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Abstract

We consider a mean-variance portfolio selection pkem for a fixed flow
of investment in a continuous time framework. Wensider a market structure
that is characterized by a cash account, an indexsshd and a stock. We
obtain the expected optimal terminal wealth for timevestor. We also obtain a
closed-form expressions for the value functionsgetioptimal investment and
mean-variance strategies using the stochastic maximprinciple. We assume
that the indexed bond and stock are governed byngeic Brownian motions
with constant drifts and volatilities. The aim ohé investor is to maximize the
expected terminal wealth while minimizing the vanee. We find that the
higher the value of the control parameter used irinimizing the variance, the
lower the variance. Furthermore, we find that if & parameter used to
minimize the variance tends to zero, both the expdavealth and the variance
tend to infinity. This means that if a risky asskécomes more risky, the wealth
of the investor is expected to be “unmeasureableherwise the portfolio
should remain only in the cash account.

Keywords: mean-variance, portfolio selection, investmeitdchastic maximum principle.

1.0 Introduction

A mean-variance optimization is a quantitative toséd by asset managers, consultants and invesaueisors to
construct portfolios for the investors. When therkegiis less volatile, mean-variance model seemseta better
and more reasonable way of determining portfolitet®n problem. One of the aims of mean-variance
optimization is to find portfolio that optimally wkrsify risk without reducing expected return aodfécilitate
portfolio construction strategy. The method is ldas® the pioneering work of [5], the Nobel priceaning
economist, widely recognized as the father of mogmrtfolio theory. The optimal investment allocatican be
found by solving a mean-variance optimization peofl In solving a stochastic optimal control probleme uses
the “smoothing” property of the expectation operapyoperty that is failed to statisfied by the igace operator.
Thus, a mult-period or continuous-time optimizatiproblem with an objective function with variance ot
immediate to solve.

Zhou and Li [8] shown in continuous-time how tonsform the difficult problem into a tractable ofidaey embed
the original problem into a stochastic linear-q@didr control problem, that can then be solved thhostandard
methods. Bieleckegt al [1], solved a mean-variance portfolio problemha tontinuous-time with a constant against
ruin. Delonget al [3] considered a mean-variance optimization pnobla the accumulation phase of a defined
benefit pension plan. Zhou and Li [8] studied a meariance portfolio selection problem in a defirsahtribution
pension. They found the optimal policy and thecégfit frontier of feasible portfolios in closed fior Daiet al [2]
considered a continuous time Markowitz's mean-vargaportfolio selection problems with proportiotransaction
costs. They obtained neccessry and sufficient ¢iomdi for existence of an optimal solution and wygtii strategy.
Xie et al [6] formulated a continuous-time mean-variancetfpbio selection model with multiple risky assetsda
one liability in an incomplete market. They derivexplicitly the optimal dynamic strategy and theamevariance

efficient frontier in closed forms by using the geal stochastic linear-quadratic (LQ) control tege. H¢ jgaard

and Vigna [4] considered a mean-variance portfgiection problem in the accumulation phase of #neleé
contribution pension schemes. They compared thenymaaance approach with investment strategies tedoin a
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defined contribution pension schemes that is thgetebased approach and lifestyling strategy. T8fewn that the
corresponding mean and variance of the final fueldrm to the efficient frontier and that each paintthe efficient
frontier corresponds to a target-based optimizagiooblem. In this paper, we consider a mean-vaegrartfolio

optimization problem for a fixed flow of investmeinta continuous time.

The remainder of the paper is as follows. In secBipwe present the model of the wealth procesdafiditions. In
section 3, we solve the mean-variance optimizatimblem of the wealth of the investor. We also daiee the
optimal portfolio and expected optimal wealth of thvestor. Also, in section 3, we discuss theciffit frontier of
our portfolio. In section 4, concludes the paper.

2.0 The Dynamics of the Model

We consider a financial market that consists odshcaccount, an indexed bond and a stock with aonh&irce of
interestr >0, the indexed bond and stock, whose prices follawsandard geometric Brownian motion with drift
L >1 and A > respectively. The constant rate of flow of investiasseC > O is paid continuously over time
by prospective investor into the investment firmeTshares of portfolio invested in the indexed bantimet is

denoted by77' (t) and the shares of portfolio invested in the stogkket at timet, is denoted by77° (t). The
wealth, F (t) attimet, grows according to the following stochastic difetial equation (SDE):

dF (1) = (FO[ O (u-r)+ 7 @0+ p=-r)+r]|+clt

+EM) (7 ()o%aws 1) + 7 (o, dW' (1)) ®.1

FO)=F, >0,
where p > 0, is the expected rate of inflation arkg) is the intial wealth of the investoWW° (t) andW' (t) are
standard Brownian motion defined on a completeerfitl probability space(Q, D,{Dts},{Dt' }, P) with
05 = oS{WS(u):u<t} and 0 =o' W' (U):u<t} such that0S U, OO and DS N0} = 2

