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Abstract

The emphasis in operations research in building models seeks to find
optimal solutionsto real life problems. The birth of operations research has
placed a formidable tool in the hand of policy makers saddled with the duty
of making decisions particularly in the business world. Game theory, a
branch of operations research, has been successfully applied to solve
various categories of problems arising from human decisions making
characterized by the complexity of situations and the limits of individual
processing abilities. This paper shows that game theory and linear
programming problem are closely related subjects since any computing
method devised for one of these theories can be used to solve problems
arising in the other. It turns out that every game problem can be computed
by converting it into a related linear programming problem, and every linear
programming problem can be artificially converted into a game problem
which asa result leads to a super linear programming problem.

INTRODUCTION

There are a numbers of reasons why gaming isvelgtused in operations research. One obvious neiasiine
time and expense associated with the conduct citaotial gaming exercise. Another, reason is argésespicion
about the validity of the results and conclusioaver from gaming exercise, [2]. However, accordindlt], game
theory attempts to mathematically capture stragegiations, in which an individual success in imgkchoices
depends on the choice of others, while is wasaihjtideveloped to analyse competition in which aaividual does
better at another's expenses. Neumann and Morgddferim their work on appropriate solution to gammeory,
treated many expositions and various applicatidmathematical theory of games. The profound warnktains the
method for finding optimal solution for two-perspero sum game.

The theory of games is one of the important aspafctgerations research. In the last few yearsrabau of
books and articles have appeared on the subjegaro theory, but very little has been accomplidhedvays of
applying the theory. One can easily find materialthe literature on how to transform a game probieto a linear
programming problem but the reverse has not beeangd commensurate attention. Hence this papeemefow
a linear programming problem can be transformed &tgame problem with emphasis on the transformatio
primal and symmetric dual linear programming prabla to a super linear programming problem resgltim
optimal solution having probability values of basiariables which are also the optimal mixed stigte@f a
corresponding game problem, [5].

The economist is interested in the problem of gémery and the problem of linear programming eaxtité
own sake. From his point of view, these are twocipesubjects, but the mathematician viewpoint abgame
theory and linear programming is that the two stiisjare closely related. Since any computing mestliayised for
one of these theories can be used to solve protdesisg in the other. It turns out that
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i. Every two-person zero-sum game problem can be ctadply converting it into a related linear
programming problem.
ii. Every linear programming problem can be artifigiabnverted into a two-person zero-sum game, [3].

Formulation Of A Game Problem As A Linear Programming Problem.
Consider a constant-sum, two-person game (A,B,M¢re/tA, the maximizing player, has m strategies,

{al,..am}, B, the minimizing player, has n strateg{q&l,_,_ﬁn} and wheregjj = M (C’i B ) is positive for all i

and j.

Without loss of generality, it can be assumed that everyegieaf this matrix is greater than zero. If this is
not true of the game as originally formulated, a sufitly large constant can be added to the elements of the matri
to make them all positive. The addition of such a conistdll leave the optimal strategies unchanged.

Player 1 can guarantee himself at Ie\ast(v “>0) if there exists an

X=(X1,...,Xm),wherexi =20 andZ:Xi =1 1)
i=1
Such that
M (X,,Bj ZV*) forJ=1,2,........ n 2)
Which is equivalent to
D ax 2V’ ford=12,........... N 3)
i=1

Equation 3 is equivalent to equation 2. Since multiplyipdvb and writing uiV* =X yields equation 2.

Consequently, we can view the problem confronting playes fbllows.
Player 1’sproblem

Let U be the set of all m-tuples L(tll,uz,....,um)
Such that

U, 20, fori=1,2,.......... m
And

Zaiiui =1 forJd=1,2, ........ n
=

m

To find those u belonging to U such cht:Ui is minimum
i=1

Remarks

1
(1a) if u= (Ul....U m) belongs to U, we have seen that player 1 can guarantee mrn’lseittzu
i

1

In order to secure the maximum guarantee, player 1 shouldpatte find a u in U which maximizW or
i
1

equivalently, minimizesz u;
1
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(1b) The problem of minimizing a linear form suchEsLli (or, more generallyz C U;) subject to restriction
1 1

j=1,2,....,n) whereu, 2 0,i=1,2,...,m is called a linear programming problem (of theimizing form).

