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Abstract

Thewave profile for steady, surface gravity Stokes waves in deep water is
investigated. The expression for wave profile for sixth order is derived
analytically by substituting the Taylor series approximations for the
variables in the free boundary conditions. The wave potential is
represented by Fourier series and the coefficientsin the series are written
as perturbation expansions in terms of a parameter which increases with
wave height. The expressions are numerically studied and analyzed
graphically. The sixth order phase speed increases with increasing wave
steepness 0. It is observed that the wave profile and the phase speed for
the sixth order are higher than those of lower orders.

1.0 Introduction

The theoretical understanding of water waves stasii¢h the work of Airy, Stokes and their contermges in
the nineteenth century, [16] and [22]. While lirigation about the rest state provided the firstgins into
dynamics of water waves and led to the developroétite linear theory, it was observed that actuatew wave
characteristics deviate significantly from the &neheory predictions. This motivated an extenstuely of the
nonlinear wave theory [3].

Waves on the surface of the ocean with periodstofZ5 seconds are primarily generated by windsamadhe
prominent features of the sea surface of the waitheése are otherwise known as surface gravity wadteer wave
motions that exist on the ocean include internalegsatides etc. ([16], [19]).

Whichever section of ocean zone considered, ded¢grwatermediate or shallow water in extreme ctiods,
the nonlinearity in the wave kinematics is largel dras a strong influence on the design parameléds The
knowledge of these waves and the energy they genare essential for the design of coastal and aesdpr
structures since they are the major factors thifieénce the geometry of beaches, water ways, sharction
measures, hydraulic, and other civil and militaogstal structures [11]. Consequently, estimategase conditions
are needed in almost all coastal engineering stidie

Since waves are one of the most complex phenomenzature, it is not quite simple to achieve a full
understanding of their fundamental character antlalieur. Engineers build various maritime strucsyre
breakwaters and quay walls for ports and harb@aawalls and jetties for shore protection; plat®and rigs for
the exploitation of oil beneath the seabed. Thesesame examples of maritime structures. Thesetates must
perform their functions in the natural environméeing subjected to the hostile effects of windstewawave
currents, earthquakes, etc. To ensure their dasigngerformance, there is need to carry out a cehgmsive
investigation in order to understand the envirorti@econditions. The investigation must be as adeuaa possible
so that the effects of the environment on the sires can be assessed rationally. Hence, the oeebef study of
nonlinear waves and other ocean wave’s phenomamzotie over-emphasized. The influence of long ineal
waves on seabed, offshore structures, and localystam in certain parts of the coastal areas apipais much
larger than expected from the linear wave theory.
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Waves carry energy along with them. Wave enerdyeiag transported along the sea surface. The anafunt
energy at sea each point on the wave train cagidsectly related to the amplitude of the waveiletion at the
same point and water particle velocity beneathnthee profile.

Water waves are influenced at every point along fh®pagation path by the depth of the sea. Irpdeater,
waves are able to move freely without regard to deemetry of the submerged terrain and the speethis
increasing function of wave length. As the deptlrdases, the influence of the sea bottom topograglepmes
significant, causing the wave trains to slow down.

Stokes wave is a steady periodic wave, propagatimder gravity with constant speed in the surfacerof
infinitely deep irrotational flow. The free surfai® determined by Laplace’s equation, kinematicd dpnamic
boundary conditions. The latter states that pressuthe flow at the surface is constant [21].

The characteristics of Stokes waves generally éncitean as applicable to deep and shallow watees theen
intensively studied in the last one and half cgnt@tokes in 1847 and some of his contemporariel ag Michell
in 1893 carried out some studies in the nineteeattiury. Since then, there have been tremendousvachents in
the study of Stokes wave types in ocean engineefiihg detailed analysis of the mathematical andsichy
description of the phenomena is readily availablstich publications as: [2], [5], [10], [19], [2]22] etc.

Stokes waves properties had been exploited by abeumf theorists in numerical and analytical study
certain geophysical processes. [7] calculated dheefand couple associated with Stokes waves ditalepiercing
cylinder in both deep water and water of finite tihe@ his work explained the effect on oil rigs bétpropagating
ocean waves.

