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Abstract 
 

The problem of assessing the effects of Pasternak foundation on the response to several moving 
masses of isotropic rectangular plates for all variants of classical end supports was studied in Oni 
[1]. Closed form solution technique involved the use of the generalized two-dimensional integral 
transform and modified asymptotic method of Struble. This paper establishes the convergence of the 
analytical solutions of two illustrative examples of this class of problems and the robustness of the 
solution technique. 

 
 

Introduction: 
This paper seeks to establish the convergence of the closed form solution of the problem of flexural vibrations under moving 

loads of isotropic rectangular plates on a Pasternak elastic foundation obtained in [1]. The problem involves a non-homogeneous 
fourth order Partial differential equations [2, 3, 4, 5] with variable and singular coefficients. The solution technique is based, first, 
on the two-dimensional integral transform as obtained in [6] which was used to remove the singularity in the governing partial 
differential equation and to reduce it to a sequence of second order differential equation with variable coefficients. This second 
order differential equation was then simplified using the modification of the  asymptotic technique due to Struble [7]. The method 
of integral transformation and convolution theory were then employed to obtain the analytical solution of the two-dimensional 
dynamical problem. The main objective of this paper is to establish that the solution obtained by this technique is not only a 
formal solution but it is the actual solution to the problem [8]. 

 
2  CLOSED FORM SOLUTION TECHNIQUE 

The governing fourth order partial differential equation of the problem of flexural vibrations under moving loads of isotropic 
rectangular plate on a Pasternak  

foundation is symbolically written in the form  
0),,()],,([ =− tyxQtyxWL         (2.1) 

where L is the differential operator with variable coefficient, ( , , )W x y t  is the plate’s response displacement, ( , , )Q x y t is 

the transverse load acting on the rectangular plate, ,x y are spatial coordinates and t is the time coordinate. 

 In the first instance, equation (2.1) is treated with the generalized two dimensional  integral transform defined by  

0 0

( , , ) ( , , ) ( ) ( )
yx

LL

j kV j k t W x y t W x W y dydx= ∫ ∫      (2.2) 

with the inverse given as 

1 1

( , , ) ( , , ) ( ) ( )j k
j k j k

m m
W x y t V j k t W x W y

V V

∞ ∞

= =

= ∑∑     (2.3) 

where 

2

0

( )
xL

j jV mW x dx= ∫         (2.4) 
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2

0

( )
yL

k kV mW y dy= ∫         (2.5) 

The function ( )jW x  and ( )kW y are respectively the beam functions in the x and y directions. Since each of these beam 

functions satisfies all the boundary conditions in its direction, the kernel (the product of these beam functions) in the integral 
transform satisfies all boundary conditions for rectangular plate problem of practical interest. 

 In particular, these beam functions can be defined, respectively as  

( ) sin cos sinh coshj j j j
j j j j

x x x x

x x x x
W x A B C

L L L L

λ λ λ λ
= + + +    (2.6) 

( ) sin cos sinh coshk k k k
k k k k

y y y y

y y y y
W y A B C

L L L L

λ λ λ λ
= + + +    (2.7) 

where , , , , ,j j j k k kA B C A B C are constants determined by the boundary conditions. jλ  and kλ  are mode frequencies. 

 In addition, use is made of the property of Dirac Delta function as an even function to express it in a Fourier cosine series 
namely, 

 
      (2.8) 
  
and 

1

1 2
( ) cos cos

my y y y

n y n s
y s

L L L L

π πδ
∞

=

− = + ∑      (2.9) 

where v is the velocity of the moving load. 
 In order to simplify and solve the resulting sequence of coupled ordinary differential equations, the modified Struble’s 

asymptotic technique is employed. The technique required that the asymptotic solution of the homogeneous part of (2.1) be of the 
form 

