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Abstract

In this paper, we make use of the new concept of analytic functionsintroduced in [1] and
we derive some coefficient inequalities for functions f [J A(a)) to be - darlike and

W — convex and w— A — spiral-like Starlike functions all of order O .

1.0 Introduction:
Let A(w) denote class of functions of the form

f(2)=(z-0)+ a,(z-o) @)

which are analytic in the unit digk :{ z:|z |<]} ,normalized withf (w) =0 and
f'(w)-1=0and W is a fixed point inJ .
Also we letS(w) O A(w) denote the class of analytic and univalerntinWith A(w) and S(w) [1] defined the following

ST(w) = S () ={Re(z_w)f’(z) >0, zDU}
f(2)

CV(w) = S (@) = {1+ Re—(z':fz f) @ o, zDU}
z
where the two classes above are respectively #sses$ oftw — starlike and @ — convex functions. Authors like [2], [3] studied
the above classes using various extension and mgergsting results were obtained. The concefmeltin (1.1) was also used
by [6] to study certain classes of Bazilevic fuoos and this also serves as part of motivatiothiipresent works.
For the purpose of this work the followingmma and definitions shall be employed.

Lemma A: [4]. A function p(z) OB satisfies the following conditiome[ p(z)} >0 (zOU) if and only if

-1
pl(z z¢72 zOU;¢cOC;|¢c|=1
(=t =)
Proof: It is fairly obvious that the following transfornia
h= z-1

S z+1
maps the unit circldY onto the imaginary axRe(h) = 0. Indeed for aIIC such that(\g\ <l,cDC) we set

he$71
¢+1

(coc

¢=1)

Then,
1+h

1-h

=l =t

which implies that

Re(h): RE(C_]']:O (¢OC; c\:l)

¢+1
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Moreover, by notingp(o) =1 and p(z)0B we know that

p(z);tz: (zOU , ¢OC; ¢ =)

Hence the proof.
Definition A: A function f(z) defined as in (1.1) is said to lse— starlike of orderd if and only if

ReZ=NT@ . o<a<t 20U 12)
f(2)
and this class of functions is denoted$yw, @) and Wis a fixed point iny .
Definition B: A function f(z) defined as in (1.1) is said to b& — convex of order@ if and only if

(z-w)f'(2)
f'(2)

This class of functions is denoted B§(w,a) and Gis a fixed point inU .

Also let P(w) O P (the class of Caratheodory functions) which are analytié, w{tw) =0 andRep (z)> 0 and of the form

Re{1+ }>a, 0<a<1,z0OU (1.3)

P(Z)=1+iBn(z—w)”, n=1  z0OU (1.4)
n=2
where
‘Bn‘ < #
@+d)y@a-d)"
and w is a fixed point irJ [5].

n=1 |wld

2. Coefficient inequalities
First, we shall derive the following lemma which shallypdamajor role in all our next results.
Lemma 2.1:A function f OA(«) is in the classs”(w, ) if and only if

1+iﬁh(z—a))”_l;t0 (2.1)
n=2
where =n+l—2a+(n—])¢an
2-20

and @ is a fixed point inU.
Proof: From (1.1),(1.2) and (1.4), let us set

(z-a)f'(2) _

f
P, (2)= (12_)a (20 (wa).
We find thatp,, (z) 0 B and Re[ p(z)} > Q

Using Lemma A, we have

(z-w)f(2) _
f(2) ¢-1 O
o i1 (zOU;¢0Cs¢] =1) (2.2)
which readily yields
((’+l)(2—a))f'(Z)+(1—20'_C)f(2)¢ 0 (f (Z) 0 SD(&),O'),ZD[U, CD (C)

Thus we have
(c+1)[(z—a))+2nan(z—a))”}+(1—2a—c)[(z—w)+gan(z—a))“} 20
that is
(¢+l)(z—a))+(¢+l)i na,(z-w)" +(1-2a-¢)z- w)+ (- 2a—c)i a,(z-w)"#0

n=2 n=2

which also gives 2(1—a)(z—w)[1+i{1+c (’;(‘11_) o (z—a))"_lﬂ £0 23)

n=2
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dividing both sides of (2.3) bg(1-a)(z-w) to obtain
1+§1+”‘22(‘1_+$‘])‘an(z-w)“-1¢ 0 enu,¢0C, [¢=1)

n=2

and wis a fixed pointU . This completes the proof of Lemma 2.1.
Using Lemma 2.1 we state and proof the following