Fenton [4] obtained the solution of Stokes wavefiftb order using numerical approach. [12] obtairtbe
solution of Stokes waves in the water of finite tihejm form of solitary waves, which propagate itihe adjoining
estuary as bores. [14] obtained the form of fifttles approximation using the analytical approachrtsure that the
theoretical approach is very close to the obsewaaek forms in the ocean.

Further, [13] obtained the effects of wave steepmesthe potential and kinetic energies of Stokages.

In this study, Stokes sixth order theory is deribgdsubstituting Taylor series approximations fue variables
in the free boundary conditions; the order of dolutdepends on the number of Taylor series tercisidied.

For practical problems, an application-oriented hrodt which attempts to obtain accurate solutionsn€oe
high waves are based essentially on numerical rdsthend thus not presented in analytical formsprivblems
where the waves are not very high, it is usuallyeneeasonable to use approximate analytical fosush as
cnodial theory for shallow and intermediate wateStokes theory for deeper water.

The essential feature of Stokes theory for petiatitady waves is that the coefficients in thesesean be
written as perturbation expansions in terms of apater which increases with wave height. Stokesl wgave

steepness factod =ak, as the leading term in a Fourier series, in witd wave number, k 2[1/L ; L =
wavelength, and a is the wave amplitude [4].

Fenton [4] obtained the expression for the fredaserprofile to fifth order as
kn(x) = kd+ ¢ cosers2 %2 cosZkM;3 gl (coskx cos3kx)

+et (B42 COS 2kx+ %4 cos4kx955 H %3+ % ) cos kk Eg cos 3kx

+ B cosShod 0% ) (1.1
where € =ka
1 -3 1 1 99 _ 125

B2 =5:B317 5 Ba2738B4473Bs37 5 B557 35,
in deep water as keb «
822 =-3 B31 = -6, B42 =-9, B44 =-12 853 =-12 855 =-12
in shallow water as ké> 0 where d is the mean depth of the water.
By considering the deep water limit for equatiorLj1the expression fay(X) , the height of the free surface
above the mean sea level in deep water becomes
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kn(x) = € coskx+ %32 COS 2kx+ l;’ 53 (cos 3kx—coskx)é£ 4 (cos2kx cos4kx)
1 5 g .
ﬁe (-422coskxt 297cos3kx 125cosbkx) €0( ) (1.2

Using Airy’s linear theory, the wave speed is deieed from the relation cw/k ,
For the Stokes fifth order theory , ¢ is exprelesis:

c:[% 1+ gi + élg )tanh%g @

where d is the distance from the seabed to tHengtier level (SWL).
If the Airy wave theory is treated as the first @rdheory, the wave profile and velocity of the k&t® wave
theory can be expressed as follows:

m
n= % fmncosnd (1.4)
n=1
m
u= Zlan cosh nkz cosfi (1.5)
n=

where the subscript n expresses the mode orden #el,2,3,5 denotes the first order, the secanéro the
third order and the fifth order theories, respestif17] wherem is wave profile, u is horizontal velocity of water
particles.

Jamaloddin [8] adopted the method of solution figr tokes’ fifth order theory in the form

15
n=-— Z_ Fn cosn kx—wt )
k n=1 (1.6)
Wherep is the instantaneous vertical displacement oksetace from the still water level (SWL).

The waves derived from linearized equations basedhe small-amplitude assumptions were sinusoidal,
assuming that the water depth is constant or iefinilarge. However, the waves of the sea are aitgnof small
amplitude.

This study is to further investigate the analytienii of the wave profile of sixth order Stokes waeesl to
compare it with those of lower order. This is expddo throw light on the limiting wave height ieep water.

2.0 Sixth order Stokes wave:

Review of earlier development
The fluid medium is assumed to be irtodaal and incompressible .

