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 Abstract 

 
This paper considers a single investor who owns a production plant 
that generates units of consumption goods in a capitalist economy. 
The goal is to choose optimal investment and consumption policies 
that maximize the finite horizon expected discounted logarithmic 
utility of consumption and terminal wealth. A dynamical 
programming principle is used to derive the optimal investment and 
consumption strategy when the state variable follows a mean-
reverting square root process. 
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1.0 Introduction 

This paper treats a consumption and investment decision problem for a single economic investor who owns a 
production plant that generates units of consumption goods for the economy. 

The economic situation and the investment therein is characterized by a lot of uncertainties as the case of the 
productivity of the investor’s plant that fluctuates randomly and is represented by a filtered probability space 

( )PFf ,,,Ω , where { } 0≥= tfF t  is the natural filtration generated by a one-dimensional Brownian motion z, see 

[9]. 
In each period, the plant works with the capital stocks to produce the output. This output is then used either to 

satisfy the needs and wants of the first (consumption) or to replace and augment the second (investment) see [1]. 
Both production and the allocation of output between consumption and investment are carried out efficiently; 

that is, in any given period, no output could be increased without another being decreased, and at the end of any 
span of periods, no capital stock could be increased without another or some intermediate consumption being 
decreased. Such an evolution starts from a given profile of capital stocks and continues within the planning horizon. 

We assume that the value of the production plant follows the dynamics defined in equation (2.2), see [5]. The 
objective is to find optimal controls that maximize the total expected discounted logarithmic utility of consumption 
and investment; thus, identify the path of capital accumulation that maximizes discounted per capita consumption 
over a finite planning horizon.     

We apply the dynamical programming principle and derive the Hamilton-Jacobi-Bellman (HJB) equation 
associated with the utility maximization problem. Since the HJB-equation turns out to be a highly non-linear second 
order equation, we therefore conjecture a solution that solves the HJB-equation and obtain ordinary differential 
equation with deterministic time dependent real valued functions, which satisfies the terminal wealth condition see 
for example [7]. 
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2.0 The Problem And Its Formulation 
 
In this section, we describe the general economic model and state the utility maximization problem of an 

individual investor. 
 
 
 

The general form of the productivity of her plant is formulated as a stochastic control problem, which 

depends on a state variable tY  that follows a mean-reverting process; see [8] as: 

1.2)( ttt YqdtkYbdY +−=   

  yY =0 .  

The state variable follows a mean-reverting square root process with reversion parameter ,0>k with 

[ ] ,byt =Ε and 2/)( 2bqyVar t =  see [3]. In order to satisfy standard integrability conditions, we assume that
22 qb > . 

 Let 0≥tc denote the rate by which the investor withdraws consumption goods from the production plant 

and 0≥tπ  denote the rate the investor re-invest in the production process or the path of capital accumulation see 

for example [6]. Also let 
A

tX  be the value of the production plant at time t, given the admissible control process.A

. We assume that the stochastic differential equation of 
A

tX  are: 

 

 2.2)( t
A

ttt
A

t
A

t YXdtchYXdX εππ +−=  

     xX A =0 . 

where h and ε  are positive constants with h >2ε  see [4]. The pair ( ) 0,, ≥∈ tAc ttt π represents our control 

variables. For initial endowment 0≥x  and admissible control process( ) 0≥tAt , we introduce the indirect utility 

function as: 
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where TX  is the terminal value of the production plant. tyxE ,,  denote the expectations operator given XX A
t = . 

Our goal is to choose optimal strategies to maximize the total expected discounted log utility of consumption and 

wealth at the end of the planning horizon Tt ≤ . 
 

2.1 Method Of Solution By Dynamic Programming Principle (DPP) 

 By the dynamical programming method, the optimal solution to the control problem will satisfy the HJB-
equation: 
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2.4 
For simplicity, let: 
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 From the HJB-equation (2.4), the first-order-condition with respect to consumption is: 

             .1−= xVc      2.5 

 
 

The maximization of the RHS of (2.4) with respect to π gives the first-order-condition as: 

 0)(222 =++ yqxVyxVhyxV xyxxx επεππ , 
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   so that, 
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Putting back equations 2.5 and 2.6 into equation (2.4) and gathering terms gives a second order non-linear 
partial differential equation as: 
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   2.8 

Simplifying the problem by assuming ( ) cIncu = , and denoting the inverse of the marginal utility )(cu ′ by (.),uI
we have see for example [8]: 

   )(cu ′ = 9.2).(
1

aI
c u=  

Letting 
1−= xVa  
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 we have  

)(
1 1−= xu VI
c

.                    2.10 

So that (2.8) reduces to: 
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Remark 

 We assume instead, in this case, that the solution of the HJB equation takes the form: 

     )()()(),,( 321 tAyAInxtAtyxV ++=   2.11 

for all non negative values of tyx ,, .  