2
, 1( , , ) ( , , ) cos[ ( , , )] ( , , ) ( )j kV j k t j k t t j k t V j k t oω φ µ µ= Λ − + +   (2.10) 

where ( , , )j k tΛ and ( , , )j k tφ  are slowly time varying functions or equivalently 
2

2
2

2
2

2

( , , ) 0( ), ( , , ) 0( )

( , , ) 0( ), ( , , ) 0( )

d d
j k t j k t

dt d t

d d
j k t j k t

dt d t

µ µ

φ φµ µ

Λ Λ→ →

→ →

    (2.11) 

where → implies “is of ”.  
Expression for ( , , )W x y t is obtained via the method of integral transformation and convolution theory  for simply supported 

end conditions as  

,
,

2 2
1 ,

[sin sin ]sin sin sin

( , , ) 4
j k

x j k x y x y

j i k j k j

j vt j v k s j x j y
t n n

L L L L L
W x y t g

f

π π π π πγ
γ

µ
γ

∞ ∞

= =

′−
=

′ −∑∑  (2.12) 

where 
2 2 2

* 2 2
*2 2

1 1 sin 1 4 sin
2jk jk

y yx

k s v j k s

L LL

µ π π πγ ω
ω

    ′ = − + + +         

     (2.13) 

4 4 2 2 2 4 4 2 2 2 2
*

1 2 34 2 2 4 2 2

2
jk

x x y y x y

j j k k j k
k D D

L L L L L L

π π π π πω
   

= + + + + +      
   

     (2.14) 

2
0 ( )

x y

M
o

mL L
µ µΓ = = +            (2.15) 

where µ  is a parameter much less than one 
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1 2 3, , ,i
x

j v D K G
f k D D

L m m m

π= = = =     (2.16) 

K = foundation Stiffness, G = Shear modulus, D = Bending rigidity, m = mass per unit area of the plate. 
Furthermore, expression for  W(x, y, t) for clamped-clamped end conditions is obtained as  

{ {∑∑
∞

=

∞

=

−−Ω−Ω
−Ω

=
1 1

22
44

*

**
]cos[cosh)(

)(2
),,(

j k
bjkjbjkbjkj

bjkjbjkkj

t
D

V

m

V

m
tyxW γγγ

γγ
 

} { −−Ω+Ω+Ω−Ω ]cos[cos)(]sinsinh[ 22 tttt bjkjbjkbjkjbjkjjbjkj γγγγγσ
 

  
}} −−−Ω−Ω

x

j
j

x

j

x

j
bjkjjbjkj L

x

L

x

L

x
xtt

λ
σ

λλ
γγσ (sinhcos[cosh]sinsinh[

 

  
)]sin(sinhcos)][coshsin

x

j

x

j
j

x

j

x

j

x

j

L

x

L

x

L

x

L

x

L

x λλ
σ

λλλ
−−−

                     (2.17) 
where 






+







−= ∑
∞

=1
11**

),(),(),(),(cos2
2

1
m

aaba
ykj

ajkbjk kkHjjXkkHjjX
L

sm

V

m

V

m πγγ
 

]
















+− ∑

∞

=1
3322

22

),(),(),(),(cos2
2

m
aaba

yajkx

j kkHjjXkkHjjX
L

sm

L

v π
γ

λ

     (2.18) 

                     
****

2
;

2

ojykojxj kLV

m

kLV

m ==
     (2.19) 

0

( , ) ( )
yL

a kH k k W y dy= ∫        (2.20) 

2

0

( , ) cos ( )
yL

b k
y

m y
H k k W y dy

L

π= ∫       (2.21) 

1

0

( , ) ( )
xL

a jX j j W x dx= ∫        (2.22) 

3

2

2
0

( , ) ( ) ( )
xL

a j j

d
X j j W x W x dx

dx
= ∫       (2.23) 

3

2*

2 * * 2

2
1 ( , ) ( , )j

ajk sf a a
sf oj ok x x

X j j H k k
k k L L

λλγ υ
υ

  
= −      

        (2.24) 

3

2
, 2 ( , ) ( , )sf j k a aD X j j H k kυ ω= + +       (2.25) 

* 2

0

( )
xL

oj jk W x dx= ∫         (2.26) 

4 4 2 2 2 4 4
2

1 4 2 2 4

2
jk

x x y y

j j k k
k

L L L L

π π πω
 

= + +  
 

          (2.27) 

and ( )jW x , ( )kW y and ( )jW vt are corresponding beam functions for clamped end conditions. 

