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Abstract 
 

In this paper, we provide a supersymmetry method of factorization of 
general Heun’s (GH) and confluent Heun’s (CH) operators. 
Supercharges and superpartners defining the underliying superalgebra 
are explicictly obtained. 
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1. Introduction  
The General Heun’s differential equation GHE is a natural extension of the Riemann hypergeometric differential 
equation which can be written as [3] 

 3 2 1( ) ( ) ( ) ( ) ( ) ( ) 0,P z y z P z y z P z y z′′ ′+ + =   

 (1.1)  

where ( )iP z  are arbitrary polynomials of degree ( )3,2,1i i =  in the complex variable z . Replacing the variable 

z  by the variable ,x the above equation reads as 

( ) ( ) ( ) ( ) ( ) ( ) [ ]21 ( ) 1 1 ( ) ( ) 0x x x a D y x x x a x x a x x Dy x x q y xγ δ αβ− − + − − + − +∈ − + − = , 

 (1.2)   

where { } ( ), , , , , , , 0, 1d
dxD a a q aβ γ δ= ∈ ≠ are parameters, generally complex and arbitrary, linked by the 

Fuschian constraint 1α β γ δ+ + = + + ∈ . This equation has four regular singular points at { }0, 1, ,a ∞ , with 

the exponents of these singularities being respectively, { } { } { } { }0, 1, , 0, 1 , 0, 1 ,andγ δ α β− − − ∈ . The 

equation (1.2) through some confluent processes, transforms into other multi-parameter equations, the so-called 
Confluent Heun’s differential equation (CHE) [3] 
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 (1.3)         
In the recent work [1], the concept of factorization method, supersymmetry quantum mechanics (SUSY QM) and 
shape invariant techniques have been extended to Sturm-Liouvulle (SL) equations to solve Schrödinger equations. In 
the present work this concept shall be extended to the general and confluent Heun’s differential equation.  
 
2.0  Factorization of GH, CH, Operators  
2.1   General Method of Factorization of SL Operators     
In this section, we extend to GH and CH operators the general method of factorization of SL operators developed in 
the work [1] to construct new solvable potentials. For a matter of convenience we first briefly recall the results of 
[1].  
 
2.2 Brief Review of General Method of Factorization of SL Operators  
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Following [1], the concept of factorization method was extended to SL equation, using SUSY QM formalism. 
Consider the one-dimensional second order differential equation.   

( ), , ] , [ ,locH AC a bξ ′Φ = Φ Φ Φ ∈              

 (2.1)  

where     
2

2
( ) ( ) ( )

d d
H x x V x

dxdx
σ τ= − − + ⋅         

 (2.2) 
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ξ  is a constant, ( ) , ( ) ( )x x and V xσ τ  are real functions defined on the open interval 

( ) ( )] , [ ,loca b R and AC a b⊆  is the set of local absolute continuous functions given by 

 [ ] [ ] ( ) [ ]{ }1 1 1 1 1 1( , ) , , , , , ,lo cA C a b f A C a b co m p a c tα β α β α β= ∈ ∀ ⊂ ,            

 (2.3) 

 [ ] [ ] [ ]{ }
1

1
1 1 1 1 1 1 1, , , ( ) ( ) ( ) , : ,

x
A C f C f x f a g t d t g L

α
α β α β α β= ∈ = + ∈ ⋅∫             

 (2.4) 
The suitable Hilbert space ℍ [ ]( )2 , , ( )L a b x d xρ=  with the inner product defined by means of a non-negative 

weight function [ ]( )( ) ,x on a bρ : 

 , ( ) ( ) ( ) , ( ) , ( )
b

a
u u x x x dx u x xυ υ ρ υ= ∈∫ ℍ,            

 (2.5) 
where u  is the complex conjugate of u . 
The purpose of this section is to introduce a factorization model with an annihilator operator of the form  

 ( ) ( ) ,
d

A k a W x
dx
 = +  

        

 (2.6) 
with domain:  ���� � ��	ℍ, ���  ���	ℍ  �       
 (2.7) 

where k and W are continuous functions on ( )] , [a b . We infer that ( )D A  is dense in ℍ since 

( )( )1,2 ] , [ , ( )H a b x dxρ    is dense in ℍ and ( )( )1,2 ] , [ , ( ) ( )H a b x dx D Aρ ⊂  where 
, ( )m nH Ω  is a 

Sobolev space of indices { },m n . The operator A  is closed in ℍ. The adjoint operator 
+A  is given by [1] 

   ( ) {D A υ+ = ∈ℍ υ∃ ∈ℍ}: , , ( ) ,Au Au v u D A Aυ υ υ+= 〈 〉∀ ∈ = .           

