porosit)a2 = q{’i—efj B = 1 and prime denotes differentiation with resped} t
0 n+

Solving equation (2.8) we obtain

n+L
t(n)=n o) (2.9)

The flow can also be expressed by a modified eneggmtion

o[ )= 2k ). auy @10
Plat ) oyl oy oy '
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Where

n
ou e
U= n{—a— , T =temperature,c, = specificheat at constant pressute= viscosity, k= thermal
y

conductivity, O == density,

rheological parameter n = power-law index arld =apparent viscosity.

Let T R, )=fg7), T=TR,1),/] =RF
When k is not a constant

By similarity variables we obtain

12
d(n9') d( df )
+ "J=b + | -
n(ya+pBng') a9 4 " 2.11)
Where b= K , C= Ho| ko
mp la:p l'lef
Letg  (7,)=1 g'(m)=0 (2.12)

f(r) :/70(‘%) (2.13)

3.0. Methods of Solution
We prove existence and uniqueness theorem, thdepnchas a solution and the solution is unique.

From equation (2.11) - (2.13)

Letn =1
d(ng') d(df )
N=p2" =7 — | — .
n(va+Bn9) i +m[dn(dnj (3.1)
t(7)=n (32)
We obtain
, d(n9’ 16) _
n(yva+pBng)=b ((;7,?)%[(8—1)/7 q (3.3)
Lety=0
We obtain
g(1)=1 (3.5)
g(y)=a (3.6)

where @ is a guessed value of the temperature gradidtieasystem.
Theorem 3.1: Problem (3.4) — (3.6) has a uniquetieol.
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Proof:

Let X =/7,%=0,X=0

Then X =1X, =X,

a2
><;=(b f:)xs-lgfﬁ% 37)
Satisfying
1<x <1
1<x,<1
—as<x,<a (3.8)

The partial derivatives—
0X;
(3.6) has a unique solution. This completes thefpro

1,] =123 are Lipschitz continuous and are bounded on Défbee; problem (3.4)-

Theorem 3.2
From equation (2.6)-(2.8)
We obtain
2
n ] n+1 a_l a-
g’ +g (b—ﬁnz)—nyg+{a ( H nez=0 (3.9)
a+n\a+n
g1)=1 (3.10)
g(1)=9 (3.11)
Problem (3.9)-(3.11) has a unique solution.
Proof:
Let X =/7,%=0,%=0'
As
X =1 =X
, _ V% Xdbpe) _ca’ n+1(a—1j g
% b bx b |a+nla+n .
Satisfying
1<x <1
1<x,<1
—0<X, <0 (3.12)
2 2
|6f3|s|5([>’+b)+ca [2+nj[n+1j[a+1} 313)
\axl\ ‘ b b la+n/la+n)la+n
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of. | .. of,
Hencea—',I.J =123 are Lipschitz continuous since the derivative eaf—' are bounded on D. Therefore, the

X X:

i J

problem has a unique solution. This completes thefp

From equation (2.6) together with the boundary conifions

gl)=1 (3.14)

g()=0 (3.15)
Replace

g()=0
by

g'(1)=0=-0.1 (3.16)
Supposec=0

n(yva+pBng’)=b(g +ng") (3.17)

Take y=f=b=1
Equation (3.17) becomes

n(g+ng')=(g' +ng") (3.18)
Let us use series
Suppose

g=1+be” +ce™ (3.19)
We obtain

g=1+(-0272e” +(0.739e ™ (3.20)
Finding the minimum point of g at

g'(n)=0 (3.21)

g'(7)>0 (3.22)
We obtain

n =169

g" =0.051

Remark: So g has a minimum point &t = 1.69

4.0 Results
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Fig. 1: Graph of the temperature function of g againstsihelarity variable/] wheny =1, b =-0.272 and ¢ =0.739.

Discussion/Conclusion

We proposed suitable expression for unsteadpeemure equation for gravity flows of a power-lfuid through a
porous medium. The unsteady profile and the tentpergrofile were studied for various values of povaw exponent
@ and n. The fluid is Newtonian for n>1.We show ttia problem has a solution and the solution isjumi It is seen
from the graph that g has a minimum point.
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