Journal of the Nigerian Association of Mathematical Physics
Volume 18 (May, 2011), pp 83 - 90
© J. of NAMP
Convergence of Closed Form Solutions of The Initial-Boundary Value Moving Ma&s
Problem of Rectangular Plates Resting On Pasternak Foundations.

'S.T. Oni and 0.K. Ogunbamike

'Department of Mathematical Sciences,
Federal University of Technology, Akure.
“Department of physical and Earthl Sciences,
Wesley University of Science and Technology, Ondo

Abstract

The problem of assessing the effects of Pasternak foundation on the response to several moving
masses of isotropic rectangular plates for all variants of classical end supports was studied in Oni
[1]. Closed form solution technique involved the use of the generalized two-dimensional integral
transform and modified asymptotic method of Struble. This paper establishes the convergence of the
analytical solutions of two illustrative examples of this class of problems and the robustness of the
solution technique.

Introduction:

This paper seeks to establish the convergencesdfltised form solution of the problem of flexurdrations under moving
loads of isotropic rectangular plates on a Paskeetestic foundation obtained in [1]. The problemdlves a non-homogeneous
fourth order Partial differential equations [2,43,5] with variable and singular coefficients. T@ution technique is based, first,
on the two-dimensional integral transform as oladim [6] which was used to remove the singularitghe governing partial
differential equation and to reduce it to a seqaesicsecond order differential equation with valgaboefficients. This second
order differential equation was then simplifiedngsthe modification of the asymptotic technique ¢l Struble [7]. The method
of integral transformation and convolution theorgres then employed to obtain the analytical solubbnhe two-dimensional
dynamical problem. The main objective of this pajseto establish that the solution obtained by thishnique is not only a
formal solution but it is the actual solution te tbroblem [8].

2 CLOSED FORM SOLUTION TECHNIQUE

The governing fourth order partial differential egjon of the problem of flexural vibrations undeoving loads of isotropic
rectangular plate on a Pasternak

foundation is symbolically written in the form

LIW(x y,t)] = Q(x, y,t) =0 (2.1)

where L is the differential operator with varialcieefficient, W(X, y,t) is the plate’s response displaceme@(X, y,t)is
the transverse load acting on the rectangular pkty are spatial coordinates and t is the time coordinat
In the first instance, equation (2.1) is treatéith whe generalized two dimensional integral tfarma defined by

V(i k)= WO y.OW W, (y)dye @2

with the inverse given as

W (x, y.t) =szﬂvﬁ (LK OW, (W, () (2:3)
=1 k=1 k
where
LX_
V, = j M2 (x)dx (2.4)
0
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Ly_
V, = [ mAZ (y)dy (2.5)
0

The functionWj (X) and W () are respectively the beam functions in the x amtirgctions. Since each of these beam

functions satisfies all the boundary conditionstindirection, the kernel (the product of theserbdanctions) in the integral
transform satisfies all boundary conditions fortaagular plate problem of practical interest.
In particular, these beam functions can be defirezpectively as

A X A; X A X A X
W, (x) = S|nL—+ A cosL—+ B, S|nh—+ C, cosh— (2.6)
W, (y) =sin AL + A cos/1L'<—y+ B, S|nh—+ C, cosld— (2.7)
y y y

where A,.B,,.C, A B, C, a® constants determined by the boundary condltidpsand /1k are mode frequencies.

In addition, use is made of the property of Dibadta function as an even function to express & Fourier cosine series

namely,
2 nrv;t
o(x-vt) = N iz cos cos V% (2.8)
L Lx n=1 Lx X
and
J(y—s) :i+i Cosnny COS@ (29)
Ly y m=1 y Ly

where v is the velocity of the moving load.

In order to simplify and solve the resulting sewees of coupled ordinary differential equations, thedified Struble’s

asymptotic technique is employed. The techniqueaired that the asymptotic solution of the homogeisquart of (2.1) be of the
form

V(i.kt)=A(jkt)cosp t-@( ki) uv, (ki)ow”) (2.10)
where/\(j,K,t)and ¢/ |, k,t) are slowly time varying functions or equivalently

dA . d /\

kD - o), Lop?)

