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Abstract

Two priority queuing models have been identified as appropriate for
emergency cases in University of Uyo Teaching Hospital in Nigeria. These
are the preemptive priority model which treats patients on a FCFS basisand
the nonpreemptive priority model which treats patients in the priority class.
The arrival process of patients follows Poisson process with exponential
interarrival time. Also, the service time distribution has been shown to
follow exponential distribution. Performance measures of the queue models
have also been obtained.
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Introduction

Emergency cases in hospitals are cases to bedredtie priority. This causes delay in waiting liné the
existing First- Come First- Serve (FCFS) queueigis® in the out-patients department. Two priortgdels — the
Preemptive priorities (PRP) in which the lowestiogty patient with stable case where treatment bardelayed
without adverse medical consequences being ses/ajected back into the queue whenever a higherityri
patient with serious/critical case where prompatiment is vital for survival enters the queuingteys And the
Nonpreemptive priorities (NPRP) where a patienhbeserved can not be ejected back into the queer & a
higher- priority patient enters the queuing syst&herefore, once a server (Doctor) has begun tesatthe service
must be completed without interruption.

Several works on the analysis of emergency watiimg and queuing systems with priority service igilice
abound in the literature; see, for example [1],48H [9] among others. In this work, we consider pnheemptive
priorities model as an M/M/S/PRBIko with the PRP as the FCFS queuing discipline ard rtbnpreemptive
priorities as priority on the PRP.

1 Problem Formulation

A single queue with multi-server queing model exist the emergency unit of University of Uyo Teaxthi
Hospital in Nigeria. All patients arrive accordibg a Poisson input process and interarrivals folgponential
distribution as the service time. There is no liaritthe number of waiting patients since the haspiblicy does not
stop patients from consulting Physicians on em®ry at any point in time.

Patients are treated in order of priority, wheresthin the same category (the stable cases) amatpitaken
on a FCFS basis and are preemptive. A Doctor witrrupt treatment of a patient if a new case m hilgher-
priority category (serious/critical case) arrividgt is the NPRP. In this work, we use the priediscipline queuing
system, where the NPRP constitute the prioritysclasd the PRP follows the usual FCFS disciplinecaBse
treatment is interrupted by the arrival of higheiepty case, the PRP model is used. The correspgnesults for
the NPRP model will also be obtained to show tliecebf preempting.

Data were collected between the hours of 8.00ah.@0pm daily for seven days with two Physicians (as

servers) and a single queue operating system igfnpat
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2 Methodology
Using Kendal- Lee notation, see; [6], we denoteRP Anodel by Mi/M/S/PRBd/« Mi is a Poisson input
process with the probability distribution of thé interrarival times for the ith patient as exparandistribution
with parameter A and rateA; .M denotes that the probability distribution of \gee time follows exponential
distribution with parametgr and meanl
7]

Analysis Of Interarrival Time
The mean interarrival time (E) =2 ft

>f

and the exponential mean interarrival tie % of patients were calculated as follows:
Table 3.1: Calculated values 0(113 andA, for the Table3.2: Calculated values pf and [
seven days period for

Day Serverl Server2
Day E(f) min/patient| A; (patient/min)

min/pat [ (pat/min min/pat [

1 5 5545 w(min/pat) | 4 (p ) | H(min/pat) (/;at/min)
2 17 0.059 1 23.0 0.043 27.0 0.037
3 17.5 0.057 2 24.7 0.04 26.2 0.038
4 19.9 0.05 3 23.68 0.042 27.0 0.037
5 21.58 0.046 4 24.7 0.038 28.0 0.036
6 20.3 0.049 5 245 0.04 29.34 0.034
7 17.7 0.058 6 28.0 0.035 29.46 0.033

7 28.0 0.035 27.03 0.037

And the average interarrival for the seven days is;
E(t) = E(tl)+ E(t2)+...+ E(t7)= 19.52~ 20min/pat and = 0.05pat/min
7
Also, thex? goodness-of-fit test was used to test that treramtival times follow exponential distribution.