Let ¢ andy be the velocity potential asileam function respective
Following [10], the following apply

2 2

0_(0 + 6_¢ = 0

ax? 9z° (2.1)

0%y 0%y

7 + ) = 0

o0X 0z (2.2)
To solve egn (2.2), the boundary coiadit are

Y = 0 for z= np (2.3)

Y = kl for z= h (2.4)

p = k2 for z= np 2.5)

n 77 (x,t) is the wave profil
Dynamic boundary condition
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2 2
+ 1 (al/lj + (ayjj = fi =
92| ax 0z g forz=1

General solution for egn (2.2)
W = qgz+ G + (%coskx+ £ sinM 5ck% + 66'%)
(2.7)
ci (i = 1,2, 3, 4, 5,6) are conga

(2.6)

Since the fluid depth is assumed to tinite
Cg = 0, and £ =

O W = -cz+ 5 + (gcoskx+ £ sin)<x5ckze

(2.8)
A possible form of stream function istained if(:4 = 0 andf =
Y = -cz + %%coskig (2.9)
(divide through by c)
W
— = -z + Cs—ccscoskiéz (2.10
c
o
let 8 = 3%
c
W
d— = -z + ,Bgz cos kx (2.11
c
ButwhenW = 0, z= n
-n o+ ,Bek'7 coskx = 0 (2.12
n = ,Béw coskx (2.13

By perturbation methods involving (x,tjhe following were obtaine
First order approximation

n(x) = -acoskx 2.1
Second order approximation

n(x) = -acoskx + % k% c0os2kx (2.15
Third order approximation
1 3
n(x) = —acoskx + 5 kg cos2kx - § 2k?’a cos3kx (2.1
Fourth order approximation
1 2 11 3 4
nx) = -acoskx + { & + — kTa ) cos2kx
2 6
3 1
ga3 k2 cos3kx + 5)a4 lg’ cos4kx (2.17)
Fifth Order approximation
1 11 3 235
n =-acoskx+ (az k+—a4 k3j coskaEa3 Ig+— a? k4j cos 3k
2 6 8 96
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1 31
+— k3a4 cos4dkx - — a5 k4 cos 5kx.
3 96
Analytic derivation of 6th order
The fifth order solution of Stokes wavissof the form

ﬂ = -z + B 52 coskx + y 252 s@akx + a eSkz cos3kx (2.1

c
(W = 0 at z= n)
Including the next term in the Fourier expansiongoand adjusting the coeffnt,we haw

ﬂ = -z + B 52 coskx + y Zléz sakx + a égkz cos3kx

c

+ Ee4kz cos 4kx (2.1
By assumption,a = 93(5

Dynamic boundary condition

2 2

1| (0w oy

= - = t = 220
gn + 2[[6)() [62]] kK at = g (220)
Y = —c[z ) 52 coskx—- y 252 cog2k- «a e?’kZ cos3kxé élkz cos4k%
0
aw - -c[ B &% sinkx+ 2 BZ sinzke 8k 3 sinakxe £ osdkx} 221

X

2
d 2
(awj = 02 [ kB éq sinkx + 2l %kz sin2kx+ (BIeskZ sin3kx+ 4fe4kz cos4k%
X

2

1 (o

2(:’) = K282 2 sinfix+ 4y 2™ i 2t ol 2 8K sif 3
C X

+16K262 K2 il e a3y 8K sinkxsin2ks 68 a e HZsinkxsinakx
+ 12k2ya' e5kZ sin2kxsin3kx + 16%/{ %kz sindkxsin2k>

+ 24I<2a5 e7kZ
(2.22)

Similarly,

oy

oz

sindkxsin3kx

= c[-1+ KB é(z coskx+ 2k Zé<z cos2kk Bk SIg 0s8kx+ 4I€e4kZ 0054%

(2.23)

2 2
0
(awj = 02 [ -1+ I8 gz coskx 2k 24(2 cos2kx 58k3l%z cos%kx{4ﬁk%£:os4kx}
z

2
12((:’[/) =1+ k2/32 e2kZ cos2 kx + 4k2y2 ékz coé 2kx 9% 2 %kz cgsx
C z
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+ 16k2€ 2 e8kZ cog 4kx + 4%8 y gkz coskxcos2kx %ka e 4I(Zcoskxcos3kx +