 
THEOREM 1 : The series in equation (2.12) is uniformly convergent. 
PROOF:  Considering the equation (2.12), we have  
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,
,

2 2 2
1 2

, 2

[sin sin ]

( , , ) 4 sin sin sin
j k

x j k x

j i k y x y
j k

x

j vt j v
t

L L k s j x j y
W x y t g n n

L L Lj v

L

π π γ
γ π π πµ

πγ

∞ ∞

= =

−
=

−
∑∑

      (2.28) 

,
,

2 2 2
1 2

, 2

[sin sin ]

( , , ) 4 sin sin sin
j k

x j k x

j i k y x y
j k

x

j vt j v
t

L L k s j x j y
W x y t g n n

L L Lj v

L

π π γ
γ π π πµ

πγ

∞ ∞

= =

−
≤

−
∑∑

      (2.29) 

It is evident that 
2 2 2

* 2 2
*2 2

1 1 sin 1 4sin
2jk jk

y yjk x

k s v j k s

L LL

µ π π πγ ω
ω

    = − + + +         

        (2.30) 

2 2 2
*

*2 2

5
1 2

2jk
jk x

v j

L

µ πω
ω

  
≤ − +      

           (2.31) 

[ ]* 1jk QAω= −              (2.32)  

where 
2 2 2

2
*

22 2 2 2 2 2 2 2 2 2 2 2
2 2

2 2 2 21 2

5

2
2

x
jk

y x y x
x

x y x y

v j
L

QA
L j L k L j L k

k D D L
L L L L

π
µ ω

π π π π

 
 
 = + 

   + + + +        

   (2.33) 

Consequently, 

*

2 2 2
1 1 *2 2

2 *2 2

1
(1 )

( , , ) 4

(1 ) 1
(1 )

jk x

j k

jk
x jk

j v

QA L
W x y t g

j v
QA

L QA

π
ω

µ
πω

ω

∞ ∞

= =

+
−

≤
 

− −  − 

∑∑
       (2.34) 

In view of equation (2.14), we have 

1
24 4 2 2 4 4 4 2 2 2 2

1 3 24 2 2 4 2 2

4 4 2 2 4 4 4 2 2 2 2 2 2 2
2

1 3 24 2 2 4 2 2 2

1

2
(1 )

4
2

(1 )

x
x x y y x y

x x y y x y x

j v

j j k k j k
L QA k D D

L L L L L L
g

j j k k j k j v
QA k D D

L L L L L L L

π

π π π π π

µ
π π π π π π

 +
    

− + + + + +              = 
     − + + + + + −             




1 1j k

∞ ∞

= =












∑∑
   (2.35) 

( )

1
2

2

2 2 4 4

1 3 22 4

4 22 2 4 4 2 22 21 1
2

1 3 22 4 2

1

(1 *)
1

4 .

(1 *)

x y

x y x y

j k
x y x y

x y x

vL L

L L L L
QA k D D

g
L L L L j kv

QA k D D
L L L

π
π π

µ
π π

π π

∞ ∞

= =

 
+ 

  
− + +  

   =  
   + 

− + + −           
 
 

∑∑  (2.36) 
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1
2

4

2 2 4 4

1 3 22 4

2 4 44 2 2 4 4 21 1
2

1 3 22 4

1

(1 *)
1 1

4 .