3.2 Analysis Of Service Time
The mean service timeand the exponential mean service tjhédor service times (ST)
(1-30, 31-60 in minutes) were calculated and tselts summarized on table 3.2 for servers 1 and 2.

Where ,UZ% and [12%1

And the average service time and the exponentiahnservice time for the seven days period for selvand 2 are:
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E(4) = /lez;"'”” = 2523min/pat and & = 004

E(x,) =2752and i, =0.036
Also, the service time was checked to have folloesgbnential distribution using thé goodness-of fit test.

4.0 PERFORMANCE MEASURES FOR PREEMPTIVE PRIORITY MODEL
M/M/2: o/FCFS (where the preemptive patients are treated oRCFS)

NOTATIONS

Let B, = probability of exactly n customers in the queusygtem
L = expected number of customers in quesirgjem

L, =expectedjueue length (excluding customers being served)
W = waiting time in the systeincludes service time) for each  individual cuser, i.e. W = E(w)
W, = waiting time in queue (excludes service time)dach individual customer i.e.
Vg = E(wg)
N = number of servers in the queuing system at tithe)t
Pn(t) = probability of exactly n customers ireging system at time t
S = number of servers (parallel servicendeds) in queuing system
An = mean arrival rate (expected number of arriveal ymit time of new customers completing service
per unit time n customers are in system
p =7 f = traffic intensity (utilization factor for the sece facility)

From little’s law, [6];

Lq= AW, or Wy = W- 1 (4.1
U
A
Wq=E(W) = ————+ (4.2)
M= A)
When s>1
The utilization factor is:
U, = A/ yn -
k (A) for n=12,...,s
A (A"
LHT A ynes = M -
o ( s,u) P for n=s,s,,,

IfN — o and s,u,sothat,o:%ﬂﬂ,then
Po

= 1
(M) (V) .

s-1

- - LA ynsLoasys sH ] 4.3
: LZ:;)n!(A) +s!(41) s,u—/l} “2)
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()"
A R, if0<n<s
andp, = < /]n! > (4.4)
“7,)"
4’_ P, ifnzs
gsm
- /
L :i(n_s)p Furthermore,
q n
N L) T
= = —# J = /J i J
JZzO iPs. | 2179 F Po =Py pdp[gop]
A7) d
A N AR
—'o 10 2
s! dp " 9G- o)y
. :L/]_q (4.5)
Ws :Wq + :_ %{ (46)
LS:A(Wq+%j:Lq+Aﬂ (4.7)

The probability distribution of waiting times foet0 is;

A S
4] (1o et
Plw>t)=en|1+ _~H/ | 17€

s(l-p)| s-1- %
P{&)q > t} = (1— P{a)q = C)})e_s'u(l_p)t where |:){a)q = o} = i:l P,

4.3 Nonpremptive Priority Model
Let S = number of servers

L = mean service rate per busy server
k = the number of priority classes

A= i/li and r = % (4.8)

i=1

k
This result assumes thi A < 91; see [6]
i=1
Let Wi be the steady state expected waiting time in yis&em (including service time) for a member of ptjo
class k. Then
w,=—1 —+L k=12, (4.9)
AB By U
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— s-1
where A = S!MZ rl + su (4.10)
r =0
B, =1
k
A fork=1,2,....N (4.11)
B, =1-=
SH

4.4 The Preemptive Priority Model
Having preemption under the conditions in NPRP gkarthe total expected waiting time in the systemiyding
the total service time) to:

W, = % fork=1,2,....Nands=1 (4.12)
Bk 1Bk

and L =AW, fork=12,..N

when s > 1, Wcan be calculated by an iterative procedure.
To determine the expected waiting time in the quedeluding service time) for priority class k;

W, =W, _%1 (4.13)