+8k2,8 '3 e":’kZ coskxcos4kx 12%/ a Sé(Z c0s2kxcos3kx k12f3€ e 6choskacos4k
+ 24k2a & e7kZ cos3kxcos4kx- Zk k& coskx - ple 2kz c0s2kx

- 6ka e3kZ cos3kx- 8k %kz Ccos4kx

(2.24)
Adding egns (2.22) and (2.2

(‘:’:jz+ ((Z’:jz = c2[1+ k2/32 gkz_'_ 4k2y2 gsz + 9% 2 gkx+ 1&( 2 8€k
+ 4k2,8 1% e?’kZ coskx + 6%6 a 4ekZ cos2kx k % fe Skz cos3kx

+ 12k2ya éSkz coskx+ 1617{1/5 6ekz cos2kx Z%Ia{ e7kzc05kx

- 23 é(z coskx - 4k Zgz cos2kx 6ka e3kZ

- 8K élkz cos4kx

(2.25)

2

1|( oy

u T 2(0xj

91, 1. R e, 2,2 8k, g2 e, g2

cos3k:

2
oy
— = Jo( now becon
0z

+ 4k2,8 y e3kz coskx + 6%ﬁ a %kz cos2kx éR fe 5kZcoska
+ 12I<2 yva 65 kz coskx+ 16%/ '3 %kz cos2kx Zﬁkrf ﬂéz coskxB Ekkzcoskx

- 4ky gkz cos2kx — ok 352 c0os3kx €8k4ké dkas= k4 (2.26
a z= n
291 L R, 4R, e gp 2 Bk, 158 2 K

+4k2,8 y e3kZ coskx + 6%8 a %kz cos2kx @ & 552 0S8kx
+ 12|<2 yva é kz coskx+ 16%/ & 6ekz c0os2kix Z%Iaf e 7kZCOSkX - 216 eI<Z coskx

- 4dky gkz cos2kx - ok 352 coSs3kx £8k4ké dbas = k5 (2.27
then putting z= n wheny = if egn (2.19)
n = p <|e<’7 coskx+ y 291"7 cos2kx+ o 3ké7 COS3kx & 4I<’7e 0s4kx (2.28

2
% + k2,82 e2k’7 + 412 y2 ékﬂ + 9302 %k” + 16?I§2 85” + A'ﬁiye?’m coskx
c

+ 6k2/30' e4k’7 cos2kx + 12%<ya 5€k,7 coskx 1%;1(5 6kg oskx + 24I<2 aé e7k'7 coskx

- ZK[,B é<f7 coskx + y 2leq7 cos2k¥ a Sk@ casBi¥ e4k'7 cos4kx+}

2ky 92k'7 cos2kx — 4k 35'7 COS3kx <‘6k3k€ cosdkx k5 (2.29
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Substituting forp = S ié” coskx+ y 25'7 cos2kx a'e?’k'7 cos3kx+ & ék” cos4k

we have

2
92f7 + kﬁz 2kn
c

+ 4l<2y2 é‘kﬂ + glgaz gk” + 16%’2 6ek'7 + 4%]y 3('3([7 cosk

+ 6k2,6’a 4k'7 cos 2kx 8%(,6’{ 5ek’7 cos3kx l%ka' 5ké7 coskx

+ 16k2y5 Ok cos2kx+ 24%0{ 7ek'7 coskx - r2k
- 2ky %kﬂ cos2kx — ak 3'87 CcOS3Kkx E@(A'k” cosdkx = g (2.3C
% v K22 AN Do io B cosoke ek 39 sks - 6kf & cosake € (2.31)
c
(neglecting q(5’6 ) and above . Recall from (2.28)
n = B ek'7 coskx + y Zlé” cos2kx ae3k’7 cos3kx+ €& ‘ék” cos4k
Making coskx the subject of the ffaula ,
,B’ek’7 coskx = n -y 2(!:-(’7 cos2kx «a 3kg cos3k¥ e4k’7 cos4kx (2.32
coskx = ,8'1 ék” K-y zek’7 Cc0os2kx — aesk” cos3kx-¢& ék” cos4kx (2.33)
cos2kx = 20025 kx - 1 (2.34)
cos3kx = 4co3s kx - 3coskx (2.35)
cosdkx = 800% kx - 80%3 kix
) 2
cos2kx = %,8'1 ek'7 G Zek” cos2kx a Bké] 0s8kx- & e4k'7 cos4k}

