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Abstract

In this paper, we provide a supersymmetry methodfadtorization of
general Heun’s (GH) and confluent Heun's (CH) opetars.
Supercharges and superpartners defining the undgrig superalgebra
are explicictly obtained.
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1. Introduction
The General Heun'’s differential equation GHE isatural extension of the Riemann hypergeometricedhffitial
equation which can be written as [3]

R(2Y' (2 + R(2Y (2 + P(2)y(2) =0,
(1.2)
where R(Z) are arbitrary polynomials of degrééi =3, 2,]) in the complex variable . Replacing the variable
Z by the variableXx, the above equation reads as
x(x-1)(x-a)D?y(x) +y(x-1)(x - a)+dx(x - a)+Ox(x~ 1) Dy x)+[aBx-q] y )= 0,
(1.2)
where D Z%, {a, B,y,o[] ,a,q} (a z 0, I)are parameters, generally complex and arbitrankeli by the

Fuschian constraingr + f+1 =)+ 0+ []. This equation has four regular singular point{ @1, a,oo} , with

the exponents of these singularities being resmiyti{o, 1,—y} ,{ 0, 1—5} ,{ 0, ﬂ:D} and {a ,8} The

equation (1.2) through some confluent processasstorms into other multi-parameter equations, dbecalled
Confluent Heun'’s differential equation (CHE) [3]

20+a(B+y+2)) x+2y+LB+(y-a)(f+
Dzy+(a+ﬂ+1+y+1ij+( (B+y+2) x+ 2+ B+(y-a)(5+])
X x—-1 2x(x-1)
(1.3)
In the recent work [1], the concept of factorizatimethod, supersymmetry quantum mechanics (SUSY §id)

shape invariant techniques have been extendeditm&tiouvulle (SL) equations to solve Schrédingguations. In
the present work this concept shall be extendebet@eneral and confluent Heun's differential emumat

y=0;

2.0 Factorization of GH, CH, Operators

2.1 General Method of Factorization of SL Operators

In this section, we extend to GH and CH operatioesgeneral method of factorization of SL operattageloped in
the work [1] to construct new solvable potenti&er a matter of convenience we first briefly re¢h# results of

[1].
2.2 Brief Review of General Method of Factorization of SL Operators
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Following [1], the concept of factorization methegs extended to SL equation, using SUSY QM formalis
Consider the one-dimensional second order diffexleetuation.

Ho=§&, o, ®'0AC,(Ja b),

(2.1)

where H :—a(x)d—2 - r(x)i +V (X)L
dx? dx

L i e—

*Corresponding author: anjomaths@yahoo.com, +P848025818386, +2348033809538

& is a constant, g(X), 7(X) and V(x) are real functions defined on the open interval
(]a, H) O Rand AC,, (a, b) is the set of local absolute continuous functiginen by

AC,.(a, b)={f0AC[a,,.8].0[a,.8]0(a,b), [a,.B,] compact}.
2.3)

ACla,, B,] = { foc[a, B.] f(x)= f(a,)+ J':lg(t)dt, g0:L'[a, ,,81]}[

(2.4)
The suitable Hilbert spadé = | 2 ([a, b] , p(x)dx) with the inner product defined by means of a negative

weight function o(X) on ([a, b]) ;

(u,vy = I:U(x)u(x)p(x)dx, u(x), v(x)0H,

(2.5)
wherelU is the complex conjugate &f.
The purpose of this section is to introduce a fé@ation model with an annihilator operator of them

A=k(a) [% +W(x)]

(2.6)
with domain: D (4) = {ueH, ku' + kWueH }
(2.7)

where k and W are continuous functions or(]a, H) We infer that D(A) is dense inH since
H*? ([(]a, H):I, ,O(X)dx) is dense inH andH 2 ((]a,b[), p(x)dx )O D(A) where H™(Q) is a
Sobolev space of indice{sm, n} . The operatorA is closed irH. The adjoint operatoA+ is given by [1]

D(A")={vOn|00 Ony: (Au,v) = (Au, V)OuOD(A), Au=0.