We next investigate the game problem from player 2 pdinieav which is reduced to a maximization
problem involving linear inequalities.

Player 2 can guarantee that player 1 gets at%*c(M* >O), by using y = (yl,yz, ...... ,yn) where
Zyj =landy; 20 forJ=1,2, ........ N

Provides that
M (ai , y) <V fori=1,2, ... ,m

or equivalently, provided that

Equivalently, it is easily seen that player 1 can get at Mo#tthere exist aw = (Wl,WZ, ..... A ) where

n
w; 20 forj=1,2, ...,n.
Consequently, we can view the problem confronting playes llows
Players 2’'S problem
Let W be the set of all n-tuples/ = (Wl,Wz, ...... ,Wn)
Such that
w; 20 forj=1,2, ...,n.
And

To find those w belonging to W such that

n
ZWJ is a maximum.
=1
Remark (2a): Ifw= (Wl,WZ,....,Wn) belongs to W, we have see that player 2 can hold player & thoat most

1
Z—. In order to hold player 1 down as much as possiblgiepla should attempt to find a w in W which
W,
i
i

1 _ -
or equivalently maX|m|zeZ W,
2w, T

minimizes
]
(2b) The problem of maximizing a linear form suchEWi (or more generallyz bjW]. ) subject to restriction
j j
involving linear inequalities asZaﬂwj <1 for i=1,2,....m (or, more generally,zaijwj <G for

i=1,2,...... ,m), wherew; >0 forj=1,2,...... n is called a linear programming problem faf inaximizing form).
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3. Player 1's problem and player 2’s problem are sai@ wual-programming problem.

1 1
Any u in U guarantee player 1 at Ieﬁ—. Any w in W guarantee player 1 at m?—. Since player 1 get at
u, W,

1 1 1 1
least and at mos!f_ , we must havi S——
Z U W zui ZWJ'
i j
Z w, < Z u
j i

But we know that all zero sum games have a value which candoprated as follows; player 1 can get at

least V (i.e. there is d%in U such th xzﬁl—j-v)
eas l.e. there IS n suc al 0) —
u

And player 2 can hold player 1 down to at most V (i.erdfisa W inWsuchthat 1 _\,)
X ., ,0

Summarizing we have the symmetric problem.
SYMMETRIC PROBLEM
To find U in U and W’ in W such that

2w =3 u”

Remarks (4). If 9, W solve the symmetric problem, then

1 1
V = 5=
) (0)
>w, Zu
And x© = (X(O)ZX(O), ..... , (r:)), where Xi(o) =V.u|(0) for i=1,2,...... is maximin for player 1; and

constitutes a solution of the game, defining

0) y(O)
Ui(O) = )\('/_"V\},-O) = T’ yield a solution of the symmetric problem. Furthermd)jé?) is a solution of player 1's

problem andw!® is a solution of player 2's problem.

Transformation of Primal and Symmetric Dual Linear Programming Problems into a Super Linear
Programming Problem

There is more than one way of performing this conversiomvever, the most convenient method seems to
be that of converting our programming problem into axsggmmetric or symmetric game. Though the symmetric
game appears to have more rows and columns. It has the aphsaotautomatically yielding problem as well and it
contains so many zeros that its larger size is hot much rofbdem.