=2 ,8'2 & 2K (72 + y2 &7 R okt a2 B s 3kx£2e 841 cos2ak

- 2/7ye2k’7 cos2kx - @ a 35'7 cos3kx2/7$e4k'7 cosdkx + ..) - 1
(2.36)

2,8'2/72 g2k $'2 2 281 Bs okw 2ﬁ'202e4k’7 cos? 3kx

26 52 6k7 ool 4kx—A" yn cos2kx —,szcm ki, 005344,8'25/7 KT cosakx - 1
(2.37)

+

= -2ky KT cosokx= - 2Kk n (2'2/72 g 2,8 y N 08 2kx
+ 2,8'20'2 e 08 i+ ,&2'252 RS 4k><,942y/7 cosZ

- 4,3'2 an &7 coskx -5'2 én 21 cosax -1)

= g2y p? - a2 B8

(2.38)

cog 2kx -
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4k,8'2ya'2 8K & 3kx-4,B'2y£2 K R akx ﬁk’zy% 28 cos2k
v 882 yan ¥ cosae By ep 3K aex + 2ky N

(2.39)

= -4kﬁ'2y/72 + o+ 2 (23k/7

(neglecting terms of;z?(3 ) and above)

-2 e—2k/7 2

cos2kx= 200% kx-1 = 28 n- -1

(2.41)
cos3kx= 4co8 kx-3cosk = 4,8'3é3k'7/73 - 33_1ék’7/7

(2.42)
cosdkx= 8cof kx-8cds kx = 88'4 é4k'7/74 - &3_2 é2k'7/72+ 1

(2.43)

2

Also, from eqgn (2.31, % + k2,82 e2k'7 - 2lg -2ky %kﬂ cos2kx—- 4k 3'(‘3'7 Bks

c

- 6k&E e4k’7 cos4kx = (
Substituting the values obtained ab&wecos2kx , cos3kx and cos4dkx gi\

2 ] ] ]
G 2 L o o w2y - 16kap ™3 -askesint + k222K

= 0
C2
(2.44)
. . . 2kn
Applying Taylor's series for "€
2 3. 3 4 4
2 4 8K 16K
% + Igﬁz 1 + 2R+ ,7 + ,7 + n + 0(175)
c 2 6 24
-2 - 4P yn® - 16w R -agght = 0 (24
5,2 3 6,2 4
2 4K 2k
% v 1252 a3y « WpH2 . WA ABTh
c 3 3
-2 - %y - 16apHd -agghY = 0 (246
5,2
2 _ 4k - .
(29 T Y 2kj/7 4 (2‘%32 -4k52y),72+ { 3/3 - 16kB 3]/7‘
c
6,2
2k N
¥ { o 48k{,84]/74+ k32 = o0
3
(2.47)
. - . .29 R? 2 _
Equating coefficients of powers gf; 7 : —- + 2kRB" - 2k = (2.48)

c
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proalp? - Ay = o (2.49)
= oy = 2
2 (2.50)
5 ,2
PR ¥ L s = o
6 (2.51)
= a = —,6’5 K
12 (2.52)
6,2
L A
3 (2.53)
72 (2.54)
ig = 2k -B218 = 2k(1 - B2I) (2.55)
C
g = Fka -p%K¥) (2.56)
g 1 _ 2
k @ - g2)
02 = g(l + ,8212 + (-1;(I-2)ﬁ4 Ié1 + (-1)(;)(-3),86@ + ) (2.57
2 = %(1 v 2@ + p*R 4+ g®8 ) sixth orgenase velocity (2.58)
From eqgn (2.2, n = S é<’7 coskx + y 2ek’7 cos2kx+ a 3ké7 cas3k & e4k’7 cos4kx
Recall y = “g4 @B a0 = T8 = 18P
2 12 72