We assume that the investor invest his resouroas fime O to time T . The aim of the investor is to maximize the
expected final wealth and simultaneously minimibe tvariance of final wealth. Hence, the investan ait
minimizing the vector

pin, [ E(F(T,m)Var(F (T, )]
Definition 1: A portfolio strategy /7= (ﬂs,i'lj) is said to be admissible iﬂ(.)DLZD(O,T;D) such that
()0 (0T;0) and 7' ()OL (0,T;0).

Definition 2: The mean-variance optimization probles defined as

i, [ E(F (T, m)Var(F (T, ) (2.2)
. {n(.) admissible
Subject to: .
F(.),71(.) satisfy (2).
Solving Eq.(2.2) is equivalent to solving the feliog equation
min[~ E(F (T, 72())) + var (F (T, ()], (2.3)
wherey > 0.

By definition, in elementary statistics,
Var(F(T, 7)) = E|[F (T, 720))? |- (E[F (T, 7))’ (2.4)
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Substituting Eq.(4) into Eq.(2.3), we obtain

minEl[F (T.72())’ - B (T. () (25)
where, S =1+ l/JE(F (T, ﬂ()) :

Eq.(2.5) is known as a linear-quadratic controlbpem. Hence, instead of solving Eq.(2.2), we nouwesdhe
following:

min(v (7). B) = E[F (T, () = BF (T, () (2.6)

71(.) admissible
F(.),77(.) satisfy (2.1).

3.0 The Optimization of our Problem

Subject to:{

In solving Eq.(2.6), we se&)=§ and H (t) = F(t) — a« (see [4], [7]). It implies that

min E[F (t, 72t))? - BF (¢, 720)| = ElgF OH (1)

It turns out that our problem is equivalent to sudv
min E{‘/H 2(T) _%} - mﬂipv(n(.),w, B),
where the proceskl (t) follows the SDE

dH(®) ={(HO) + > O(u-r)+ 7 O+ p-r)+r]|+ ot +

(H(t) + o ())dws (t) + o, 7' (1) dW' (1)) 2.7)

HO=h-w
Eq.(2.7) is a standard stochastic optimal controbfem. Let

U(t,h): |7|;](1; Et,h|:l//H (T)2 3 182

o |-nviown)
Then the value functioh) satisfies the Hamilton-Jacobi-Bellman (HJB) equrati

2 2y

U, +(h+ ol ®u-r)+ 7 @@+ p-1)+ 1]+, +
@[aszns(t)z +0.° 7 (t)Z]th =0 2.8)

1 2
U(T,h)==Z¢h? _B
2 2y
AssumingU to be a convex function dfi, then first order conditions lead to the optimadgmrtion of portfolio to
be invested in stock and indexed bond at ttmehich is obtained by solving the Hamiltoniah:

1=((h+ -+ 7 O+ p-1)u, +(h+Tw)2[052ﬂ5(t)2 +o,°m (t)z]th

Finding the partial derivative o with respect to/7° (t) and 77 (t) and set to zero, we obtained respectively:
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n-S*(t):_ (/,I—I')Jh
(h+w)o>u,,

I* __(/1+p—r)Uh
S Cr VM

These are the optimal control of the problem. Stulistg Eq.(2.9) and Eq.(2.10) into Eq.(2.8), wetab the
following non-linear partial differential equatidor the value function

1(A+p-r) U 1(u-r)U.’?
I~ hh hh

P

2.10)

=0

2
U, +((h+a)r +c)Uh—glLJJ—“:0 (2.11)

P+p-r) , (u-r)
oy o
Let us adopt a quadratic utility of the form
U(t,h) = P(t)h* + Q(t)h + R(t) (2.12)
Now, from Eq.(12), we obtain
U, =P'(t)h* +Q'(t)h+ R (t) (2.13)
U, =2P(t)h+Q(t) (2.14)
U,, =2P(t) (2.15)
Substituting Eq.(2.13)-Eq.(2.15) into Eq.(2.11), el#ain
P'(t)h* +Q'(t)h+ R (t) + [(h + a))r + c](ZP(t)h + Q(t)) -
6(P(?h* + QM) _ &W? _ 2.16)
P(t) 4P(t)
From Eq.(2.16), we have
P'(t)h? - P(t)h? + 2P(t)rh? =0
Q'(t)h+hrQ(t) + 2P(t)rha + 2P(t)ch-&Q(t)h =0
R (t) + arQ(t) +cQ(t) — M =0
4P(t)
We now have the following ordinary differential edions:

where, 8 =

P'(t) = (8-2r)P(t)
Q'(t) = (6-1)Q(t) - 2(er +c)P(t) (2.17)

iy = R’
R(t) = —(c+ar JQ(t

0 =" ~Erekn
with boundary conditions

P(T) = ﬂ, Q(M)=0,R(T) = —'8—2- (2.18)
2 2
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Solving Eq.(17) and Eq.(18), we obtain