(2.8)
The explicit expression of As given through the following theorem

Theorem 2.1[4] Suppose the following boundary condition
k(x) o(X) u(x)u(x)|> =0, DuOD(A)and vOD(A"),

(2.9)
is verified. Then the operator’ &an be written as

A = k(x)[—i +W(x) + ,u(x)},
dx
(2.10)
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where £/(X) is a real continuous function defined p§(X) = = In [k(x) p(X)] [

Let H, and H ,be the product operatoA” A and AA", respectively,
H, =A"A, H,=AA",

with the corresponding domains
D(H,) = {u OD(A"),v = AuOD(A") and A'w O} ,

D(H,) ={uD D(A"),v = A'uDD(A) and AvOHI} O

(2.12)
Remark that

H*2(Ja, b[, p(x)dx) O D(A) O D(A"),
D(H,), D(H,) O H22(]a, b, p(x)dx)0
We infer that D(Hl) and D(HZ) are dense irH. Furthermore, the following theorem gives the &ddal

conditions to subject to the functions & and the potential V so that the operatdr factorizes in terms of

Aand A",

Theorem 2.2[4] Suppose that
(i) k and i are related tar and 7 as:

k* =0; k(K'-ku)=r1;
(2.13)

(ii) the potential functiorV is related to th&\V by the Riccati type equation
V-§&=0(W-W)-1w.

(2.14)
Then the operatorsl, , are self-adjoint and
H,=A'A=H-¢, = —ao'—z—riﬂf(w2 -W) -7,
d  dx
H, = AA" = —U'd—2 9y U(W2 +Wl) +(7-0" )W +k(kp)".
? d® - dx

(2.15)
Let us remark that the conditidn(k' - k,u) =T of (2.14) can be deduced from the Pearson equdsfined in

[4] and the constraink? =0 . By means of the operatoAand A", we can form a superalgebra as follows;
{Qi ) Qj}: QQ;+Q;Q =HJ;, [Hss’ Qi]:O; i,j=12

where le(Q”fQ_)/\/E and sz(Q+_Q_)/i\/§
with . _(0 A -_(0 O A'A 0
= , = S H. = r
oefo s o lha) meGh
(2.16)
We can rewrite the operatoH, , as
2 2
H1 = A+A:—0'd—2—l'i+vl, and H2 = AA" :_Ud—z_Ti"'Vz,
dx dx dx dx
(2.17)
where
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V, =a(W?-W')-1W, V,=g(W?+W')-(r -0 )W+ k(ko)
(2.18)
It clearly appears that SUSY QM is extended to $erators. We design here the operatprs H, as SUSY
partner.V,,V, are SUSY partner potentials. We shall denote uariorms of corresponding superpotentials and
patnerpotentials of GHE, CHE, by GHEWHEW and GHEY respectively andj =1,--- k. The integerk
depends on the number of the corresponding solutiong ¢tdelin’s equation and its confluence form.

2.3 Factorization of General Heun’s (GH) Differential Operator
The second order differential operators corresponding to @B#s as

HCSE = —x(x-1)(x-a)D?- (y(x-1)(x-a) + x(x - a)
+0 (x—l)x)D -(afx-q),
(2.19)
having the following factorization characteristics

(1) o =x(x-1)(x-a), k? = x(x-1)(x - a) which impliesk =+/X(x-1)(x—a).
(2) r=(y(x-1)(x-a)+ dx(x-a)+0x(x-1)),
3) V=-(aBx-0q),
1/2-y 1/2-6  1/20
4) U= + +
X x-1 X—a
The operatorH factorizes into two first order differential operatod = k(X)(D +W(X)) and

L

A" =k(x) (—D +W(X) + ,u) . The operatoH , also could be expressed in termshdf , as
H, =-0(X)D*-1(X)D +V,(X), H,==0(X)D* —7(X)D +V,(X),
(2.20)
Vi(x) =0 (W -W')-1W, V,(x)=(W? +W') - (1-0")W +k(ka)
(2.21)
Letting V, =V —¢&,whereé, = Oand W =-Z' &k )/z & | into the Riccati equation o¥,, we obtain the

original GHE equation given below
X(x=1) (x—a)D*z+(y(x-1) (x—a)+ dx(x—ay Ox(x—1)Dz+ @Bx-q)z= 0 (2.22)

which admits 192 local solutions [2] corresponding t@ &9perpotentials
GHEW, =—(nz;(x), j=12--,192,
where z; are the solutions of (2.22). Similarly, the correspongiagner potentials are obtained by substituting the

various superpotentials into
GHEV,, = x(x-1) (x - a) (GHEW? + GHEW}) + ((a-a) (x-1) (y - 1)
+ X(x—1) (0-1) +x(x - a))GHEW,

2

N (1/)2(‘1’) (-3/2(x 1) (x - a) +1/2(x(x - 1) + x(x — a)))

. ((1x/ 3_15) (11 2((x-1) (x-2) + x(x~a)) -3/ 2x(x~1))
« L2290 17 2(x -1 (x =2 + x{x-1) - 3/2x(x-a)}
(x-a)
i=1 2,...,]_92' (2.23)
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The operator GH factorizes as

