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Abstract

We study the bound-state solutions of some molecwibration

potentials-harmonic oscillator, pseudoharmonic okaior and the

Kratzer-Fues - by solving the D-dimensional Schridder equation
using the Asymptotic Iteration Method (AIM). The g@énvalues and
the corresponding eigenfunctions are also obtaingsing the AIM. It

was found that the asymptotic iteration method givihe eigenvalues
directly by some transformation of the radial Scldiiger equation;

likewise, the asymptotic iteration method yieldsaek analytical

solutions for exactly solvable problems and pro\ddée closed-forms
for the energy eigenvalues as well as the corresfing

eigenfunctions.

PACS: 03.65.w; 03.65.Ge
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1. Introduction
Since its introduction [1], the asymptotic iteratiimethod (AIM) has been widely applied in solvingany
eigenvalue problems in both the relativistic [2a#d non-relativistic [5-18] quantum mechanics. Aigl has been
used in solving the Schrédinger equation for hydretike atom[11] exponential-type potentials sushte Hulthén
potential [13], the Morse Potential [10,14, 16]dasome singular potentials like the generalize#tespbiharmonic
potential [6]. Recently, an iterative treatmenttioé relativistic Dirac equation with the Coloumlgotential was
presented using the AIM [3].
However, over the decades, a thorough researcté®s carried out on some molecular vibration p@kntFor
instance, some quantum mechanical properties oKthtzer-Fues potential have been presented-dimensions
by Oyewumi [22]. Likewise, the exact solutions bé tMie-type Potentials iD-dimension have been discussed by
Ikhdair and Server [23]. Recently, Agboola [29] gaaD-dimensional study of the Hulthén potential usihg t
Nikiforov-Uvarov method.
The aim of this paper is to give the bound-stateitems of the Schrodinger equation with some malkec
potentials inD-dimensions using the AIM. The paper is organizedodlows: Section 2 gives a brief description of
the AIM, while in the following three sections wétain the eigenvalues and eigenfunctions of somkegutar
potentials using the AIM. Finally, we conclude atdon 6 by discussing the various result obtained.

2. The Asymptotic Iterative Method
In this section, we give a brief description of théM; details of the method can be obtained in Rgfs18].
Suppose we wish to solve the homogenous lineandgeaaler differential equation

v =f(x)y+g.(x)y  fi(x)#zo ®
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Where fo (x) and Yo (x) have sufficiently many continuous deriedi and defined in some interval which
are not necessarily bounded. Due to the symmattrictsre of the right hand side of Eq. (1), we bame the (n+1)
and (n+2Y' derivatives of (1) as follows:

(n+1)

" = L (X)Y + g, (x)y (2)

(n+2)

= fo(x)y' +g,(x)y

3
with the relation
Jo = fos ¥ Qo ¥ fo o a0d G, = G + Go S @
From the ratio of the (n+1)and (n+2J" derivatives, we have
d oy (v ey)
—log y(n 1) - - n
€ (Tl+1) U In-1
dx Yy St (y +Ky) )
For a sufficiently large, we can have the following asymptotic expression
On _Ona _ a(x) (6)
fo T
with the termination condition given as
g f
Ak(x) = > “1=0.f - f8 =0 k=123... )
Oa fia

We also note that the energy eigenvalues are @utdirom the roots of the Eq. (7) if the problemeisactly
solvable. However, for a specificprincipal quantum number, we choose a suitaBlpoint, determined generally
as the maximum value of the asymptotic wave functio the minimum value of the potential [3, 18, 29], and
the approximate energy eigenvalues are obtained fhe roots of this equation for sufficiently greatiues ofk
with iteration.

Using Eq. (6), Equation (5) reduces to

Liog, y) =
dx fn—l (8)
which yields
+1 n t
y"(x)=c, exp(jff_—((t))dt] =C,exp f,., [I(a + fo)dtj

©)
Note that we have used the relations (4) and (6ptaining the right hand side of Eq. (9) and<the integration
constant. Substituting Eg. (9) into Eqg. (2), wedthe first order differential equation

y' +ay=C, exp[j(a + fo)dtj
x (10)
Solving Eq. (10), we have the general solutiondo @&) as follows:

y(x)= exp{—!adt}{cz) + Cllexpu‘(fo (r)+ 2a(r))dr]dt}

11

3. The Harmonic Oscillator potential inD-Dimensions
First, we start by studying the harmonic oscillgiotential inD-dimensions [26]. The Schrddinger equation for the
oscillator can be written as:
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HWY,, .(r,Q)=EWY,, .(r.Q)
r,Q)

U
whereE is the energy eigenvalue, ”""m( ' is the wave functiontdnid the Hamiltonian given as:
2
2U or or 2 (13)

r
where 1 is the mass anduis the angular frequency. Inserting Eq. (13) i&tp (12) and separating the variables
as follows

(12)