  
The terminal condition on wealth is: 

     TInxTyxV =),,( ,      2.12 

which implies that 1)(1 =TA  and .0)()( 32 == TATA  

 With this guess, we have reduced the dimensionality of the unknown function ),,( tyxV  to three 

deterministic functions of time )()(),( 321 tAandtAtA .  We then find values of )()(),( 321 tAandtAtA such 

that ),,( tyxV  solves the HJB-equation.  

 Subsequently, we will derive the relevant derivatives of ),,( tyxV from (2.11) and substitute them back in 

the HJB-equation of (2.8) to eliminate terms. 
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 By substitution back into the HJB-equation of (2.8), and gathering terms together, simplifies to: 

[ ]

( ) .1)()(
2

)(

)()()()()()(

122

2

1

321321

−−+−+







+

′+′+′=++

tAInInxKybtA
h

tA

tAytAInxtAtAyAInxtA

ε

δ

 2.13 
It is easy to verify that:  
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1 1
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δ
   

(which is our consumption – wealth ratio), 
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2.3 Explicit Derivation of Optimal Consumption and Investment 
  
 It becomes pertinent that we derive the optimal consumption and investment strategies explicitly from the 
indirect utility function for a logarithmic investor see [8]. 
 From equation (2.5), we have that  

     xVcu =′ )( = 
c

1
     

 2.14 
    
 is the first order condition in our case for a logarithmic investor. 

 But     
x

tA
Vx

)(1= .      

 2.15 
 Therefore, by substitution,  
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 2.16 
 which then implies that the optimal consumption rate is: 
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Where 
•
tX  is the optimal wealth of the investor and )(1 tA is the consumption-wealth ratio or savings ratio   

1
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 Consequently, we can derive the optimal investment strategy by maximization of the HJB equation with 
respect to π ,which gives: 
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 Substituting, we have that the optimal investment strategy is: 
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Which is the path of capital accumulation that maximizes discounted per capita consumption over a planning 
horizon. Thus, we have proved the following result. 
 

Theorem: 

 The optimal investment strategy is: 
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Where ty  is the state variable. 

 The optimal consumption strategy is: 

   [ ]( ) xextAtyxC tT 1)(1
1 11)(),,(

−−−− −+== δδδ  

 The optimal consumption strategy is to consume a time-varying fraction of wealth.  

 Inserting the optimal strategies into the general expression for the dynamics of wealth, we have: 
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 Therefore, optimal wealth evolves stochastically and depends on the state variable.  

 

Conclusion 

In this paper, we considered a single economic investor whose production plant value follows the mean 
reverting square root process. We derived explicit expressions for the optimal investment and consumption 
strategies that maximize the finite horizon expected logarithmic utility of consumption and terminal wealth and thus 
identified the path of capital accumulation that maximizes per capita consumption over a planning horizon.  
     

  

References 
 

[1]  Cass, D. (1972), On the Capital Over-accumulation in the Aggregative, Neo-classical Model of Economic 
Growth: A complete Characterization, Journal of Economic Theory, 4, pp 200-223. 

[2]  Cass, D. (1972), Distinguishing Inefficient Competitive Growth Paths: A note on Capital Over-accumulation 
and Rapidly Diminishing Future Value of Consumption in a Fairly General Model of Capitalist Production, 
Journal of Economic Theory, 4, pp 224-240. 

 
[3]   Cox, J. C., J. E. Ingersoll, and S. Ross, (1985), A Theory of the Term Structure of Interest Rates, Econometrica, 

53, pp 385-408. 
 
[4]  Fleming, W. H. and Soner, H. M.(1993), Controlled Markov Processes and Viscosity Solutions, New York: 

Springer-Verlag. 

[5]  Karatzas, I. and Shreve, S. E. (1998), Methods of Mathematical Finance, Springer-Verlag, New York. 
 
[6] Karatzas, I.; Lehosczky, J. P.and Shreve, S. E. (1987), Optimal Portfolio and Consumption Decisions for a Small 

Investor on a Finite Horizon, SIAM J. on Control and Optimization, 25, No. 6, pp 1557-1586. 

[7]  Kluppelberg, C. and Pergamenchtchikov, S. (2005), Optimal consumption and investment with bounded 
Capital-at-Risk. Submitted for publication. Available at www.m4.ma.tum.de/papers/ pp 1-12 

[8]  Munk, C. (2008), Dynamic Asset Allocation, Lecture Notes, University of Southern Denmark. 
 
[9] Onah, S. E.and Ugbebor, O. O. (1999), Solution of a Two-dimensional Stochastic Investment Problem, Journal 

of Applied Mathematics and Computation (Elseveir) 


