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Abstract

Some results that are true in classical groups are investigated
in generalized groups and are shown to be either generally true
in generalized groups in some special types of generalized
groups. Also, it is shown that a Bol groupoid and a Bol
quasigroup can be constructed using a non-abelian
generalized group.

tKeywords and Phrases: generalized groups
*2000 Mathematics Subject Classification. Prim2oN99

1.0 Introduction

Generalized group is an algebraic structure whashddeep physical background in the unified gauge
theory and has direct relation with isotopies. Matlticians and Physicists have been trying to cactsh
suitable unified theory for twists theory, isotapitneory and so on. It was known that generalizeds
are tools for constructions in unified geometriedty and electroweak theory. Electroweak theories a
essentially structured on Minkowskian axioms andviational theories are constructed on Riemannian
axioms. Actions to [4], generalized group is eglémato the notion of completely simple semigroup.

Some of the structures and properties of generhlizeups have been studied by [1], [15], [16], [19]
[20] and [22]. Smooth generalized groups were dhiced in [3] and later on, [2] also presented simoot
generalized subgroups while [17] and [18] considetes notion of topological groups. [21] were atde
construct a Bol loop using a group with a non-arekubgroup and recently, [6] gave a new constucti
of Bol loops for odd case. [14], [24] and [11] caintmost of the results on classical groups wilenfiore
on loops their properties, readers should check420, 8, 9, 12, 23]. The aim of this study isrteestigate
if some results that are true in classical grogwmih are also true in generalized groups and tbdiway of
constructing a Bol structure (i.e. Bol loop or Bgliasigroup or Bol groupoid) using a non-abelian
generalized group.

It is shown that in a generalized group G){a= a for all allG. In a normal generalized group G, itis

shown that the anti-automorphic inverse propery){a b™*a™ for all a, blJG holds under a necessary
condition. A necessary and sufficient condition dogeneralized group (which obeys the cancellddon
and in whiche (a) = e (ab") if and only ifab™ =a) to be idempotent is established. The basic tmearsed
in classical groups to define the subgroup of aigris shown to be true for generalized groups. Kéreel
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of any homomorphism (at a fixed point) mapping aegalized group to another generalized group is
shown to be a normal subgroup. Furthermore, theohoanphism is found to be an injection if and orfly i
its kernel is the set of the identity element a fixed point. Given a generalized group G with a
generalized subgroup H, it is shown that the fas&!G/H is a

sesssslizedsgissas The direct product of two gelimyd group is shown to be a generalized group.
Furthermore, necessary conditions for a generatigedp G to be isomorphic to the direct producaoy
two abelian generalized subgroups is shown. Ih@své that Bol groupoid can be constructed usingra n
abelian generalized group with an abelian genedligubgroups. It is also established that if the-no
abelian generalized group obeys the cancellationtlzen a Bol quasigroup with a left identity elethean

be constructed.

2.0 Preliminaries

Definition 2.1 A generalized group G is non-empty set admitting a binary operation called
multiplication subject to the set of rules given below.

(i) (xy) z=x(y2) for all x,y,z Ue.
(i) For each x LIG there exists a unique e (x) Ll G such that xe (x) = e (x)x = x (existence and
uniqueness of identity element).

(iii) For each x UG, there exists x o G such that xx™ = x™x = g(x) (existence of inverse element).

Definition 2.2 Let L be a non-empty set. Define a binary operation () on L. If x.y U L for all x, y U,
(L,.) iscalled a groupoid.

If the equations a.x = b and y.a = b have unique solutions relative to x and y respectively, then (L,.) is
called a quasigroup. Furthermore, if there exist a element e U L called the identity element such that for
alxUL x.e=e.x=x,(L,.)iscalled aloop.

Define 2.3  Aloopiscalled a Bol loop if and only if it obeys the identity
((xy)2)y = x((y2)

Remark 2.10ne of the most studied type of loop is the Bol loop.

2.1 Properties of Generalized Groups
A generalized group G exhibits the following prayes:
(i) for each x [J G, thereexistsa uniquex™ [J G.
(i) e(e(x)) = e(x) and e(x™) = e(x) wherex [] G. Then, e (x) is a unique identity element ok []G.

Definition 2.4 If e(xy) = e(x) (y) for all x,y [ G, then G is called normal generalized group.

Theorem 2.1 For each element x in a generalized group G, there existsa unique x™* LI G.
The next theorem shows that an abelian generalizegtoup is a group.

Theorem 2.2L et G be generalized group and xy = yx for all x,y [1G. Then G isa group.

Theorem 2.3A non-empty subset H of a generalized group G is a generalized subgroup of G if and

onlyif for all a,o [ H, ab™* [OH.

If G and H are two generalized groups &nds — H is a mapping then by [19F is a homomorphism ff

(ab) =f (a) f(b) for alla,b LI G.