(2.11)

de, . d @ ,. 2

— (], k,t - 0), Kot - 0

(k) w) (k1) @)

where — implies “is of ".

Expression foMV(X, Y,t)is obtained via the method of integral transfororatind convolution theory for simply supported
end conditions as

[sin JILM Jﬂl\_/ siny; kt]sinkl_ﬂS sinn JETX sim ny
b X y', X ' X
W(x y,t)= 4#92;1 - T ! y (2.12)
e ik i
where
Vik = W), 1- 211+ sirt @+u 1+ 4sn’|@ (2.13)
2 L, w??
21,22 4.4
7 2K K b e, [ 1T k (2.14)
W %
_ M
o —T—ﬂ’fo(/»l ) (2.15)

where [/ is a parameter much less than one
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f =4V

imv b
I L § —_

K
m

, k1: D. =

2

3

. D=2 (2.16)
m

K = foundation Stiffness, G = Shear modulus, D smdirg rigidity, M= mass per unit area of the plate.
Furthermore, expression for W(x, y, t) for clamymtgimped end conditions is obtained as
oS m o m D’
W(X1 y1t) :z R {(
=1 k=1Vj Vk 2ybjk(Q?_y;k)

O, [V SINhQ t = Q sin ybjkt]} +(QF + y,fjk){ybjk[cosQ t—cog, t] -

f - y,fjk ){yb].k [coshQ t - cosy,, ] -

) ) ij /]jx ] /]jx
O [V SINhQ ;t = Q ; sin ybjkt]}}x[cosh T cosL— — 0 (sinh T
) /ljx /1jx /1jx ] /1jx ] /1jx
sin —)][cosh —— - cos—— - o, (sinh —— - sin ——)]
Lx Lx Lx Lx Lx (217)
where

m m|_ & mis o o
Vie = Va 11— ==+ 2>, cos—— X, (j, i)H, (K, k) + X ;4 (], j)H . (k, k)
NIV e

=)

2v2 A%
: (ZZCOS as(J,i)Hb(k,k)“Xas(i,J)Ha(k,k)]J}

2
i Vo | _ (2.18)
m__2 m_ 2
V' Lk, V. Lk, 219
L‘/
H,.(k,k) = IWk(y)dy (2.20)
0
LV
H,(k,k) = jcosankaz (v Xy (2.21)
0 y
L)(
Xo (1,1) = IWJ (x)dx (2.22)
X, (i )= jW (x) W (x)dx (2.23)
Vix =Ug | 1- A*L 2 j/]:x (G, j)H, (.K) (2.24)
Usf ko]kok X L
Ug = wf + D, + X, (J, )H, (k. k) (2.25)
LX
ky = IV\GZ (X)dx (2.26)
o —h[ L, 2)% 2+k4ﬂ“j e
: L L2 Ly

and W, (x) ,W, (y) and W, (vt) are corresponding beam functions for clamped enditions.

THEOREM 1: The series in equation (2.12) is uniformly comeant.
PROOF: Considering the equation (2.12), we have
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[sin JILM jnl\_/ siny; t] .
W(x,y.t) = ZZ : y’; — ik simA™ gim 7Y (2.28)
=t v, - j n:v L, L, L,
, B
[sm”LM— jﬂl\_/ siny; ,t] . (2.29)
2 < « Vi T ks X jry .
< 4ug Zz f sin—- sim=—— sim—
o= v, - 127722v2 L, L, L,
, LX
It is evident that
Vi =| @ 1—— sirf — kns VTP, ggin kS (2.30)
: : a)kL L
] X y
<d, 1-H[ o, 5v%j 272 (2.31)
2 a)]kLX
= w, [1-QA] (2.32)
A 5v2 12ﬂ7
where \ 2.33
QA:% 2+ 202,24 222 2 2724 Lk 372 Wik ( )
L% + Lk o Ly T+ L 2
(ST o (T o
] LS LS 2
Consequently,
T L
o & i, (1-QA)L 2.34
W(x, y.b)| < 4ugy Y 179 ,)2]:2 - (239
T ara-oap| - L
Lx&)Jk(l_QA)