W, (nQ) =R, (M7 (Q) )
Eq. (12) reduces to two separate equations namely:
- {(\W/+D-2 2
R'(r)+ 272 R (1) _QR(,«) $2H g YT IR =0
r r h 2 (15)
and
/\ﬁ)(Q)Y[m(Q)+,8Y(m(Q)=0 (16)
where [ is the separation constant given as
B=0({+D-2) ¢=032,. an

and / is the angular momentum quantum number.
However, with the behavior of the radial functidrzaro and infinity, we can have the asymptotieisoh to Eq.
(15) as follows

R, (r)=r exp[— peor” ]Uw (r)

2h (18)
With this, Eq. (15) becomes
" _ 20+D-1,,
U, (r)=|2pr-—"—1U,,(r) +[y(2€ +D) +£2}Un,€ (r)
4 (19)
where y = % and—&° = % .
We now apply the AIM in solving Eq. (19). Compariggs. (1) and (19), we have
f(r):2yr—2£+D_1 )
’ and®o (1) = ¥(20+ D) +e (20)

with the use for the relation (4), we have thedaiihg derivatives:

20 +D -1)(2¢ + D)
r.2

f,(r)=4y%? +(

a.(r)= [2Vf +W}[V(2€ +D)+¢?]

fz(")=8V2f - 2(2£+ b _31)(2£+ D)+[2yr +—(2£+ ? _1)}[1/(2% D)+ 52]+[2yr +_(2£+ D _1)} f,

+4y(yr +20+D -1)+ (20 + D)+ £2
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0.)=er +0)+ e 2y + LD (o p)o ),

...... etc (21)
Employing the terminating condition (7), we arriatethe following eigenvalue expression:

fork=1:9,f,-g,f,=0 = -&2=y(20+D)
fork=2:9,f,-9,f,=0 = -g2=y{2/+D+2)
fork=3:9,f,-9,f,=0 = -g2=p(20+D+4)

..... etc. (22)
Generalizing the above expressions and using tmiteéés in Eq. (19), we have the energy eigenwaasefollows:
— D
E,, =ha(f+n+2) ns=o123.. (23)

With / =0andD =1 , the energy values becomes

E, =ha(n+1) n= 0123,... (24)

which is in agreement with the values obtainedsfstate [28].
Furthermore, we obtain the eigenfunctions usingAiM. Generally speaking, to obtain the eigenfuoes using
AIM, the differential equation we wish to solveabthe form [19]:

Y=g 2 T W O<x<w @9
1-bxN*? X 1-bxN*

wherea andb are constants and/ can be determined from the condition (6)Kar 0, 1, 2, 3, ... an=-
1,0,1,2,3,...the general solution of (25) is giasn

¥a()=(-1)"C, (N +2)"(0), ,F.(-n. p+narbx?) (26)
where
_T(o+n) _2t+N+3 (2t +1)b+2a
( )n—— O=———— andp="—FF"—F=— (27)
(o) N +2 (N+2)b
Comparing Egs. (19) and (25) we hdNe=0,a =y, b=0 andt = (2€ +D —3)/2. Therefore, we find
20+D-2 y 20+D _ o
= T +E and 0 = . Thus, the solution to Egs. (19) is given asofol:
n r(n+ 2(+D) 2f+D ,UMZ
0, 0)= (2 N3 R 220, oo
r(z:o) 2 h
Note that we have use the following limit expressid the hypergeometric function:
Ig'mz F{— n,% +a;c; ijlel (-n;c;2) 9j2

Egs. (18) and (28) give the eigenfunctions as
r(n+220) 2 2
(—1)”2”7—r( 2 )r"exp(— sl JlFl(— n 2L+ D por J (30)

R,.(r)=C,,

r(zze 2n 2 h

2
WhereC, , is the normalization constant.

4. The Pseudoharmonic Potential ilD-Dimensions
In this section, we study the bound state solutibtihe pseudoharmonic potential given as [29-32]:
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(31)

v(r):lxr:(L—r—eT

8 r r

e

where  is the equilibrium bond length ands the force constant. The hyperradial part ofSokrodinger
equation with the pseudoharmonic oscillatobhdimensions can be written as:

R0+ 2R, 1)1 -e+

where W is the reduced mass.£° =

ut,  pkr’ vlv+D-2 _
4
2HE andv(v+D—2):€(€+D—2)+’LZ;lrze .

According to the asymptotic behaviors of the wawection asf — Oandr — o |, one can express the solution

as

Rn,/,

r)= rVexr{—@fzjun/(r)

33)

With the use of Eq. (33), Eqg. (32) becomes

3= (£ - LD sl Lo [

(34)

}um ()

We now solve Equation (34) using the AIM. Compariitgs. (1) and (34), and using the recursion retat), we

obtain the following:
folr)=

LK
hZ

g,(r) = 2v+

2,L1/(

(2v+D—1)

UK KT
D), [HX - HMo_
) n* 2n?

2
+(2V+D_1)(2V-|-D)—§ /%(ZV+D—2)——'L;/;§ +¢°

r2 2

_{+D-y) 1(2v+ D),/ﬂ——/””(r02 +£?
r 2 n® 2n®

_(v+D-1)2v+D) ,

hz

G

r3

p o, (v+D-1)2v+D) _
72 2

-
glr)= {;’f 24200 ]3(2\/+D+]) 2\/? (v+D-2)+ \/?( ; 0 +g2}[2(2v+D)\/?( ‘2’;;

(39)

In similar fashion with the previous section, usthg termination condition (7), gives the followiagpressions:
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1 UK ,UKI’
fork=1:-€>==(2v+D
0 2( )\/ 2 2n?

