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Abstract

We construct the Trajectory Coherent State (TCS) an
Coherent state (CS) in the framework of the Modifie
Caldirola Kanai Hamiltonian. We also evaluate thi@imum
uncertainty relation.
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1.0 Introduction

The damped Harmonic Oscillator plays a central molthe quantum theory of lasers and masers [Ind]its
coherent state are used in describing differentldi®f theoretical physics [3]. Different theorefionethods to
construct quantum states and techniques to medisene have been developed in quantum optics andiatom
physics [4]. Glauber [5] had reviewed in his pajat the coherent states could be successfully iasqaroblem of
guantum optics. However, Glauber’'s coherent stitmare useful tools to find quantum states, espeacih an
oscillator that displace its initial wave packetlaxhibit a classical property [6].

In recent times, different authors have construtitedcoherent states for particles with variougptials. Yeon
and Um [7] have constructed the coherent statesthferdamped Harmonic Oscillator with a time-depende
frequency and coherent states for the damped Hacn@scillator [8]. Hartley and Ray [9] have evakhtand
obtained the coherent states for time-dependenndrdc oscillator base on the Invariant method ofvise
Riesenfield theory [10-11]. Nieto [12] have recgridund the wave functions of the displaced andesgad number
states for the static oscillator and [13] have toesed the coherent states for particles in a igépotential.

Different authors have also evaluated coherer¢st@it damped Harmonic Oscillators in the frame afi€ola-
Kanai Hamilton [14, 16] and the path Integral of thamped harmonic oscillator of the modified CalidirKanai
oscillator [15]. The approximate solution of then&dinger wave equation for particle in generakptials whose
space co-ordinate and momentum quantum mechamjgatttion values were exact solutions of the spoading
classical Hamiltonian equations have been congtdutty [14]. The State describing this process walted
Trajectory — Coherent State (TCS) and the consemguehtheir construction is base on the complex WK&hods
[17-19].

In this paper, we follow the approach [14, 17-18H aonstruct the Trajectory-Coherent State (TCSh of
damped Harmonic Oscillator (DHO) in the frame ofdified Caldirola-Kanai Hamiltonian [15].

The organization of the paper is as follows:

In section I, we review the Integral of motion thie modified Caldirola-Kanai Oscillator. In Sectjdfi, we
construct the trajectory coherent state of the fiemlCaldirola-Kanai Hamiltonian.

Section IV focuses on the expectation values amd uhcertainty relations while section V gives aebri
conclusion.

2.0 Integral of motion of modified Calirola-Kanai Oscillator.
We consider the quantum damped oscillator in tamé of Caldirola-Kanai model [7, 8, 11, 16], usintegral
of motion methods. The Hamiltonian of the modiftéaldirola-Kanai Oscillator is [16],
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Ht) = L gom p* + 1 mw’(t)e*™'q° (2.1)
2m 2

where m is the mass of the oscillatpis the damping coefficien] and f)are the co-ordinate and momentum

operators, and w (t) is time-dependent frequencthefoscillator. The Hamiltonian equations descabelassical
damped motion whose classical co-ordinate q(t)rmathentum p(t) takes the form.

q = pe >

p=-w()e"™q, (2.2)
and the classical equation of motion becomes

G(t) + ByCosptq(t) + W (t)q(t) =0 (2.3)

Using Equation (2.1), we write the Lagrangian a@mlmechanical energy as [9, 16]

— ~Snpp 1 22 1 2.2
L=e [qu ,™d }
E=_L gsmn p® + E mw?q’e™" (2.4)
2m 2
The Invariant method due to Lewis and Risenfield ba used to find the exact quantum states ofithe-t
dependent modified Caldirola-Kanai Hamiltonian.
One can introduce a pair of linear invariant opma{10], linear in both co-ordinate and momentuwn the
solution g(t) of Eq. (2.5),

a(t) = J‘%[eﬂm b-m)e"v)d] .

