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Abstract

It is sometimes difficult to predict that a particular material will be out of
stock at a particular time. This uncertainty can be avoided by deriving a
probability distribution of stock-out. Let us assume that the stock-out of
material occur only at the end of a certain period, say t. This paper derives
a probability distribution theory of stock-out at timet which minimizes the
total cost involved for the planning and procurements of material within a
production cycle. A control policy to sustain the system when the inventory
cost isafunction of timewith a known depreciation valueis presented.
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1.0 Introduction

Material requirements planning (MRP) system becameominent approach to managing the flow of raw
material and components on the floor of industryhia late 28 century. In 1985, it was estimated that
between 2000 and 5000 American companies used MRRoduction schedules [10]. Since then, research
in the area of MRP has received global attenti®h.examined the performance of an extended MRP
approach for a hybrid single-stage production/mactuiring system with external return flows. [2]
extended the MRP system to include procurementsdas@yned a policy to sustain it. This policy was
validated by proving that ‘when the average cogtwthasing orders exceeds the purchasing costabf e
material (item) at stock-out despite the discouptiates, procurements of each item at stock-oubrbes
optimal’.

While MRP accuracy depends on the accuracy okstatus, several commentators [3], [4], [6], [AHa
[9] expressed concern about the state of MRP ieritary control system. Thus, research in this &ea
gaining global momentum by the day.

2.0 A Probability Distribution Theory of Stock-out:

When there is material stock-out either causgdhe stochastic nature of demand [3], wear-out, o
damage, the expected number of stock-out incorpdrato the MRP policy will make MRP design more
appropriate. When this is done, the procuremeritypadhat will minimize cost of purchasing ordersllwi
make MRP optimal and is called Material Requirersd?ianning and Procurements Policy ( MRPP), see
for example, [2].

Now, consider the following:

B(t) = number of survivors (materials) at daimye t

B(t-1)= number of survivors at any time t-1

N= initial number of materials
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Then, the probability of stock-out during time gisen by
B(t-1)- B(t)
P(t) :T

The probability that an item has survived to a tinieand will be out of stock during the interval to t
can be defined as the conditional probability otktout and is given by

2.1)

B(t-1)-B(t)
Pit|lt-1)=——F—"F——~-—* .
(t1t-1) 56-1) 72
Hence, the probability of item survival at timestgiven by

P.(t)= % (2.3)

Let us assume that stock-out occurs just beforge¢hed of (k+1) (years or months), where k is @eger.
That is to say, the life span of an item lies betwe=0 and t=k. We define

f (t) =number of orders at time t
P(X) = probability of stock-out just before a certain perix +1

k
and z P(X) =1
x=0

Then, if f(t - X) represents the number of orders at titne X,t = k,k +1,...,the new items attaining
the period x at time t can be illustrated as

t—-xa 0
ta .x where O; X; X + 1shows the state of material at tinte— X;t;t +1.
t+1la x+1

Hence, the expected number of stock-out of suchlynevdered items before getting to the time t+1 is
given as

k
E(X)=ZP(x)f( - x)it=k,k+1,... (2.4)
x=0
But in every production cycle, all stock-outs ateit are replenished to sustain the system. Therefoy
replenishment at time (t+1), the expected numberdérs are

ft+D)=> PO)F (t - x)t =k k +1... 25)

Egn (2.5) is a difference equation in t and theutsmh can be obtained by putting the value
f (t) = af3' wherea is some constant. Thus, Eqn (2.5) becomes

af'™ = ai P(x)5" (2.6)
If we divide Eqn (2.6) b;aﬂtx‘:xo we get
B =3 P = 4 P
= ,Bkﬂx_—o {P(0)s" + F>(1)[j’_k0-1 +.+P(K}=0

It could be seen that Eqn (2.7) is exactly of rdétsl), having a (k+1) degree. Let us denote tlosrby
Bos By By then forp=1 we have

2.7)
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1—{P(O)+ P(1)+ ot P(v)} =0

\
=1-> P(x)=0
x=0
It follows that one root of Eqn(2.7) ps=1.1f we call this root,BO, in general, Eqn (2.7) will be of the form

ft)=a,B +a,B +.+a fi=a,+a.B +..+a. b (2.9)
whered,,qd,,...,0, are some constants.

(2.8)

Again, it follows that since one of the roots inrE.7) ,80 =1, all other roots, by Descartes’ sign rule,
will be negative while their absolute value will lBss than unity. This means that the value ofethests
tends to zero as t tends to infinity (t) =4a,).