PO = 5@ expl~(6- 2)(T-1)]
Q@:Qﬁ§ﬁﬂeﬂ{4e-zxrqﬂ(yem@+ﬁ-op (2.19)

R(t) = —LTMexp[—(H— 2)(T —u)](l— exp—r (T —u)]){zir(  oexpr(T —u)])— }ldu

We observe that our assumption of convexitybfholds as

U,, =2P(t) >0,y > 0.

Substituting the Eq.(2.13)-Eq.(2.15) into Eq.(288)d Eq.(2.10) and replacin+ & with F, we obtain the
following

o (t) = - (I/;I;SZ)[F — wexplr (T —t)+$(1— exd-r(T —t)])} (2.20)
7" (t) = —(/];—g;r){l: - wexp[-r (T -t) +$(1—exr{— r(T —t)])} (2.22)

Hence, the wealth dynamics under the optimal césq.(2.20) and Eq.(2.21) is given as

dF(t) = [(r ~y)F" (1) + ywexd-r(T -t)] +CTyexd— r(T -t)]+ c(l—l?/ﬂdt +

(2.22)
K Jo+ %j exg-r(T -t)] —% — " (t)}adW(t)
where, ddW(t) = gSdWS(t) + &, dW' (1), y = A+ p- 1), ;r)
I g
Applying Ito Lemma to Eq.(2.22), we obtain the SDE that govéne evolution ofF” ('[)2:
2r-6)+ yo*F @* +
dF’ (1)2 = 2((w+$j(1+ yo Jexd-r(T -t)]+ c(l—’?’(l— yaz)DF* () lot +
) (2.23)
2 2 C C
+ylo ((aﬁ?jexp{— r(T —t)]—?j

(ZF* (t)( yw+%j exd-r(T —t)] —27” F'(t)-)F" (t)jadW(t)

Taking expectation of bothsides of Eq.(2.22) andE83), we obtained the expected value of thenmgdtiwvealth
and the expected value of its square, given as
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dE(F*(t)):{( - y)E (F (t))+ya)exp{ (T - t]+—exd )]+c(1—}?/ﬂdt

(2.24)
E(F )=F
(- 6)+ 2o )E(F (2)+
dE(F" (1)?)= 2((w+$](1+ yo?Jexil=r(T 1)+ 0(1‘17/(1‘ v )DE(F ®) et (2.25)
+ yzaz((aﬁgjexd— r(T-t)] _gjz

EFF ) =F2.

By solving Eq.(2.24) and Eq.(2.25), we find that #xpected value of the wealth under optimal coatrémet is

E(F*(t)):( jexd y—r)t]+@1-exd- u] (a)+ jexr{ —t)]-¢ " (2.26)

and the expected value of the square of the wealtler optimal control at timé is:

E(F (t)z) =T, exp(r (2t-T)+ y(ya2 - 2)()— M exd(2r =yt -rT)

M, expl- 2r (T =t) = p) =T, expl— 2r (T — 1))+ T, exd- 2r (T —t) + Yyo? - 2))+

M exp(S(l— ()T + (2 + y(y02 - 2))t)+ r, exp(Zr + (2 + y(y02 - 2))[)+ M exp-r(T -t))+
I eXF(_ I’(T _t) - Vt) T exp((r - y)t) +y

where,

(27)

Foar 2+ yo? v + o -2) - (2 +y-r + y-r —2p2)0? + yio?)
2o -2 +20( R (r+ o2 =2)+r +ry0? Jw

AL+ y+1-2y)p0? + o)

i e oo -3 e -3)
- 2w ~2)po? ~1fr + o ~2)c* + Fyer? +er(F, + )
2 2+ oot =3l + pyo” -3)
r 2y - 2)yo? +1)r + Yyo® - 2))c? + darc + w?r?)
3 e+ oo -3fr + Nyo* -3))
r, = _(r +y(ya —2))( 2+y’o (—1+(2+y) ))(02 +2arc+a)2r2)

r2f2+ o (yo? - 3)r + Ayo? -3))
r (r + V(VU - 2))(2 +yo (2 + V(J/O' 1)))(0 +2arc+ awsr? )
5 rEfe+yotlot =3r + Yot -3)
r= czy(2ya (ya 3))(r + y(yo— - 2))
* e+ ot (yo? - 3))r + yo? -3))
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= Fo(r2F, +2cr )r + yo? - 2))
! r2(r + pyo? -3))

_ 2cyfc+ rei-r +y+yo?)