(1 *)
(1 *)

x y

x y x y

j k
x y x y x y

x y

vL L

L L L L
QA k D D

g
j kL L L L vL L

QA k D D
L L QA

π
π π

µ
π

ππ π

∞ ∞

= =

 
+ 

  
− + +  

   = + 
     

− + + −         −      
 
 

∑∑   (2.37) 

where 
2 2 4

2 2 4 4
2

1 3 22 4

5
* 2

2
x y

x y x y

v L L
QA

L L L L
k D D

µ

π
π π

 
 
 

= + 
  + +   
  

      (2.38) 

 Thus, the series solution (2.12) uniformly converges and rapidly as 
4 4

1 1

j k
+  

THEOREM 2 :  The series in equation (2.17) is convergent. 
PROOF: Evidently, equation (2.17) can be rewritten as 

{
*

30
* * 4 4

1 1

( )
( , , ) ( ) ( )

2 ( )
k

jbjk bjk j
j k j k bjk j bjk

PW sm m
W x y t W W vt W vt

V V
γ γ

γ γ

∞ ∞

= =

= −
Ω −∑∑ &&       

ttt bjkjjbjkjajkajkbjkjjbjkj γσγγγγσγ sin)(()cossin)(( 2222 Ω+Ω++Ω−Ω+
 } )()()cos yWxWt kjbjkbjk γγ−

          (2.39) 

Since ( )jW x  are the beam functions in the direction of x of the rectangular plate, they are bounded, that is 

  
∞<≤ 1)( ηxW j            (2.40) 

Also, 

  
∞<≤′ a

j xW 1)( η
           (2.41) 

∞<≤′′ b
j xW 1)( η

           (2.42) 

  
∞<≤′′′ c

rj xW 1)( η
                      (2.43) 

Similarly, ( )kW y  is also bounded, that is  

  
∞<≤ 0)( ηyWk            (2.44) 

  
∞<≤′ a

k yW 0)( η
           (2.45) 

  0( ) b
kW y η′′ ≤ < ∞            (2.46) 

  
∞<≤′′′ c

rk yW 0)( η
           (2.47) 

Furthermore,  * ( ), ( ), ( ), ( ), ( ),j jk j jW s W vt W vt W vt and W vt& && &&&  are bounded and we have  

  *
1 2( ) ; ( ) ;jjW vt W vtη η≤ < ∞ ≤ < ∞&         (2.48) 

3 4( ) ; ( )j jW vt W vtη η≤ < ∞ ≤ < ∞&& &&&         (2.49) 

Now,   *
0( ) ;d

kW s η≤ < ∞            (2.50) 
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* 2 2
0

0

( )
L

ok k yk W y dy Lη≤ ≤ < ∞∫        (2.51) 

Thus, 

  
0*

1
.c

okk
η≤ < ∞                      (2.52) 

Similarly, 

1*

1
.c

ojk
η≤ < ∞             (2.53) 

In view of inequalities (2.40) –(2.53), 

  {
*

0
,* * 4 4

1 1

( )
( , , ) ( )

2 ( )
k

jj k
j k j k bjk j bjk

PW sm m
W x y t W vt

V V
ω

γ γ

∞ ∞

= =
≤

Ω −∑∑ &&      

3 2 2( ) ( )( sin cos )bjk j j bjk j j bjk bjk bjkW vt t tγ γ σ γ γ γ− + Ω − Ω −  

}2( )( sin cos ) ( ) ( )j bjk j j bjk bjk bjk j kt t W x W yγ σ γ γ γ+ Ω + Ω −         (2.54) 

{ }4 3 20 0 1 0
3 1 1 04 4

1 1

2
( , , ) 2 2

( )

c c d

bjk ajk j j j bjk
j k x y bjk j ajk

P
W x y t

L L

η η η γ η γ η σ γ η η
γ γ

∞ ∞

= =
≤ − + Ω − Ω

Ω −∑∑      (2.55) 

 
 