Now, to determinez,, let

h(x) = probability of item survival for more than x period

Then
h(x) =1-[P(0) + P(1) +...+ P(x-1)] 10)
With assumption thah(0) =1, for f (x)=a,
E(X)=a,h(x) (2.11)
and
K N
N=a,> h(X)8,...5 = ay =~
x=0 Z h(X)
where, XO

k

() = 3 h(0a() = G = 3 (x+an(x)

x=0 x=0

K K
h(k +1)(k +1)- h(0)0- > (x+1)ah(x) = h(k +1)(k +1)- > (x + 1)ah(x)
x=0 x=0

But we know thath(k +1) =1- [P(O) +P)+...+ P(k)] =0, since no item can survive for more than
(k+1) period, then

Ah(x) = h(x+1) - h(x) = [1- P(0) - P(@) -...- P(x)] - [1- P(0) - P(1) -...- P(x-1)]

=-P(x
(2.13)
Substituting Eqn (2.13) in (2.12) we get

K K
> h(x)=>" (x+1)P(x) (2.14)

which is the meanx_liofe span :)}Oitems before getbingof stock in a given production cycle.

Recall that we can compute the expected numbetookut in a given production cycle [2]. Then, hwit
Eqgn (2.14), the value for the probability distrilout of material stock-out can be obtained easily.

M=

1
o

X

(2.12)

3.Cost Control Policy for MRPP:

In manufacturing industries, one of the major fegtthat must be taken into consideration when
planning for new material is the cost function. foge that the material (item) is available for ager a
series of time of equal duration, say, months yéar. We wish to propose a cost control policyridening
new material when inventory
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costs increase with time and the item depreciatadue known.
Let

O = ordering cost of a new item
N, = handling cost of item at the beginning of nth perio

| =annual interest rate

0 =depreciation value per unit of cash during a peri{@ = 1)
1

+1
With the assumption that the item is procuredraftery n period of operation, we based our pdicythe
period for which the total cash is minimum, makihthe best policy for optimal control of cost. Nplst

T, be the discounted value of all future costs athpasing orders and handling cost of item, thei it
policy to replenish item after every n period weda
T, = {[5+ nl] +0n, +0°n, + ...+6“‘lnn} (for 1 to n period)

+{6”[5+ nl] +90"'n, + ...+62“'1r]n} (for n+1 to 2n period)

+~-=ﬂ5+¢hﬂi+6”+62“+"J+an2h+a“*-ra”-+"]+."+anﬂqJ;+a“+a2n+"ﬁ
={o+a.]+an, +..+amn from +o7 +.

S 1
=15+> 9™, —} r<1 (3.2)
= 1-0
Thus, the value of, is the cost required to take care of future plagmwith a policy of every nth period

procurements. If n is an optimal replenishmentrirge then7 | will be minimum following the inequality

z-n+1 > Z-n < Z-n—l (3-2)
This implies thatr,,, =7, >0and7, - 7,, <0 (3.3)
Proof:
n
We want to show that the inequalities in Eqn (B@ys. From Eqgn (3.1), sincg, = % ,then
_p(n+1) _[-a"), +a™,,, _ 1-9" a"n,..

n+l T l_an+l - l_an+l _l_an+l I, +1_an+l

where ¢(n):5+n1+6n2+...+6“'1nn (3.4)

Considering Egn (3.3),

o+l g(n) _g(n+1-0")-g(n)-0")

T

ndl n 1-9™ 1-9" (1_an)(1_an+1)
_le(n+1)-g(n)]+0*p(n)-0"¢(n+1) _ a"n,., +3""¢(n) -3"|#(n) -"n,..]
[L-o"Ju-0m?) [L-o"fr-o0m)
_o"1-0" ., —0"@-a)p(n) _  a"@-0) [1-a"
- (ﬁan o) T (1—0“()(1—0”“)[ 1-9 '™ ‘M} &)

Sinced <1 and1-0" >0 then7,,, — T, is always positive and has the same sign as taatiy in
the bracket of Eqn (3.5). Similarly, putting n- foin (3.5) will give
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1_an—l

__0m(1-0) [1-0™ - Lo
I, T,y = h-omfa-o")| 1-0 N, ‘¢(n—1)} 1

_ an—l( _a) B -9"
= (1—6”)6.—6”‘1)_11—0 Ny _¢(n)}

And the necessary condition for minimum valuergfis given by

o+ (r]1 +0n, +...+a“‘1nn)
1+0+0%+...+90"*

(Tn _Tn—1)<0< (Tn+1 _Tn)E r]n <

1-0"J1-0"?)

|

1-0

< r]n+1

Nn (¢(n) - r]nan_l)

(3.6)

(3.7)

The expression betwed®, andn,,, in (3.7) define the weighted average of all cagtso the period (n-

1) with corresponding weights d 0,d7,...,0" ™. Therefore, the value of n satisfying this relatitips

will be the best period for replenishing inventory.