1 1 1
n =B ek’7 coskx+ 5 ,84 E%k” cos2kx 1—2ﬁ5 Akglé” cosSlex72 4k'ezcos4kx (2.59

2 3 4 5
let 7 = ngB + N B+ nyB7 + ngB + nuBT + .. 2(60)

Utilising Taylor's series for ke'7 ,Zlé” ,e3k'7 ,e4k'7 and substituting in egn (2.5gives
2 3 4 5 6
noB + mB~ + nB~ + nf7 +  nBT+ ngB
3.3 4 4
1 k k
= (1 + kK + — EHZ + ooy X7 +  ..)coskx
2 6 24

2 2 3 3 4 4
1 4K 8K 16k
N3 (1 g o+ L ST T spkx
2 2 6 24
2 2 3 3 4 4
1 oK 27K 81K
K1+ 3+ oy T
12 2 6 24

2 3 3 4 4

1 16K 64K 256K

v g1 v A+ oy o T )edsa (2.6
72 2 6 24
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2 3 4 5 6
= BI1 + k(B + mB™ + noB~ + N " + nB +nghB
K2 2 3 4 5 6 ¢
v 0B+ mBT x BT+ 3BT+ 0B f
K3 2 3 4 5 6 3
+ ?(/70,3 t mBT BT+ N+ BTN BT
K 2 3 4 5 6
S YT A PR MY A VAR VA
K> 2 3 4 5 6
e R T P A F R VAR Y P ]cosk

1 4.3 2 3 4 5 6
+ E'Bk [1 + 2kfoB + mB™ + N8~ + ngB " + n,B +n5 B

v 28 goB + mB? v 0B+ gt v nBng B° S

3
4k 2 3 4 5 6
e Y Y N P R N AR NP Y y

4
2k 2 3 4 5 6
e A Y P N AR Y Y f

5
4k 2 3 4 5 6
e Y Y Py A A D ARy F 1cos2k

1 5.4 2 3 4 5 6
+ E,Bk[l + 3kfgB + mBT + NPT+ NPT+ NuBTHNg B

2
9k 2 3 4 5 6\
v 0B BT T T 0y B B ¥

1
v 5ﬁ6k5[1 v oakgoB + mB + B3+ n Bt B0 B°
2 3 4 5 6 2
v 8l 0o + mpe+ 0B+ npt e 0, Bons BV

32,3 2 3 4 5 6,3
+§k (NoB + MmB™ + NoB™ + NgB "+ NuB +ng B )

32 3 2 3 4 5 6 4 ,
+§ K @013 + Ulﬁ + ’72;3 + ’733 + ’74ﬁ g B ") ]cos4kx (2.62
. - 2 3 4 5
Equating coefficients of ., .8~ @G~ we haw
2
3. _ k™ 2 :
B ny, = (lql + 7 "0 ) coskx (2.65

2
= (k(kcof kx) + "2 s kx) dos

ny = :23I2 08 kx (2.66)
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: - e L ot = B cos 2k 2.67
L£ ng = (Iq72 ngl1 ?/70 ) coskx —2 cos 2kx (2.67)

= kx + B k+k33 k3K coex
Ny = kpycoskx 117 coskx —/70 cosalt5

3
3 k 1
= 5 kcoskx (IZ cog kx ) + :k (cosk>(|<)coszkx) (coskx + ? (coskx? coskx + 5 ?k cos 2
(2.68)
3 Kk 1
= — k?’cos4 kx + I§ co‘s1 kx + — cé‘s kxt  — 3k cos 2kx (2.6¢
2 6 2
8 1
ny = 5 k? cogf kx + 5 ﬁ cos 2kx (2.70
2 3 4
ﬁ5' = (kn +k 2+k2 + k 3 ) cosk +k4 cos 2k +k cos 3k (2.71)
1= Wizt dl2* — o1 X o Py ‘ :
31 5 4 i .
Ny = —k cos kx +— k cos kx+ — Kk cos3kx — coskx (2.72
6 24 6 4
6 3 k4 k4