 (2.8) 
The explicit expression of A+ is given through the following theorem  
 
Theorem 2.1 [4] Suppose the following boundary condition   

 ( ) ( ) ( ) ( ) 0, ( ) ( )b
ak x x u x x u D A and D Aρ υ υ += ∀ ∈ ∈ ,                        

 (2.9) 
is verified. Then the operator A+ can be written as     

 ( ) ( ) ( ) ,
d

A k x W x x
dx

µ+  = − + +  
                       

 (2.10) 
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where ( )xµ  is a real continuous function defined by [ ]( ) ln ( ) ( )d
dxx k x xµ ρ= − ⋅  

Let 1 2H and H be the product operators A A and AA+ +
, respectively,  

              1 2, ,H A A H AA+ += =  

with the corresponding domains   

 
( ) }{
( ) }{

1

2

( ) , ( ) ,

( ) , ( )

D H u D A Au D A and A

D H u D A A u D A and A
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υ υ

+ + +

+ +

= ∈ = ∈ ∈

= ∈ = ∈ ∈ ⋅
            

 (2.12) 
Remark that  
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21
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We infer that ( ) ( )1 2D H and D H  are dense in ℍ. Furthermore, the following theorem gives the additional 

conditions to subject to the functions of k  and the potential V so that the operator H  factorizes in terms of 

Aand A+
. 

Theorem 2.2 [4] Suppose that  
(i) k and µ  are related to andσ τ  as:  

         ( )2 ; ;k k k kσ µ τ′= − =                   

(2.13) 
 

(ii)  the potential function V  is related to the W  by the Riccati type equation  
  ( )2

0V W W Wξ σ τ− = − − .                 

(2.14) 

Then the operators 1,2H  are self-adjoint and  

  ( )
2

2
1 0 2

,
d d

H A A H W W W
dxdx

ξ σ τ σ τ+= = − = − − + − −  

  ( ) ( )
2

2 1
2 2

( ) .
d d

H AA W W W k k
dxdx

σ τ σ τ σ µ+ ′ ′= = − − + + + − +             

 (2.15) 

Let us remark that the condition ( )k k kµ τ′ − =  of (2.14) can be deduced from the Pearson equation defined in 

[4] and the constraint 2k σ= . By means of the operators Aand A+
, we can form a superalgebra as follows;  

  
{ } [ ] 2,1,;0,,, ===+= jiQHHQQQQQQ issijssijjiji δ

, 
where   ( ) ( )1 2/ 2 / 2Q Q Q and Q Q Q i+ − + −= + = −  

with   0 0 00
, ,

00 0 0
ss

A AA
Q Q H

A AA

++
+ −

+

    
= = = ⋅          

              

 (2.16) 

We can rewrite the operators 1,2H  as  

  
2 2

1 1 2 22 2
, ,

d d d d
H A A V and H AA V

dx dxdx dx
σ τ σ τ+ += = − − + = = − − +            

 (2.17) 
where  

� 

� 
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  ( ) ( ) ( ) ( )2 2
1 2,V W W W V W W W k kσ τ σ τ σ σ ′′ ′ ′= − − = + − − +             

 (2.18) 
It clearly appears that SUSY QM is extended to SL operators. We design here the operators 

1 2,H H  as SUSY 

partner. 
1 2,V V  are SUSY partner potentials. We shall denote various forms of corresponding superpotentials and 

patnerpotentials of GHE, CHE, by GHEWj, CHEWj and GHEVj respectively and 1, ,j k= L . The integer k  

depends on the number of the corresponding solutions of the Heun’s equation and its confluence form.  
 