Consider the first series on the right hand side of the above inequality in (2.55), that is 

  3
4 4

1 1
a

j k j bjk

k
η

γ

∞ ∞

= =

=
Ω −∑∑            (2.56) 

It is noted that 
2 2

1 1bjk jk a bm mγ ω≤ + < ∞           (2.57) 

         
2
jkω≤  since 1 0am >  and 1 0bm > .         (2.58) 

where 
2

2 2
2 2 1 3 0

1 0 1 0 1 22
2 2 2 2

2
1 2 2

1 6 c c
a a

x a b
x y

v
m m

j k
L m k m

L L

λη η ηµη η η η
π π

  
  
  
  = − −  

    
 + +           

       (2.59) 

         

2

2 2
2 2 1 3 0

1 0 1 0 1 22
2 2 2 2

2
1 2 2

1 6 c c
b b

x a b
x y

v
m m

j k
L m k m

L L

λη η ηµη η η η
π π

  
  
  
  = − −  

    
 + +           

      (2.60) 

2(1 )a am Q= −          (2.61) 

ab mDm 2=
         (2.62) 

2
* 2 2 2

0 1 0 3 0 1 02

4 4 2 2 4 4 4

1 24 2 2 4

2

j 2
 k D  

c c

x
a

x x y y

L
Q

j k k

L L L L

λλ η η η η η η η

π π π

 
+ 

 =
 

+ + +  
 

         (2.63) 
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cosh cos1

sinh sin
j j

j
j j jA

λ λ
σ

λ λ
−

= − =
−

       (2.64) 

In view of the above, in order to show that bjkγ  is convergent, it is just necessary to show that jkω  is convergent. 

The natural circular frequencies of a rectangular plate, ,j kω  are known to be real and hence form a countable set. Except possibly 

for a finite number of ,j kω , generally 

  1, 1 , .j k j kω ω+ + >            (2.65) 

Thus, using ratio test [9] 

  
1, 1 ,

1 1
lim / 1.a
k

j k j kj

c
ω ω→∞

+ +→∞

= <          (2.66) 

Hence 
,

1

j kω∑  is convergent. In view of argument in theorem 1, the series 
,

1
, 1

r

j k

r
ω
 

≥  
 

∑  is absolutely convergent. Similar 

argument presented here also holds for 1
, 1

r

j

r
 

≥  Ω 
∑ , where 

  j
j

x

v

L

λ
Ω =             (2.67) 

and jλ are the mode frequencies of a uniform beam. These are similarly known to be real and countable. Thus, 

  
∞〈≤ λλ j             (2.68) 

In view of these results, provided that , ,j j kωΩ ≠ it is either that 
4

1

jΩ
dominates series (2.56) or 

4
,

1

j kω
dominates. In either case, 

series ak  is convergent. 

 In the same sense, the second , third and fourth series, that is  

  

2 *
1

4 4
1 1

bjk
b

j k j bjk

k
γ η

γ

∞ ∞

= =

=
Ω −∑∑            (2.69) 

  
( )

3

4 4
1 1 ,

2 j j
c

j k j k j bjk

k
σ

ω γ

∞ ∞

= =

Ω
=

Ω −
∑∑           (2.70) 

and 

   
2

4 4
1 1

2 j
d

j k j bjk

k
γ

∞ ∞

= =

Ω
=

Ω −∑∑            (2.71) 

are convergent since the constant jσ
in the beam function is bounded. Hence the series in equation (2.17) is convergent. 

 Consequently, the analytical solutions of two illustrative examples of this class of problems have been shown to 
converge. 
 
CONCLUSION 
 
This paper has established the convergence of analytical solutions obtained for the initial boundary value moving mass problem 
of rectangular plates resting on Pasternak foundation thereby establishing the robustness of the analytical solution technique.       
Accordingly, the closed form solutions to the dynamical systems are not mere formal solutions but are actual solutions to the 
moving mass problems. 
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