They also stated the following results on homomispl of generalized groups. These results are
established in this work.
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Theorem 2.4 Let f :G — H beahomomorphism where G and H are two distinct generalized groups.
Then:

0] f (e(a)) = e(f(a)) isan identity element in H for all a Ue.
(i)  f@ )=(@)"
(iii) If K isalso generalized subgroup of G, then f (K) is a generalized subgroup of H.
(iv) If Gisanormal generalized group, then the set {(e(g), f(g)) : g LI G}
with the product

(e(a), f(a))(e(b), f(b)):=(e(ab), f(ab)
isageneralized group denoted by Y f(G).
3.0 Main Results
3.1 Results on Generalized Groups and Homomorphisms

Theorem 3.1 Let G bea generalized group. For all a [1G, (a%) * = a

Proof
(@) ta™t=e@?) = e(a). Post multiply bya, we obtain
[(@) *a'] a=e@)a. (3.1)
FromtheL.H.S, @% (@) = (a*) Ye(a) = (a*) *e(@?) = (a*) 'e@™) ¥
=@ ). (3.2)

Hence from (3.1) and (3.2), g = a.

Theorem 3.2 Let G be a generalized group in which the left cancellation law holds and e(a)b™ = b™*
if and only if ab™ = a. G is a idempotent generalized group if and only if e@)b™* = b e(a) U a, b G.

Proof

oa) bl=blef@ = (ae(a) bl=able@ = ab =abled) = @) =efab) = abl=a
< ablb=ab = ae(b)=ab = alae(b)=alab < e@e()=e@b < eb)=b < b=
bb.

Theorem 3.3Let G be a normal generalized group in which e (a)b™* = bt e(a) O a, bl G. Then, (ab)*t=
'OabOG.
Proof
Since(ab)™ (ab) = e(ab), then by multiplying both sides of the equationtioa right by
b a' we obtain

[(ab) *ab]b’a™ = e(ab)b* a™ (3.3)
So [(ab)_lab]blal—(ab) a(bb )a = (ab)’ a(e(b)a = (ab) * (aa™) e(b) =

(ab) ™ (e(a)e(b)) = (ab) ™ e(@b) = (ab™) &((ab) *) = (ab) ™. (3.4)
Using (3.3) and (3.4), we obtain [(@bpb]b" &' = (ab)* = e(ab)(b'a’) = (ab)* = (ab)*= b"
a’,

Theorem 3.4  Let H be a non-empty subset of a generalized group G. The following are equivalent.
Q) H isa generalized subgroup of G.

() ForabUH,ab "OH.
(i) ForabUH,abUHandforanyallH,a " UH.
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Proof (i) = (i) If H is a generalized subgroup of G and I, then b '[H. So by closure
property,ab™* 0 HO aH.

i) = i) fH # ¢ and a, bUH, then we have bb — = e(b) LUH, e(b)p ~ = b-1 UH ab =
ab YUHieab " OH.

(i) =@ H O G so H is associative since G is associate. Obvilgugor any a UH, a_1 UH.
Leta [l H, then a_1 UH. so, aa_lz a_la: e@) UH. Thus, H isa generalized subgroup of G.

Theorem 3.5Leta LUGandf : G = H bean homomorphism. If ker f at a is denoted by
Ker fa={(x) = f(e(a))}.
Then,
(i) ker f, < G.
(i) f isamonomorphism if and only if ker f,={e(a) : a O DG.}
Proof
0] First it is necessary to show that ker f, < G.

Letc,y U ker f,< G, thenf(xy™) = f(x) f(y™") = f(e(a)) f(e(a)) * = f(e(a)) f(e(a) )= f(e(a))

f(e(@)) = f(e(a). So, xy™* L ker f,. Thus, ker f.< G. To showthat ker f, < G. Now to show

that ker f, <G, let y L ker f, then by the definition of ker f,, f(xyx™) = f(x) f(y) f(x™) =
f(e(a)) f(e(@)) ™ = f(e(a)) f(e(a)) f(e(a)) = xyx * ker fa. So kerfa < G.

(i) f :G = H..Letkerf,={e(a): Oa O G} andf(x) = f(y), this implies thaf(x) f(y)™
=f(y) f(y) * = fixy™) = e(f(y)) =f(e(y)) = xy " ker f, = xy " =e(y)

and f(x) f(y)* = f(x) f ()™ = f(xy) ™ = e(f(x)) = F(e(x)) = xy™* Uker f, = xy™ = e(x).

Using (5) and (6)xy'=e(y) =e(x) < x=y. So,f is a monomorphism
Conversely, iff is a monomorphism, then(y) = f(x) =y = x. Let k U ker f, Ua UG,
Then,f(k) = f(e(@)) = k = &(a). So, kerf, = {e(a): Ua DG.}.