T e -3
r= 2c(c+ ra))(r + y(ya2 - 2))

° r2(r + yo? -3))
Moo= 2c(c+rF, )(r + y(y02 - 2))

i+ o’ -3)
r o= 02(r +y(ya2 —2))
r2(r+ o -3))

And by defintion of & , we have that

(1/1/ —fj +(F0 +fjexp(— (y- r)l)+f(1—eXF{‘ ] exp(=r(T -t))
w= 1-exp(-r(T -t))+exp-r(T —t)- pt)

At terminal timeT , we have:

= u_fj +[FO +fjeXp(_ - r)F)Jrf(l—téxli{— )
expl-/T)

Hence, the optimal wealth can be expressed in tefrffs as follows:
. clexprT)-1)  expyl)-1
E(F*(T)= F, exp(rT) + (exeliT)-1), p(Z/ ) (2.28)
r
Therefore, the expected optimal wealth is the sfimealth an investor will get by investing the eatportfolio in

xp(yT)

e -1
the cash account plus a term;,———— that depends on the goodness of the stock anshdesed bond with

respect to the cash account and on the weight goséme minimization of the variance. Hence, thghler the value
of y, the higher the expected wealth of the invesior,all other parameter held constant. Again, ttghéi the

value of{/, the lower the expected wealth of the investor.

E(F(T)Z) =T, exr(rT + y(yo*2 - Z)I')— Mexp(r - y)T)+ Myexp-y7)-T, +

rexpyo? - 2))+ 1y expl3-r)T + 2+ plyo? - 2))T)+ 1, explor + 2+ Y{)o? - 2))r) 2.29)
+Tg + Ty exp(= )= Moexpl(r = y)T)+ T,

We may observe that the higher the weight givethéominimization of the variance, the higher thpeoted wealth
and vice versa. It is obvious that a necessarysalffitient condition for the wealth to be investadany timet in
the stock and indexed bond{ = +o . Hence, the choice of investing the entire poidfal the stock and indexed

bond is optimal if and only if the weight giventtee minimization of the variance is infinite.
Let 77 (t,F) =7 (t,F)+ 77 (t,F), then the optimal proportion to be invested ircktand indexed bond in
terms of{/ is given as

7@, F) = —y{F —{FO exdrt] _g(l_ exdrt]) - exy- r(1['/j—t)+ W]})
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The amountF 77 (t,F) invested in the stock and indexed bond at ttrrie proportional to difference between the

wealth F at timet and the wealth available for the cash account snnuhe term that depends on the evolution of
the market over time and time to retirement.
We consider the efficient frontier of portfoliddy definition,

var (F* (1)) = E(F* (1)?)- (E(F* (™))
=, exdr T+ p{yo? = 2)T) =T, exgl(r - yJT)+ T, exd-y7)-T, +
I exp(y(ya2 - 2))+ M exp(S(l— rT + (2 + y(ya2 - 2))I')+ r, exp(Zr + (2 + ;/(ya2 - 2))I’)

g +T, exd_ﬂ)_ Mo exd(r _V)T)"' M _(Fo eXdrT)+ C(eXF(:T)_l) + exdj;r)_lf

We observed that a/ — o, we have a minimum variance. Hence, the highethbevalue off/ the lower the

variance. At this point we obtained the optimal eécted wealth. Observe that when the variance gh the
expected wealth will be high. This make sense stheehigher the risk in an investment, the higter éxpected
wealth , otherwise there is no need engaging ih saestment, or the whole portfolio should thenifeested in

cash account. We also observed that/as- O, the expected wealth tends to infinity. This meta if a risky

asset becomes more risky, the wealth of the invéstexpected to be very high. This also shows dsdy — O,
the variance tends to infinity.
4. Conclusion

We considered a mean-variance portfolio selectroblpm for a fixed flow of investment in a contirugstime. We
obtained explicitly the expected optimal terminaalth for the investor. We also obtained closedafexpressions
for the value functions, the optimal investment andan-variance strategies. We then maximized tipeactad
terminal wealth while minimizing its variance. Weuhd that the higher the value of parametgr( variance

minimizer) the lower the variance. We also founal tivhen the variance is high the expected weallho@ihigher.
We further found that if the parameter used to mine the variance tends to zero, both the expeséadth and the
variance tend to infinity.
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