Theorem 2.11f f (Z) satisfies the following condition

kzn_;{jzk_:l(—l)k‘i (j+1- 2a)(k’f Jaj }(nfkj
PSR el ) Ay

then f DSD(a),a') and wis a fixed point inU .
Proof:We first note that
(1—(2—0)))’3 #0 and (1+(z—a)))y £0

and wis a fixed point inU .
Hence, if the following inequality

(1+iA](z—a))n_lj(l—(z—a)))ﬁ(1+(z—a)))y #0 @OUByOR) (25
n=2
and wis a fixed point inU holds true, then we have
(1+iAﬂ(z—w)”'lj #0
n=2

which is the relation (2.1) of Lemma 2.1. It is easilysthat (2.4) is equivalent to

EWNC I PSRN 29

n=0

] <2(1-a) (24)

where for convinience we write

SR

Considering the Cauchy product of the first two factdér@®), we have

[l+iBn(z—w)"_lj(i cn(z—w)"j¢0 2.7)
n=2 n=0
Where g =% (-1)" ' Ab,_,.
j=1
Furthermore, applying the same method, the Capotguct for the above factors gives

1+ i (Zn: Bkcn_kj(z—w)"'1 £ 0,

n=2 \ k=1

or equivalently, that

1+ i {Z [Zk: (-1 Ab,; ]cnk:l(z— w)"™ #0.

n=2| k=1\_j=1

Thus, if f (z) O A(w) satisfies the following inequality,

ii(i(_l)k_j Ajbkjjcnk (r"'d)n_lSly |z-w Er+d.
tatis. i LS )35 (43204 (1- 3¢ b
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}J

+

537 9m e

z [Jﬁ (<) (j +1- 1) ajq_jj

for 0sa<1¢0OC,|¢c ¥ 1
then f (z) 0 S”(w,a). Hence the proof.

Corollary 2.1: If f(z)0A(w) satisfies the following condition: .

© et n Kk k=i 1. :8 % n k ki s . :8 1%

o[BS oeaf o ot BB oo b2
(BORyOR),

then f (Z) DSD(w).

Proof: This is obvious from Theorem 2.1 when= 0

Theorem 2.2:1f f (z) 04 (w) satisfies the following condition

PRI A O b U A Y )

for O<a<l B, yOR
then f (Z) DSD(CU, a) and wis a fixed point inU .

+

}s 2 (2.8

+

}s 21~ a)

S(ea|

Proof: Since ( zZ- a)) f (Z) belongs to the clasS” (a), a) if and only if
we replaced; in Theorem 2.1 b)iaj , Theorem 2.2 is readily proved.
Corollary 2.2: If f (z) 0 A(w) satisfies the following condition

QU DIERNOEIRNRY R B b KA

n=2
(BOR yOR)  thenf (Z) 0s° (a)) and wis a fixed point inU .

} <2
Proof: By settinga = 0 in Theorem 2.2, the result follows immediately.
With various choices of the parameter involved weld obtain various existing classes of coefficiaejualities and some
new ones.

3.Coefficient inequalities for functions in the classSP(w, 1, a)

In this section, we consider the subclﬁ%(a), A ,a) of A(a)) , which consist of functiond (z) [J A(a)) if and only if
the following inequality holds true:
Re| €’ (z=9) 1@ (Z)—a >0 (zDU;05a< -7 ) <”) (3.1)
f(2) 2 2

and wis a fixed point inU
For the purpose of the next result, we shall dettieefollowing Lemma.