Lemma 3.1:

Given a discrete time inventory with stochastic dad) the mean annual cost of inventory will be
minimized by replenishment when the next period'stecomes greater than the current cost.

Proof:
Let O =ordering cost of a new item
N, =handling cost for the t period, and

n= period in which an order for a new itendi®( ordering age of an item)
when t is a discrete variable, the mean cost iecuover the period n is given by

(3.8)

n
Supposed thad) and z N, are monotonically decreasing and increasing resgdhgtthen there will exist

t=0
a value of n for whichKd,, is minimum. That is to say

KJ, , >KJ, <KJ,,, = K3, -KJ, >0andKdJ,,, —KJ, >0
Thus, for any period n+1 we will have

_ 1 n+l : 1 B n
KJ,.. —n—*_l{5 ;ﬂt} —n—ﬂ{5 ;nt +nn+1}

né—nn}
- { ;t +nn+1_ n K5 +r]n+1

(h+1)(n) n+1 n+1 " n+1

Thus,
K3, -Ko, = kg +dmi kg =My g1 N g
n+1 n+1 n+1 n+1
— r‘|n+1 _ Kén
n+l n+1

(3.9)

(3.10)

3.11)
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Hence, Ko

+ — K9, > 0implies that

I|n+1 Kan —
— — N >0=n -Kd.>0o0 n > Ko 3.12
| ]> n+l n r n+l n ( )

n

Similarly, KJ,_, — K9,, > Oimplies that

Npiy < KSpy* (313

In summary, if the next period cody,,, ,is more than the mean cost of nth peri#dd, , then the best

policy is procure items at the end of the nth pkotherwise, do not procure;
That is:

1 n
Control Policy{r]n+l > —{5— Znt} Place order on items at the end of nth period, or
n t=0

n-1

1
Control policy {nn <—1{5—Z t} ,the present period running cost is less thanptegious
n p—

t=0

period’s mean cosﬂ,(é'n_l, then do not place order. The policy is calted control policy for MRPP.

4 .Conclusion:

In this work, a cost control policy has befenmulated and presented for MRPP. A probability

distribution theory of stock-out has also beerivéer and presented. By these expositions, insightthe
empirical demonstration has been established. Meless, the empirical demonstrations are left for
further research. The need for doing this for tlewetbpment of statistical theory for the control of
inventory cost in MRPP need not be over-emphasized.

References

[1]
(2]
(3]
[4]
[5]
[6]
[7]

(8]
[9]

Bassey K.J. (2008): Optimal Policy for Material R#gments Planning and Procurements. Pacific
Journal of Science and Technology, 9(2): 432-435.
Bassey K.J. (2008): Optimality of MRPP Poliiéor Inventory Problem with Stochastic Deman
Journal of the Nigerian Association of Mathemathysics, 13: 321-324.
Bassey K. J. and Udoh N. S. (2009): Optimahifig Models in a Production-Inventory Problem with
Stochastic Demand. Journal of Institute of Mathérsand Computer Sciences, 22(3): 177- 122
Ehrhardt R. (1997): A Model of JIT Mark-To¢gk Inventory with Stochastic Demand. Operations
Research Society, 48: 1013-1021.
Gotzel C. and Inderfurth K. (2001): Performanof MRP in Production Recovery Systems with
Demand, Return, and Lead-time Uncertainties. Repr{iFWW). University of Magdeburg, Germany.
Inderfurth K. (1998): The Performance of $immMRP Driven Policies for Stochastic
Manufacturing/Remanufacturing Problemsprie 32(FWW), University of Magdeburg, Germany.
Inderfurth K. and Jensen T. (1998): AnalysiSMPR Policies with Recovery Options. In: Modelling
and Decisions in Economics. Leopold, Widburgerckenger, and Kistner (eds.). Verlag Heidelberg:
New York, NY.
Udoh N. S. and Bassey K. J. (2005): A DaxidHorizon Phenomenon in a Production-Inventory
Problem with Stochastic Demand. Globalrdaluiof Mathematical Sciences, 4(1&2): 133-139.
Vollman T., Berry W. and Whybark C. (1992): N&#acturing Planning and Control Systems.
Homewood: Irwin, CA.

[10] Winston W. (1994): Operations Research: Agalons and Algorithms {(BEd). Wadsworth: Los

Angeles,CA.

Journal of the Nigerian Association of Mathematical Physics Volume 16 (May, 2010) 515 — 520
A Cost Control Policy for Material Requirements Bassey, Adebola and Okoro J of NAMP