2.3 Factorization of General Heun’s (GH) Differential Operator  
The second order differential operators corresponding to GHE reads as  

(
) ,)()1(

)()()1()()1( 2

qxDxx

axxaxxDaxxxH GHE

−−−∈+
−+−−−−−−=

αβ
δγ

            
 (2.19) 

having the following factorization characteristics  

(1)    2( 1) ( ) , ( 1) ( )x x x a k x x x aσ = − − = − −  which implies ( 1) ( )k x x x a= ± − − . 

(2)    ( )( 1) ( ) ( ) ( 1) ,x x a x x a x xτ γ δ= − − + − + ∈ −  

(3)    ( ) ,V x qαβ= − −  

(4)    
1/ 2 1/ 2 1/ 2

1x x x a

γ δµ − − − ∈= + + ⋅
− −

 

 The operator H  factorizes into two first order differential operators ( )( ) ( )A k x D W x= +  and 

( )( ) ( )A k x D W x µ+ = − + + . The operator H , also could be expressed in terms of 1,2H  as  

 
2 2

1 1 2 2( ) ( ) ( ), ( ) ( ) ( ),H x D x D V x H x D x D V xσ τ σ τ= − − + = − − +           

 (2.20) 

 ( ) ( ) ( ) ( )2 2
1 2( ) , ( )V x W W W V x W W W k kσ τ σ τ σ α ′′ ′ ′= − − = + − − + ⋅           

 (2.21) 

Letting 1 0 0where 0 ( ) / ( )V V and W z x z xξ ξ ′= − = = −  into the Riccati equation of 1 ,V  we obtain the 

original GHE equation given below 
       ( )2( 1) ( ) ( 1) ( ) ( ) ( 1) ( ) 0x x x a D z x x a x x a x x Dz x q zγ δ αβ− − + − − + − + ∈ − + − =   (2.22) 

 
 
which admits 192 local solutions [2] corresponding to 192 superpotentials 

( ) ,192,,2,1,)(ln L=−= jxzGHEW jj  
where jz  are the solutions of (2.22). Similarly, the corresponding partner potentials are obtained by substituting the 

various superpotentials into  

 

( ) (
) j

jjj

GHEWaxxxx

xaaGHEWGHEWaxxxGHEV

)()1()1(

)1()1()()()1( 12
2

−+−∈−+

−−−++−−= γ

 

  

( ) ( )( ))()1(2/1)()1(2/3
2/1

2
axxxxaxx

x
−+−+−−−−+ γ

 

  
( )( ) ( )( )12/3)()1(2/1

)1(

)2/1(
2

−−−+−−
−

∈−+ xxaxxaxx
x  

   
( )( ) ( )( );2/31)()1(2/1

)(

)2/1(
2

axxxxaxx
ax

−−−+−−
−

−+ δ

 
   192,,2,1 L=j .                 (2.23) 
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The operator GH factorizes as  

  
( ),)()()1( xGHEWDaxxxA j+−−= ε

              (2.24) 

  
;

2/1

1

2/12/1
)()()1( 








−

∈−+
−
−+−++−−−=+

axxx
xGHEWDaxxxA j

δγε
 

  1, 2, ,192; 1.j = ∈= ±L                  (2.25) 

 
2.4 Factorization of confluent Heun’s (CH) Differential Operator  

 
The second order differential operator corresponding to CHE reads as  

  

( )
( )

,
2

)1()(2)2(2

)1()1)(1()1()1( 2

+−++++++−
++−++−−−−

βαγβηγβαδ
γβα

x

DxxxxDxx

             (2.26) 
having the following factorization characteristics  

(1) 
2( 1), ( 1)x x k x xσ = − = −  which implies ( 1) ,k x x= ± −   

(2) ( 1) ( 1) ( 1) ( 1) ,x x x xτ β α γ= + − + − + +  

(3) ( )2 ( 2) 2 ( ) ( 1)
,

2

x
V

δ α β γ η β γ α β + + + + + + − +
= −  

  
 

(4) 1 2

1x x

β γµ α− −= + − ⋅
−

 

 
The operator H factorizes into two first order differential operators ( ) ( ( ))A k x D W x= +  and 

( ) ( ( ) )A k x D W x µ+ = − + + . The operator H , also could be expressed in terms of 
1,2H  as  