&) =—[e0b-med], 25)

wheree(t) is the solution of Eq.(2.3) and the m(t) is tllee-dependent mass defined in Eq. (2.1n48 = me™™.
The solution of the classical equation of moti¢i) must satisfy the Wronskian condition [16].

d gn, .0 O . _
mwe M et) (1) - ") ] =i, (2.6)

which make the time-dependent Commutation and ioreatperators of Eq. (2.5) to satisfy the standaodon
commutation relation at equal time,

[at).a"®]=1 (2.7)
The eigenfunctions of the operators in Eq. (2.5iven by [11, 15].
1

¥ n+
£ q
) = H .,
vnla.t) [Z"n! 217%5'5] [x/s*sj [x/Zhs*s]

. gnyt Lk
xexp qu : (2.8)
2he*
and these are the exact quantum state of the Sogeicequation [15]
. d
|ha‘/l(q,t) = Hckw(qft)! (29)
whereHis the Hamiltonian of the modified Caldirola-Kamicillator of Eq.(2.1).
The Cauchy problem arising from Eq. (2.9) is dediras [14, 19]
|O>t:0 = l//O (q,t, h)| t=0
(2.10)

=N eXp{;—(po @-q,)+ %(q - qo)z}
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whereq, = q(t)|t =0 andp, = p(t)|t =
The Trajectory Coherent State (TCS) wave functiothé solution of the WKB type [14, 16, 19]

|0) =4 (a,t. ) = N )7, (2.11)
where the normalization constant N, is given by
_(Imb A
N = o (2.12)
and
1
W) =(Z(@))2 (2.13)

where Z (t) is the classic trajectory.
The action S (g, t) in Eq. (2.11) is given as

s[a.t] = [ {a®) p(t) - H (a(t), p(t), et + p(t)(a - a(t))

1W(t)
2 Z0) (q gt )) (2.14)

WhereZ (t) andW (t) are the classical trajectories in additiomft) andp(t)

3.0 Classical Trajectory of MCK Oscillator
The Hamiltonian of Eq.(2.1) is obtained from E&4( as [15].

oL
H=2"q-L(p,at (3.1)
TR (p.a.t)
where H is t he classical Hamiltonian of the systamd the classical trajectory is defined as
C,I(t):aH(x,p,t),p(t):_aH (q,p,t). (3.2)
ap 0X

In addition to the classical trajectory Eq. (3\2§ define an additional classical traject@(y) and w(t) as
HppW(0) +H,p,Z(1) _ aq(t)
prpr_prHxx apo
Heo Z() + HW() _ ap(t)
HoqHp ~HpHg oq
Equations (3.4 — 3.3) are subjected to the follgwianditions:
0 1
Z(0) = l(qJ -z
op), b
(0)
Q(0)
Similarly, the classical Hamiltoniarqg, Hpp, Hpg andHgp are given as

Hop0) = 4 Hg pb),
q

H, () = "p H (g p.b),

9 d
H o) = ——H(q, p.t
pa (D) 3p 00 (9, p.1),

0 0
=~ 3.6
Hg () qapH(q p,t) (3.6)

Z(t)= (33)

(3.4)

W(t) =

W(0) =b+ (3.5)
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respectively.

The quantity b in Eq. (3.5) is a complex numberyimg the boundary condition$mb >0 [14, 16; 19]. The
solution to the classical equation of motion, Ex3y) is

q(t) = e A [AeiQt + Be“m] (3.7)
Using Egs (3.2 — 3.7), we obtain the following diffntial equations
q(t) = ﬁe‘”c"w [2P, SN0t +2mQCosQt + mg,SnQto(t) |, (3.8)
m

p(t) =—— ‘119 e#9M[(20(t) - 4QCosQt)p, +m(0?(t) +4w?)g,SnQt ,(3.9)

2y=290 = 1 s rgnqt + 2macosot + Mo Snat |, (3.10)
op 2mQ b

W(t) = M) _ 1 oo 20(t) —4QCosQt b +m(a2 )+ 4w2) snat |,
aq -4Q

(3.11)
where o(t) = —Bycospp + BZy*tsinBprand Q(t) = (W2 t) - % y? );/2 and Egs. (3.10 - 3.11) becomes
Z(0) =1

W)= b (3.12)
[_1a
4 2
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whereg = y( ) and w(0) reduces to the result of Ref. {Bgwhena — O.
2w(0

The annihilation operataa(t) and creation operatd” (t) in terms of the trajectories z(t) and w(t) areegivoy
[14, 19].

L
2

a(t) = (2n1mb)

{z)(p - p)) - wt)(x - x))},

&' (t)=(2nImb) {z*(1)(p- p(t)) -w*() (X-x(9 )} (3.13)
and they satisfies the commutation relation

[a, a*] =1 (3.14)
The eigenfunction of the trajectory coherent stait@ its coherent counterpart are defined as [14, 16

n)=(n) (&) |0), (3.15)

o) =), (3.16)

respectively.