In view of equation (2.14), we have

jmv
1+ 1
4n.4 2]2k2 4 kAt Jzﬂ.z K 972 2
. Lx(l_QA){kl[ e }DB[ AN J+DZ} (2.35)
ML T (i e ) (17 k) | 1nee

1-QA)| k, B L + L + D, E + L +D, |- 2
2
vL, L

1+

m1-QA¥)| k +D I_ZXL5+D Lij
3 72_2 2 72_4

4 2] 2 4y 4 2 2\?
. 2L Ly | v | (124K
—— | @-QA%?|k +D,—— +D,— " |-
(LXLJ( ° ){ki /S n*‘} L2

(2.36)
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1 L, L
ok 0, 55 4 p B
(1~ QAY) k1+ D, 7 +D, o

s
.MB
M

Il
[y
=
1l
[uy

L, L7

L

x -y

) s L, Ly
( I_J(l QA){k1+D3772 +D2n“} [

2121 4

where  oax = Koy SViLLy
LZL2 LiLy
| k, + D, = +D, -

1 1
Thus, the series solution (2.12) uniformly conesrgnd rapidly as+—
J

THEOREM 2: The series in equation (2.17) is convergent.
PROOF: Evidently, equation (2.17) can be rewritten as

mm  PRW(s)

=1 k=1

11— QAY)

k4

:

1
vy

|

W = S { WW -vo. W
(% y.) ZZV; V, Zybjk(gzélj_ylé)jk)l%]k (0~ Fohi ()

+(QF = V5 )(0;Q; sinyyt + Vi Cosyt) +(QF + YE)(0,Q; sinp,t

~ Vi Cosybjkt)}vvj (X)W, ()

J of NAMP

+ L (2.37)
k*

(2.38)

(2.39)

SinceWj (X) are the beam functions in the direction of x &f tactangular plate, they are bounded, that is

W, ()| <77, <o
Also,
W, ()< <o
W' ()| <7y <o
W ()| <75 <o
Similarly, W, (y) is also bounded, that is

[\Nk(y)| S/ly <®
W, (V)] <775 <o
W, ()| <75 <eo

W, (y) <75 <o

Furthermore,v\/k*(s), w, (Vt), W; (), VV,- (vt), andW; (vt), are bounded and we have

W, (vt)| <77, < oo ;

W (vt)

Sl <o W,(Vt)

W, (s)| <75 <

W (vt)

S, <%

<1, <o

(2.40)

(2.41)
(2.42)

(2.43)

(2.44)

(2.45)
(2.46)

(2.47)

(2.48)

(2.49)

(2.50)
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MQBHWNWmmn@ <o (2.51)
Thus,
7} <1y <o (2.52)
kok
Similarly,
1 c (2.53)
—_ SI7 < 00, .
Kyl
In view of inequalities (2.40) —(2.53),

mm  PW(s)

\A v, 2V Q) = Var)
—ngkVVj (vt) + (QJZ - ybjk)(Uij SiNYt = Vi COHt )

+(QF + ¥y )(0,Q; SiNpyt = Yy COSHyt }V\/j &KW, ¢ } (2.54)

2Ry57:176 3 2 (2.55)
W(X,y,t) grela Voills Vol + 2Q30. —2Q%y. +n.n .
‘ ‘ Z_;; L L ybjk (Qé]l _ K:k){ bjk"/3 ajk'/1 17 ] bjk} /0

DRI

j=1 k=1

{@, Wi(w)

Consider the first series on the right hand sididnefabove inequality in (2.55), that is

k—zz (2.56)

j=1 k= l ] yb]k
It is noted that
‘yjjk < ‘wfkmal + mol‘ <o (2.57)
< wjzk sincem,; >0 andm,; >0. (2.58)
where
— 12

. VA (2.59)

my =m, | 1= 6u750; | 1975 — 1T ;

'2n.2 k27T2
12 J i
['“a“{ s “"]
- -

» VA (2.60)

my, =m,| 1= 651 | 1913 = Ll —

'272.2 k27z.2
2 i’

{7
m =@1-Q,) (2.61)
m, = Dzma (2.62)

* 2CpaC /]2 2 2,2

ZA ,70,71 E”O”3+”J71,70 (263)

Q=

j47T4 2] 2k 277,4 k 477.4
kl{ TR ERT P,
X Xy
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o __1_ coshi; - cosl, (2.64)
" A sinhj - sinj,

] ]
In view of the above, in order to show tkyﬂk is convergent, it is just necessary to show ﬁaﬁt is convergent.