A=ex(x-1) (x-a) (D +GHEW, (%)), (2.2
A" =g /x(x-1)(x-a) (— D +GHEW, (X) + 1/2X_V+ 1/X2_"15 + 1)/(2__:];
j=1 2,192, 0=+ 1 (2.25)

2.4 Factorization of confluent Heun’s (CH) Differential Operator

The second order differential operator corresponding to (&dés as
= x(x~)D* - (@x(x - D+ (B+D(x -+ (y+1)x)D
HE@ +a(B+y+2)x+ 27+ f+(y-a)(B+))
2 (2.26)
having the following factorization characteristics

Q)  o=x(x-1), k* = x(Xx—1) which impliesk = £/x(x-1),
2) r=(B+H)(x-D+ax(x-1+ x(+1),
@ o |(20raBry2)xt 2+ pr y-a) )

> :

(4) 1-F, 2y

The operator H factorizes into two first order differential operatorsA=k(x)(D+W(x)) and
A" =k(x) (-D +W(x) + ) . The operatoH , also could be expressed in termspf, as
H,=-0(X)D? -1(X)D +V,(x), H,=-0(X)D? —=1(X)D +V,(x), (2.27)
V,(X) =o(W? =W —1W, V,(x)=cW?+W?*) - (7 - )W +k(ka)'. (2.28)
Letting V, =V - &, whereé, = Oand W =-Z & )/z & | into the Riccati equation of,, we obtain the original
CHE equation given below

D22+(a+'g+1+y+1jDz

X x-1
Jeora(Bry+)x+2n+ B+ -a)(B+D)
2x(x-1) (2.29)

The five parameter%a, BV, 6,{} CHE equation (2.29) together with the three paramétp,re, r} equation in
[5] has the following relationg® = 4p?, B2 = 4( 1- T+ rz) P,

V' =4y,0=2(1-0)p’-a and n= (I - 2p 2-7- 3. At these values dfa, B,y, 9,¢} , the CHE admits
Liouvillian solution, for g? # 72,

z= \/Xli_l((w(,u* NV 2AX) +A(T-0) W( -1, v, 2/1x)))C2
+ AT+ )MV, 2Ax) + (1-0)A)-v) M(u -1 v, 2AX))C,),
(2.30)

where (/' =A(l-0)+1/2 andv=+7"- Z+ 1C, an€, are constants andM and W are Whittaker’s
functions. The corresponding superpotential read as
CHEW, (x) =—(In z(x))".

(2.31)
The associated partner potential read as
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CHEV,(X) = Xx(x-1)(CHEW} + CHEW,)
+((x-1)(B-1 +ax(x-1) + (y—2))CHEW,

(B-D(x-D X(y-2)j[
X x-1

+ [1/2(2)(—1)+

(2.32)
The operator CH factorizes as, fo=% 1,

A= &\/x(x~1) (D + CHEW, (x)),

(2.33)
A" = £\JX(x-1) (-D+ CHEW, (x)+l_x’3 " i‘_’l’_ o
(2.34)

2.5 Underlying Superalgebra

By means of various forms ofA andA" , we check the superalgebra for commutativity. Let us denote the

corresponding supercharges b){ and Q;, j=1- k, where K depends on the number of solutions of the
corresponding Heun’s equation. By earlier definition theespronding supercharges are

o = 1/\5(0 k(x) (-D + G(C)HEW, (x) + ,u(x))J
j K(X)(D +G(C)HEW, (x)) 0

Q= 1/ﬁ[0 k(x) (=D + G(C)HEW, (x) + ,U(X))J (2.35)
j ~K(X)(D + G(C)HEW, (x)) 0

whereKk(X) and i are different for GHE and its confluent. Evaluat{ngf, Qf} =
QQ +QQ,e=+=¢, and commutatorEHSq, , Qf], i =1,2, we have
L [AA 0 ) T4 o _
{Q.Q} =9 [0 an | JHe. [Hg Q i=12=H,Q-QH =C  (236)
e
AA O

where qu =
0 A Aj+

] . HenceQ™ Q° define supercharges of the system.
j=1- k

3.0 Concluding Remarks

In this paper, we have extended the method of SWUBY factorization of SL operators to those of Heun'’s
differential operators. Solvable potentials wer¢adied. The factoring operators fulfill superalgeblt is obivious
in these cases that the potentials obtained sardéanot shape invariant but of supersymmetry inneat
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