4.0 Expectation Values and the Uncertainty Relations
The co-ordinate and momentum operators in termtheffour classical trajectories q(t), p(t), z(t)daw(t) are
expressed as
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a) = ) - — {204 1) - 2* WA},
2Imb )2

25y

——{wma m -w(yay},

1
(Zlmb)z
n

The expectation values and the uncertainty relatifox the trajectory and coherent state are defibgdhe

following relations:
() =aM),  (P)re = PO),
(6),, = a®) ~———{a* w(t) - aw* ()},
2lmb )2
)
(6 =0+ e oy
<p > =p (t)+—[n+ j|w(t)| (4.2)

using Egs. (3.8 — 4.2), we obtain the uncertaintypiosition for trajectory coherent state (TCS) anterent state

(CS) as
(862 )hes = (@), . = (A0 s

B(t) = p(t) - (4.1)

h(n+%) h(n+%) 1
= W‘Z(t)‘z = e-zytcos/?rt W{l_'_?
{1+ Ug) [02(;))2 —az}sinz ot + ; [1+ U;t)jsin ZQt} , (4.3)

where Imb =umQ and the coherent state (CS) is obtained from£8) (vhen n- 0, and we obtain.
h 2
(bg7). = 22 e-z,mﬁy{“ L 20 (20 oz anars 214 20 si mt} (4.4)
a’

Im b 6 26
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Similarly, we obtain the uncertainty in momentum tfee trajectory coherent state (TCS) and cohesteté (CS) as

<Aﬁ>ms = <P2>TCS - <p>$°5 - wwa) (n ' y}, " b[1+ {(U (t)]

Q

+£03(t) +o(t)+-— Lo (zt) *7° 2(t) +£—9 }siant—(£+ Hstin Z)t} . (49
2 02 16 Q ue 2
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N 1]1(02®)) |, 10°1) 100 .1,
<Ap>cs_2|mb[1+t92{4[ Q J +4 Q? +U(t)+16 Q? +4U ©

& _lsinar-[ 2 | 4.6
+—> -0 lsinfQt-| Z+ & |sinXt | (4.6)
7, 2
wheref = pQ anda = mQ in Eqgs. (4.3 — 4.6).

The uncertainty relation is obtained for the trigeg coherent state (TCS) and coherent state (@®) Egs. (4.3 —
4.6) as

<ApAq>TCS =h[n+;j[1+a12{ +ag)+[02(;)j -a }Sln Qt+a[ (t)jsszt}

x[1+12{1+[02(t)J MECAOR IR A ONE PU U H}Siant —(Lenjsinzﬂt}z,
g2la | Q 4 Q? 16 Q 4 L 2

4.7)
or we simplify Eq. (4.7) in the form

(DpAQ), . = h[n + )[1+ /\(t)]z
(4.8)

At) = [1{ (” (t)] las(t)+0’(t)+104(t)+02(t)+f;22—¢92}

where

6° Q 4 Q° 16 Q° 4
2

+12{ +a(t)+[a(t)] —aszinZQt{ (1+J(t)j (1+6£)ﬂsin2§2t
a 0 20 al” 20) (2
N SO - O s 190, 0, F

ad® |4 Q 4Q° 16 Q2 4 @8

2

_12(1+69]{1+0(t)+(0(t)] —aszinZQtsiant—l[Hamj
a*\2 6 20 al” 26
[beanfsmans b oo (0] o [i(e0) 20
2 a’6 6 26 4 Q 4Q

4 2 2
g (t2)+a (t)+‘9—2—02 sin® Qt
16Q 4

+o(t) +

and
(BpDq) = g[(1+ Az,

(4.9)
Equations (4.8) and (4.9) are the minimum uncetyaielation for the trajectory coherent state (T@8J coherent
state (CS) respectively.

\Y CONCLUSION
We have constructed the trajectory coherent gfa€@&S) and coherent state (CS) using the modified

Caldirola-Kanai Hamiltonian. These states obeyrfiir@mum uncertainty relation, Egs. (37), and (48Yhen/A(t)
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- 0, we obtain the uncertainty relation of the siendarmonic oscillator. We conclude that the trjaccoherent
state (TCS) and coherent state (CS) for the darhpadonic oscillator with time-dependent frequenegdibed by
the modified Caldirola-Kanai Hamiltonian construttove satisfy the basic properties of trajectamiyerent state
(TCS) and coherent states.
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