: _ 2 k™ 2 3 5
B g = (kyyt K ’71’72"'7’70 ’72+7 ’70’71"'5 n g ) coskx
+(k m + k M9 )cos 2kx+ — k/70 cosSkx+— l? cos4kx (2.73)
4 72

906 13 13 1
Ny = —k5 cos6 kx + — k5 cosdkx+ — ? cos2kx — §< cgs kx Kk §:os %<x

120 24 24 24

1 3

- k5 cos2 kx + 21? cog kx- E co% ke - i cos4kix —4k 5coszkx (2.74)

2 3 4 5 5
Fromeqn (2.60, m = Png+ B™ny + B no + B g+ Byt g
Substituting fornO MpMongn 4andn5
3 8 1
n = Pcoskx + sz cos2 kx + 5[33k2cos3kx + [34(§k3cos4 kx + 5 k)’ cos 2kx

31 1 5 3
+ BS(—k4c035kx+— k‘lcos4 kx — k4 cos3kx — ﬂ coskx
6 24 6 4

906 1
+ BG( k cos kx+ k cos4kx+— l? cos2kx — 15< 0055 kx flos:?kx
120 24 24 24
1 3
- k5 cos2 kx + ZI? cog kx- E co% ke — i cos4kk— ‘rk:os 2kx) (2.75)
75
191 581
Substituting for the identities, we be: 7 = (B8 + ,83 k2 ,85 k4 ,6’3 k2) cosk
192
1 11 1 1327 235 389
+ (Eﬁz K+ ,6’4k3+ /35 K4+ - ,86k5) cos2o+ (- 382, o 54, 6k5)c053k><
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+(E,B4 k3+ ! ,85 K4 9959 ol 6 K 9cosakx +( ,B K+ 1 53 k2) cossker 2158 18 cosek
4 384 64d
4 5.6
+(7,B Kk + g% k+ ,Bk o k°) (2.76)
let a= @ + 85 & + 191 55 ¢+ 2815645, 2.77)
8’ 28" 192
let ,G:C_La+ (‘2§+ §§1+ &%H 505a+ 6c6 (2.78)

a= gat (‘2§+ §%+ 5%& 5c5a+ 6c6+:k2(cla+ %§+ §§+ &§+ 505a+ 6::6aE
+1—k(cla+ %§+ §§+ &:%+ 5c:a+ 6ca)+

(2.79) + 52k5(cla+ %§+ §§+ &‘§+ 505a+ 606aE

L Oa and ﬁz O 2&
191 581 1 11 1
n = (a+—a |<2+ 5k4 — a6 k5 )cosk:+(—a2k +—a4k3+—a5 k
8 48 192 2 6 48 384

3 235 389 1 9459
(a2 + 232514, 3896 15y osaio+ (Tat KB+ T aPKkA+ a® K2 )cosak:
8 96 384 3 192 14800
31 1 1 5
+(—a5k4 a k )cosSkx+— § I?cos6l+ ( a k + 4k3+ 5k4 — a6k5}
96 384 640 64 8
(2.80)

Shifting the axes vertically , the addé constant becomes ze Also, translating the axes laterally ly
the signs of termcontaining odd multiple of kx are reversed,we then h¢

1327
4, 2= a6 k5 ) cos2k:

191 581 g 11 1 1327
n=-(a+ —akz 5k4 —ak)cosk+( ak+—a4k3+ 5k4 k5)0052l<
8 48 192 2 6 48 384
3 235 389 1 9459
—(—a?’k2 + —a5k4+ — a6k5)0033k>t { lg’+ — g Q g E )cos’
8 96 384 4800
31 1 151
—(— 5 4 —a3k2)0055kx+ — g E’cosGk
384 640
(2.81)