Consider the standard linear programming problem
Max z=b'y

Subject to
AY<C, Y=0
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The dual is given as

Min Z" = ¢'X
Subject to

A"X>=b, X=0
i.e. the primal is given as

max Z =y, +b,y, +....+b Yy,

m
subject to
a Yy, ta,y, to. +a,Y,<C
Y, ta,Y, T, +a,,Y,<C,
“ “ + . + b

Taking the dual MinZ =C X +C,X, +........ +C. X,
- A X T aX ta, +a, X =
Subject to
aiZXZ + agzxz o, + am2X2 >
“ “ + . + «
X ta, X, +....... +a_ X >b
Where DO ST X, =20
Vi Yoreeenannn Y20
Converting the dual to a maximization case, we have
_aj_lxl_a21)(1_ ............ _amlxls_b[
- a‘12X2 _a22X2 T aiiaaraaaas - am2X2 < —b

=, X, ~ 8, X, e -a.,X, <-b,

Combining these two m variable and n variable problem intaird super (n+m)X(n+m) variable problem. We
select x's and y’'s that maximizé& — z subject to all the inequalities of both problems. We seentlieabasic

duality principle guarantee that for optimal x’s and ke z of our original problem and the of its dual must
exactly be equal. The third problem can be decomposed irtigatsidependent parts, since one set of constraints

involves only x’s and the other involves only y’s.

The maximum-value answer to our new super problem & gaur real point of formulating the problem, however,
is to introduce a special kind of symmetry into the probl€he skewed symmetry results from adjoining the dual

problem in the original problem.
The super-problem becomes
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[0 0 0 -ay a, -a,, b
0 0 0 -ay, ay -a,, b,
0 0 0 a, a,, -a,, b,
ay  ap a,, 0 0 0 -¢c
Ay 8y a,, 0 0 0 -c,
a,,  an, a, 0O 0 0 -c,
c, Cn 0




Maximize

bY.....tb Y, —C X~ -CcX,=z2-Z
Replacing the maximum statement of the last line by the dguoivieequirement.
by, +........ S RVARE Y o) S -C,X, 20

Where the > sign has been redundantly inserted in the fullledge that no feasible solution will ever
require its presence.

Considering the linear programming problem of the maximgizir minimizing variety described earlier.
We shall now exhibit a two-person zero-sum game whosei@muprovide solution to the linear programming
problem provided solution exist at all. The appropriateeyamatrix is

:31 132 ﬁn ﬁn+1 IBn+2 IBn+m ﬁn+m+1
_al 1o 0 0 T ay T ay o Tl b, 1
a, 0 0 0 ~ap T Ay AR AP b,
a, 0 0 0 -a, a,, - a., b,
el 1 ay, ai, 0 0 0 -G
T iz ay 8y a,n 0 0 0 -G
qhim am CRP A 0 0 0 - C,
LT nemer L~ b, -b, - -b, ¢, C, C, 0 i

Because the game matrix is skewed symmetric, one conjecturdbdhatlue of the game must be zero. This is
easily shown if both players uses identical strategies ffi#e the same probability weight on thélirjure strategies
for j=1,2,............ ,n+m+1), the payoff to each is zero. Thhere is no strategy which will guarantee player 1 a
positive return.

Since the value is zero, the mixed strategy

[Z;(LO),Bl""’Z(jO),Bj""-2510):8n""'Z(q(i)llgnﬂ"'"Zn+l'8n+l""’zgi)1'8n+m’Zn+m+l n+m+ll is minimax for player 2 if

n+m+l
and only if it hold player 1 down to 0, that is if amaly if Zf(o) >0, for k=1,2,.......... n+m+1, Z ZkO) =1
k=1
And
: (0) :
. [Znﬂa,.j Fo +7 .8 ot Zn+mamj]+ Z i <0, forj=1,......... n

i [Z,(O)aﬂ+ ...... Z(J.O)aﬁ oot Z(no)amj—znﬂmcI <0i=1.....m
i —lzio) b +..... zﬁ°)an+ [zfi)lcl o zn+mcm]s 0

Conclusion

Game theory analysis serves as a framework fayualhtitative methods to analyze decision in conflicts of
interest. Game theory and linear programming are closely rekateldevery linear programming problem can be
artificially converted into a game problem which as a resaltld to a super linear programming problem. The
solution to such super linear programming problemlitiagun optimal solution having probabilities valueshafsic
variables which are also the optimal mixed strategies of @&smwynding game problem can then be solved using
manual computation or computer implementation of its swlytrocedures.
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