 ,)()()(,)()()( 2
2

21
2

1 xVDxDxHxVDxDxH +−−=+−−= τστσ              (2.27) 

 .)()()()(,)()( 12
2

12
1 ′+′−−+=−−= αστστσ kkWWWxVWWWxV             (2.28) 

Letting 
1 0 0where 0 ( ) / ( )V V and W z x z xξ ξ ′= − = = −  into the Riccati equation of 

1 ,V  we obtain the original 

CHE equation given below  

 
zD

xx
zD 








−
+++++

1

112 γβα
 

 

( )
⋅=

−
+−++++++

+ 0
)1(2

)1()(2)2(2
z

xx

x βαγβηγβαδ

              (2.29) 

The five parameters { }, , , ,α β γ δ ξ  CHE equation (2.29) together with the three parameters { }, ,p σ τ  equation in 

[5] has the following relations ( )2 2 2 24 , 4 1 2 ,p pα β σ τ= = − +  

( )2 24 , 2 1 (2 2) 2p and pγ γ δ σ α η σ τ β= = − − = − − − . At these values of { }, , , ,α β γ δ ξ , the CHE admits 

Liouvillian solution, for 2 2 ,σ τ≠  

 
( )( ) 2

** )2,,1()()2,,(
1

1
CxvWxvW

x
z λµστλλµ −−+

−
=

 

    ,)))2,,1()))1(()2,,()(( 1
** CxvMvxvM λµλσλµστλ −−−+++             

 (2.30)   

where * 2
1 2(1 ) 1/ 2 and 2 1, andv C Cµ λ σ τ σ= − + = − +  are constants and M  and W  are Whittaker’s 

functions. The corresponding superpotential read as  
 ( ) (ln ( )) .jCHEW x z x ′= −                              

 (2.31) 
The associated partner potential read as  

=CHEH  
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)()1()( 2

2 jj WCHECHEWxxxCHEV ′+−=
 

            
( ) jCHEWxxx )2()1()1()1( −+−+−−+ γαβ

 

           ( 1) ( 1) ( 2)
1/ 2(2 1)

1

x x
x

x x

β γ− − − + − + + ⋅ − 
                        

(2.32) 
The operator CH factorizes as, for 1,ε = ±  

 
,))(()1( xCHEWDxxA j+−= ε
                 

 (2.33) 

 1 2
( 1) ( ( ) )

1jA x x D CHEW x
x x

β γε α+ − −= − − + + + − ⋅
−

              

 (2.34) 
 
 
2.5 Underlying Superalgebra  

 
By means of various forms of and ,A A+  we check the superalgebra for commutativity. Let us denote the 

corresponding supercharges by , 1, , ,j jQ and Q j k+ − = L  where k  depends on the number of solutions of the 

corresponding Heun’s equation. By earlier definition the corresponding supercharges are  
 

 











+
++−

=+

0))()()((

))()()(()(0
2/1

xHEWCGDxk

xxHEWCGDxk
Q

j

j

j

µ

  

 
0 ( ) ( ( ) ( ) ( ))

1/ 2
( )( ( ) ( )) 0

j

j
j

k x D G C HEW x x
Q i

k x D G C HEW x

µ
−

− + + 
=   − + 

      (2.35) 

where ( )k x  and µ  are different for GHE and its confluent. Evaluating { },i jQ Qε ε ′ =  

, ,j j j iQ Q Q Qε ε ε ε ε ε′ ′ ′+ = ± =  and commutators , , 1,2,ssj iH Q iε  =   we have  

{ } 0
, , , 1, 2 0

0

j j

i j ij ij ss ssj i ssj i i ssj

j j

A A
Q Q H H Q i H Q Q H

A A
δ δ

+
−

+

 
  = = = = − =  

 

          (2.36)  

1, ,

0
where . Hence, ,

0

j j

ssj i i

j j j k

A A
H Q Q

A A

+
− +

+

=

 
 =
 
  L

define supercharges of the system.  

 
3.0   Concluding Remarks  
 
In this paper, we have extended the method of SUSY QM factorization of SL operators to those of Heun’s 
differential operators. Solvable potentials were obtained. The factoring operators fulfill superalgebra. It is obivious 
in these cases that the potentials obtained so far are not shape invariant but of supersymmetry in nature.   
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