1 1 5
The term %g k + é i+& %1 ﬁ——S % i ) is ignonedagree with th observed wave form by suital

choice of origin

1 11 3 235
n = - a coskx+ Eaz k+za4 k3 )cos2kx -{a3 % + Ea5 é ) c8&x

1 31 151
+ —a4k3 cos4kx - a k CcoSbkx+ — 6 l? cos6k
96 640

(2.82)
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while the term g % % Egl %ﬁ Egl %i=
8 48 192

because, a linear wave term cannot contain tenwshving the product of wavamplitude

Eqgn (2.82) is the desired sixth order Stokes wavesle. It is a superposition of the first to fifbrder in addition to
extra term having wave amplitude six times thateflinear solution.

Eliminating the additive constant by an appropriadical translation of the coordinates, the peoéif the Stokes
wave contains components of different wavelengtbpggating at the velocity c. It is no longer simidal.

Following Kinsman (1965), the expressions for thdrdl fourth order Phase speed are as follows:

2 = %(1+ ,32 k2) : Thirkder phase speed (2.83)

(¢
|

1
2 = %(1 + ﬁz k2 + EﬁA'kA' ) ; Fourth order phaspeed (2.84

The phase speed for fifth order Stokes waves asraat by Oyetunde & Okeke (2004) is:
02 = %(1 + ﬁzkz + ﬁ4k4 ) ; Fifth order phase sk

(2.85)
Journal of the Nigerian Association of Mathematical Physics Volume 17 (November, 201Q0)21 — 34
Analytic derivation of the wave profile and phase speed of ... Oyetunde, B. S.  J of
NAMP

Sixth order Stokes wave profile First,second and third order Stokes waves profile
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e --- 1st order
—+— 2nd order
FR | 3rd order
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|
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|
|
|

wave profile
wave profile
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|
|
|
|
1
8 10

x=0 to 3*pi

Fig. 1 : Sixth order Stokes waves profile. Fig. 2: First, second and thirdesrStokes waves profile

*Corresponding author; Email: oyetundebs@yahoo.cteh +2348034034720
Journal of the Nigerian Association of Mathematical Physics Volume 17 (November, 201Q)21 — 34

Analytic derivation of the wave profile and phase speed of ... Oyetunde, B. S



Fourth,fifth and sixth order Stokes waves First to sixth order Stokes waves

wave profile
wave profile

Fig. 3: Fourth, fifth and sixth order Stokes wapesfile. Fig. 4: First to sixth order Stokeawes profile

From (2.58) 02 = % (1+ ,6’2 %+ ,84 111< +,6’6 E )sixth order phase speed

Following Kinsman (1965), the phase speed in deggemcan be written in terms of wave steeprésﬁor third to
sixth orders as follows:

1
c = [i a + n252 )}2 ; Third order phaspeec (2.86)
1

c = [i @a + ]7252+27T454):|2 ; Fourth order phaspeed (2.87)
] 1

c = %(1 + n252 + 71454}2 ; Fifth order phaspeec (2.88)
: 1

c = %(1+ 252 + nsts ﬂ656ﬂ2  Sixth order phaseesy (2.89)
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Phase speed and wave steepness for 3rd, 4th, 5th and 6th order

wawve steepness

Fig. 5: phase speed and wave steepnes<’fto 8" order

Co= gh0 , hg = typical depth of shallow tea

It can be observed that the phase speed incresgies wave steepness increases from third ordexttoorder.
However the maximum wave steepness is 0.61

Findings and conclusion

As the order increases, the wave profile increaselsthe phase speed equally increases. Howevehjgher the
order, the closer the solution to the real wavdilpran the physical form in oceanography. From #dmalytical

derivation of the sixth order Stokes wave, themngoisnuch difference between the theoretical wawve fof the fifth

order and sixth order wave profile as shown ingtaph. Similarly, there might not be much differefmetween the
fifth and the sixth order in the application to titeservable physical wave form.

However, the approximate solutions at higher orgerkes might necessarily converge (breaking angajtias
observed from the analytic derivation of sixth aradhen compared with lower orders. Numerical forfthe
solutions might be of better accuracy at higheemsd
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