Lemma 2.2: A function f (z) O A(a)) is in the cIas:SP(a),)I ,a) if and only if
1+i L(z-w)" %0 3.2)
n- 1+2(1— Je™ cost+(n- )¢

2(1-a)e™ cos

andwis a fixed point inU .
Proof: Let us set

where L, =
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¢ (ww—a]—i(l—a)sinA

(1-a)cost
(z0U;yOR¢OCs[¢] =1).
We see thatp(z) UB and Re[ p (Z)] > QOand wis a fixed point inU.
It follows from Lemma 2.1 that
e [(Z_ )t (2) —aj -i(1-a)sinA

f(2) L6-1 (3.3)
(1-a)cosi ¢+ 1

(zOU;yOR¢OG ¢ =D)
We need not consider Lemma 2.1 for the case whenw, because (3.3) implies
that

¢-1
p(w)= c+1
It also follows from (3.3) that

e’ [(z-w)t'(z)-af (z)]-i@t-a)f(z)sin A L1 (2)

(1-a)cos A c+1

(zOU;A0R;¢cOC;|¢=1)
which readily yields

(c+1)[eM [(z— w)f'(2)- of (Z)J—i(l—a')f (z)sin/i] #(c-1)(1-a)f(2)cosA

(zOU;A0R ¢OC; /¢ =1)

or equivalently that

(c+1)e"” (z- w)f (2)-ae” f(z)-cae” f(2)-i[l-a)f(2)sinA —i¢[l-a)f(z)sinA

z¢(1-a)f(z)cosh-(1-a)f(z) cod (3.4)

which implies, from (3.4) that

(c+1)e” (z- w)f (2)-ae” f(2)- cae” f(2)- c1-a)e” f(2) + (1-a)e™ f(2) 2 0O

(cOC,|¢FD.

that is
(c+1)e’ (z-w)f (2)+(e™ -2acosh - @" )t (z) 20 (zOU;A0R; ¢OC; ¢ =1)
Using simple transformation, especially throughiive have the following

(¢+1)e" ((z—a))+i:nan(z—a))"j+(e'M - 2a cosh - g {(z—w)+gan(z—w)"j #0

n=2
or equivalenty
B ~ e n+e? -2ae cosh+(n- J¢ R (3.5)
2(1-a)(z w)cosA[1+nz_:2 2(1-a)e" cosi a, (2~ w) J#O

dividing both sides of (3.5) b (1-a)(z-w) cost # (and noting that
e? =-1+2e" cosl we obtain
w0 _ -i _
1+Z n-1+ 2(1 a)e _. cos/ +(n 1)c
= 2(1-a)e™ cosi

a,(z-w)"™ %0

(Osa<l—n</l <7—T,cDC;\c\ =1j
2 2
and this completes the proof of Lemma 2.2.
With the aid of Lemma 2.2, we shall state and pitbeefollowing
Theorem 3.1:If f (Z) 0 A(a)) satisfies the following condition

R S S A

n=2 k=1\ j=1
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Hser o i o

(OSa<1,—727</1 <]2-[,,6’DR;yDRj

+

} < 2(1-a)cos/ (36)

then f (z) DSP(w, A, a).
Proof: Applying the same method as in Theorem 2.1, wetssef (Z) is in the
class P (w, A,a) if

>

n=2

(r+d)™ <1 3.7)

5 S0 en Jon

k

where bn, C, are as earlier defined and the coefficiehp,sis as given in Lemma 2.2. It follows from inequality .73
that

1 3

n k
r+d)"? —1)(j-1+2L-a)e™ cost)+c(j-1ab, . [c.
[2(L-a)e™ cosh n:2( ) ;[,Zi( 7 t-a) Jreli-dap, JJ ™ <
1 o e n k . S i
Ai=a)oosi 2 79 [ k:l(§(‘l)k (e altoze cost) -, o

>

k=1

+|¢]

S0 -t

i=1

}sl

T T
0< -—<A<—,¢0C;¢ =1
( <a<l, 2< <2 C <] j

which implies that if f (Z) satisfies the hypothesis (3.6) of Theorem 3.13 théz) OosP (a), A, a) , and w.is a fixed

point in U . This completes the proof of the Theorem.
Corollary 3.1: If f (z) 0 A(w) satisfies the following condition:

SevarB(Sea e 2 |7
' ki_l[ji_l(—l)“ (i —1)[k'fjjaj][nfkﬂs 2cos (3.8)

(Osa<];,8DR;yDR;—72T</I <’27j

Then,f (z2) DSP(w,4,0) = SP(w,A) and w.is a fixed point inJ .

Proof: By settingr = O in Theorem 3.1, the result follows immediately.
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