1 |k _ e
fork =2:-& _5(4+2V *D) PE zhg ete (36)
fork =3:-&7 —£(8+2v+D) HK /,IKr2

2 Vn?  2n

Generalizing the above expression and using thsitass in Eq. (32), we have the energy eigenvafaethe
Pseudoharmonic potential

2 2
E,=X(an+2v+D) M Ko n=0123.. (37)
o4 Hooo4
and
_ 4
v:l[_(z D)+\/(213+ D - 2)° + 00 ] (38)
2| 2 h

By comparing Egs. (25) and (34), we have the mtatiN =0, b=0, a =% % andt = (2V+ D —3)/2.

Using of Egs. (26), (27) and (29), we have
r + 2v+D
U, (r)=(-1)2" o+ )1F1[-n:2V+D- A r2] (39)

O TS

Egs. (33) with (39) give the unnormalized eigenfiors

oo T(n+242) 2v+D
R, (r)=C,,(-1)2" (rm r{ A J (- . ,/%FJ (40)

whereC  , is the normalization constant.

5.  The Kratzer-Fues Potential irD-Dimensions.

We now turn our attention to the Mie-type potentisd Kratzer-Fues potential [33]. Although the bdwstate of this
potential has been discussDadimensions using the polynomial method [22, 23] #re Nikiforov-Uvarov method
[24]. However, in this section, we wish to obtdie tigenvalues and eigenfunctions of the poteunsizlg the AIM.
Following the notations in [22], we write the KratzFues potential as:

A B
V(r)=-=+— (41)
ror
Where A=2D,r, and B = D.r/, D,is the interaction energy between two atoms in kecutar system at
distance” = I, . The eigenvalue equation for the potential in D-dimension is given as:
p : a _vlv+D-2)
R 1)+ PR ()| e+ £ 2= R )0 @
2LE 2
where we have define £% = ,L12 a = ’L;Aand v(v +D - 2) = f(f +D - 2)+ Z’U—B . If one defines a new
h h n?
variable Z = 2& and then assume the solution is of the form
Ri(2)=2"expl-2/2,,(2) . (43)
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Eq. (42) becomes
U n

nl

(Z) — |:1+ (2V+ D —:|.):|Ur,1I (Z)+[2V+ D —1_1}Un| (Z) (44)
z 2 2& z
Comparing Egs. (1) and (44), and using the relggrwe have the following:

(= [1+ (2v+D —1)}

0= Z(2v+ D 1)+ e

...... etc. (45)
f,= (2v+D _1)22‘“’ D-2) + L [5(2v+ D -1)+a/e]+1
z 2z
g, :w[(2v+ D —1)—a/£]+2i[(2v+ D-1)+a/e]
z z
The termination condition (7) therefore yields
fork =1: &, =9
2v+D-1
a
fork=2:6 =——"7-— etc (46)
2+2v+D-1
fork =3: ¢, =9
4+2v+D -1

. . , _ 2UE 2LA _
Generalizing Eq. (46) and with the useof” = 7 anda = 7 , we get the energy eigenvalue of the
Kratzer-Fues
potential as follows
-2 2
ne HA n= 0123,... (47)

) n?[2n+2v+D -1

where

v:%{(Z—D)+\/(2€+D—Z)2+8h’UZB} (48)

Following the argument presented in the previcedtisns, if we comparing Egs. (25) and (44), we dafine

1 2v+D-3 , .
N=-1a= > b=0andt = — Consequently, using Egs. (26), (27) and (29) aeetthe solution

to (44) as

0, (0= (- T2 0)

Finally, Eqg. (43) with (49) gives the wavefunctiofthe Kratzer-Fues potential
R ()=c (-1 T2V D)oy (- o) F (= ni2v + D 2er) (50)

r(ev+D)
C,, is the normalization constant.

F(-n2v+D;2) (49)
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6. Conclusion

In this paper, some quantum mechanical potentiakcribing the vibrations in a molecular system hasn
discussed iD-dimensions within the work frame of the asymptatgcation method. The energy eigenvalues were
found to be in good agreement with those obtaire@dguthe direct integration method and the Nikifetdvarov
method. The eigenfunctions were also obtainedrim$ of the hypergeometric function using the AIM.

It is pertinent to note that the asymptotic iteratmethod gives the eigenvalues directly by tramsiiog the radial

Schrédinger equation into a form gt = f, (x)y’ + go(x)y.

In comparison, the asymptotic iteration methoddgetxact analytical solutions for exactly solvapteblems and
provides the closed-forms for the energy eigenwahgewell as the corresponding eigenfunctions. Kewevhere
there is no such a solution, the energy eigenvauesbtained by using an iterative approach [34-37

Moreover, AIM puts no constraint on the potentiatgmeter values involved and it is easy to impldmiEme
results are sufficiently accurate for practicalpmsges.
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