Also, if s > 1, W can be calculated by an iterative procedure

5.0 Computational Results
5.1 Performance Measures Of M/M/2/Fcfs

We first obtain the traffic intensityo = % Y wherep = 0.034patience/hr

= 0.034x60 = 2pat/min
p= 32X2 = 0.7/5=75% of busy time
And the expected idle time for each Doctor ispl=0.25 = 25%

S {(sil)!(%j (s,u/]—IuA)Z}PO

0 1 2 -1
where Rin (4.3) = i(ij +l(§j +£(§j 4 | - 0.1429
ol2) "ul2) T2l2) a-3

This implies 14.2% of idleness in the system.

2
DL, = l(ﬁj 2X3 10,1429 = 1.91 = 2 patients .
12) (4-3)

This means that 2 patients are expected to wéiteiqueue at every point in time.
- A/ = -
Ly=L,+4/ =19+15=34

This means that about 4 patients are expectecinytstem at every point in time.

W, =W, + % = 063+ 05 =113hrs =67.8mins.
The probability that an arriving patient has totwhusy period) is:
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P, =2(34f -2 01420 =0.6431
20V'2) 4-3

N YSYAN
PW(nZZ)_E(A) su - A

5.2 Expected waiting time for priority classes
Table 5.1(a) shows the arrival time and the re$pefitequencies for priority classes for day 1-&nke;
Awre =0.66per hr - Ao = 2.Jper hr
€) For the Nonpreemptive class, where k = 1; (4.9pbexs
0.66
= + 1/ where B,=1 and B, =1-—— =0.835
“ " AB,B, A ° ! 4
From (4.8);) = 276 and r = % =138
0 1
And A'in (4.10) =21 (4 3) (1'38) + (1'38) +4=65
(138)*| o 1
Then W, = ;J, }/ = 0.68hrs = 41min/ pat - Similar computations for Day 2- 7 yield the reésuh
6.5x0.83E x1 /2

Table 5.1b for NPRP.

(b) For the Preemptive class, we have2kand (4.12) becomes;

1 1
oY
“ B,B, 0.835x 031
Similar computations for Day 2- 7 yield the follmg results in Table 5.1b

=1.932hrs =115.9 = 116 min s/ pat

Arrival Time | nonpreemtive Preeemtive Waiting Time
(min) patient (f)
Patient N, (f,)

8-9 2 5 Day | PRP NPRP
9-10 1 3 1 116mins/pat 41mins/pat
10-11 0 2 2 131mins/pat 41mins/pat
11-12 2 3 3 101mins/pat 39mins/pat
12-1 0 0 4 107mins/pat 39mins/pat
1-2 1 2 5 88mins/pat 38mins/pat
2-3 0 2 6 138mins/pat 41mins/pat
3-4 0 1 7 101mins/pat 39mins/pat
4-5 0 1

Table 5.1(a) Table 5.1(b)

From Table 5.1(b), the average expected waiting tion NPRP = 40 minutes/patient while the averageeeted
waiting time for PRP = 112mins/patient. This diffiace is caused by the interruption (bumps) durienyice
(treatment) for PRP by NPRP patients.

5.3 Conlusion
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The results show that the distribution of interatitime and service time for patients in the ereany unit of the
hospital under consideration followed exponentisfrdbution having the queue model/M//2: «/PRP. Performance
measures of the identified M/M/2/PRP queuing model were obtained witk-0.75 showing 75% busy time of the
service facility (Doctors) with { = 2 patients, L= 4 patients, W= 38mins and Ws = 67.8 mins and the probability
that an arriving patient has to wait is 0.6431.

The higher priority cases (NPRP) have no effectheninterarrival and service times but causes ab80% increase

in the waiting time of the lower priority patien{f®RP). Hence, additional services facility (Doctshjould be
employed to service the NPRP patients to avoid emidlay and its attendant cost on the PRP patients.
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