Theorem 3.6Let G be a generalized group and H a generalized subgroup of G. The G/H is a
generalized group called the quotient or factor generalized group of G by H.

Proof It is necessary to check axioms of generalized goouG/H
Associativity Letab,c [IG and aH, bH, cH [UG/H. ThenaH (bH.cH) = (aH.bH) cH, so
associativity law holds.
Identity if e(a) is the identity element for eachlaG, then e(a) H is the identity element of aH
in G/H since e(@)H. aH = e(a) .aH = aH. E(a) = H. Therefore identity element exists and is
unique for each elemerasi in G/H.
Inverse(aH)(@'H) = (aa™) H = e(@)H = (a’a)H = (a*H)(aH) shows thag™ is the inverse of
aH in G/H.
So the axioms of generalized group are satisfig@l/kh.

Theorem 3.7Let G and H betwo generalized groups. The direct product of G and H denoted by
G XH={(g, h):glcandh UH}

Isa generalized group under the binary operation O sych that

(91 hy) 0( 02, h2) = (91 92, 1 hy).
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Proof This is achieved by investigating the axioms afegalized group for the pair (& H, 0).

Theorem 3.8  Let G be a generalized group with two abelian generalized subgroups N and H of G
suchG=NH.IfN JCOM (H)orH LICOM (N) where COM (N) and

C OM (H) represents the commutators of N and H respectively, then G LN x H.

Proof

Let alJ G. Then & nh for some n Nand h LI H. Also, let a = gh; for some p L/ Nand h; L) H. Then
nh = nh; so that e(nh) = eth;), therefore n = nand h = i So that a = nh is unique.

Definef : G = H byf(a) = (n,h) where a = nh. This functions is welfided in the previous paragraph
which also shows thdis a one-one correspondence. It remains to chetkigha group homomorphism.
Suppose that a = nh and b thfathen ab = nhyin; and nh= hn . Thereforef(ab) =f(nhnh;) = f(nnchhy) =
(nng, hhy) = (n,h) (n, hy) =f(a)f(b). So,f is a group homomorphism. Hence a group isomorphkisce it is
a bijection.

3.2 Construction of Bol Algebraic Structures
Theorem 3.9 Let H be a subgroup of a non-abeliaegdized group G and let A = KG.

For (h, @), (e, &) L A, define
(h1, 91) 9(h2,g2) = (W h 2 h,gth;’g,). Then (A, ) isaBol groupoid.

Proof
Let x,y,z Ll A. By checking, it is true that O(yO 2% (x9 y)9z So, (A, 9) is non-associative. H is
quasigroup and a loops (groups are Quasigroupslaoms) but G is neither a quasigroup nor a loop
(generalized groups are neither quasigroups ngrsioso A is neither a quasigroup nor a loop bu is
groupoid because H and G are groupoids.

The Bol identity

((XoY)02)oY=X0(Yo0DoY)

Is now verified

L.H.S. = ((Xo0Y) 0 2) oY = (hihzhzhs, hzh3h29]11hz'1192hf_193hz_192)-l )
R.H.S. =X0((yo2) = (h11h2h3h12, hzhlshzglhi (hs"hz"hzh3)gzhs™gsh, "gy)
= (hshzhshy, hohshagihy gohs " gshy 7 gy).

So, L.H.S. = R. H.S. Hence, (A) is a Bol groupoid.

Corollary 3.1. Let H be a abelian generalized subgroup of a non-abelian generalized group G and let A
=H X G. For (hy, 91), (hy, go) L/ A, define

(h1, 91 0 (ha, &2) = (shzhz gihy ™ @)

Then (A, g)isa Bol groupoid.

Proof
By Theorem 2.2, an abelian generalized group isoapy so H is a group. The rest of the claim fobow
Theorem 3.9.

Corollary 3.2 Let H be a subgroup of a non-abelian generalizedgG such that G has the cancellation
law and let A = HXG. For(hy, g ), (hy, @) L1 A, define

(h1, 90) o (N2 82) = (hsha,hogsh; ™ go)
Then(A, o) isa Bol quasigroup with a left identity element.

Proof
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The proof of this goes in line with Theorem 3.9gWupoid which has the cancellation law is a quasig,
so G is quasigroup hence A is a quasigroup. T(AIS) is aBol gausigroup with a left identity element
since by Kunen [13], every quasigroup satisfying ttight Bol identity has a left identity.

Corollary 3.3 Let H be a abelian generalized subgroup of a non-abelian generalized group G such that
G hasthe cancellation lawand let A=H X G. For

(h1, 90 o (h2 @) = (hihz,hz gih™ @)
then (A, o) isa Bol quasigroup with a left identity element.

Proof
By Theorem 2.2, an abelian generalized group isoapy so H is a group. The rest of the claim fobow
from Theorem 3.2
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