The natural circular frequencies of a rectangulatepa)jyk are known to be real and hence form a countall&geept possibly

for a finite number o*a)j'k‘ , generally

‘a)j+l,k+1 > ‘a)j,k" (2.65)
Thus, using ratio test [9]

, 1 1

lim |—| =c, <1 (2.66)

Ko
oWk Wig

jooo

r
Hencez is convergent. In view of argument in theoremhg, $eriesz{1J r >1 IS absolutely convergent. Similar

Wi

1
Wk

argument presented here also hoIdsEElJ r>1, Where
Q.

J

q =Y (2.67)
oL
and /lj are the mode frequencies of a uniform beam. Thessimilarly known to be real and countable. Thus,

\Aj\sMoo

X

(2.68)

In view of these results, provided tr@j ¢a)j,k ,itis either that 1 dominates series (2.56) ol _dominates. In either case,

4 4
Q; Wi

seriesk, is convergent.
In the same sense, the second , third and foarisss that is

k, = ii% (2.69)

=1 k=1 %2 ~ Wik
© o 3

k=33 ZQiUJ . (2.70)
i=1 k=1 QW y (Qj - ybjk)

and

© @ 202

K = e 2.71)

Loty

are convergent since the constantin the beam function is bounded. Hence the semiegjilation (2.17) is convergent.
Consequently, the analytical solutions of twodthative examples of this class of problems hawnlshown to
converge.

CONCLUSION

This paper has established the convergence oftaalgolutions obtained for the initial boundaglve moving mass problem
of rectangular plates resting on Pasternak fouoddkiereby establishing the robustness of the tiaalolution technique.
Accordingly, the closed form solutions to the dymzahsystems are not mere formal solutions butaateal solutions to the
moving mass problems.

Journal of the Nigerian Association of Mathematical Physics Volume 18 (May, 2011)83 - 90
89



Convergence of Closed Form Solutions of ... Oni and Ogunbamike J of NAMP

REFERENCES

[1]

[2]

[3]

[4]

[5]
[6]
[7]
(8]

[9]

Oni, S.T (2000) : Flexural vibrations und®oving loads of isotropic rectangular plates onoa-Winkler elastic
foundation. Journal of the Nigerian society of Eegrs. Vol. 35, No 1, pp 18 — 27.

Omer Civalek and Aitung Yauas (2006) : Largeflection static analysis of rectangular platestwo parameter
elastic foundations. International Journal of Scéeand Technology. Vol. 1, No 1, pp 43 — 50.

Moshe Eisenberger and Jose Clastonik (198¢ams on variable two- parameter elastic foundatiodournal of
Engineering Mechanics. Vol. 113, No 10, pp 1454648.

M.R. Shadman, M. Mofid and J.E Akin (2001) n@he dynamic response of rectangular plate withingpmass.
Thin-walled structures 39, pp 792 — 806.

Stanisic M.M. (1968) : On the response of thatgoto a multi-masses moving system. Acta Meclamicpp 37— 53.
Fryba, L. (1972) : Vibration of solids and sttures under moving loads. Groningen: Noordhopff 247 — 265.
Nayfey A.H (1973) : ‘Pertubation methods’, N&terk, John Wiley. Pp 171 — 174.

Sadiku, S. and Leipholz, H.H.E (1987) : On tihgnamics of elastic systems with moving concentratesses.
Ingenieur Achiv. Vol. 57, pp 223 — 242.

Adegoke Olubunmo (1979) : ‘Introduction to réalalysis’. Heinemann Educational Books (Nig) liedt

Journal of the Nigerian Association of Mathematical Physics Volume 18 (May, 2011)83 - 90

90



