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Abstract

Incident radiation in its journey through the atmghere before
reaching the earth surface encounters particles different sizes and
composition such as dust aerosols resulting in itetions that lead to
absorption and scattering. The Radiative Transfeg@ation (RTE) is
one of the methods of analysis of how these intéi@ts occur in the
atmosphere. This paper explores the Radiative Tfan€quation and
shows how it is used to describe the scatteredatiet field at points in
the atmosphere. A RTE model has been adapted fatuat aerosol
layer and results of computations of dust aeroseflectivity of down-
welling radiation in a plane-parallel atmosphere fovarious incident
angles using: Chandrashekhar Isotropic ScatteringCIS) model is
presented.
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1.0 Introduction

Radiative transfer refers to the physical phenonwrenergy transfer in the form of electromagnetic
radiation. The propagation of electromagnetic wattgsugh the atmosphere is affected by absorption,
emission and scattering processes. The equatiomaditive transfer describes these interactions
mathematically. Equations of radiative transfer énapplication in wide variety of subjects including
optics, astrophysics, atmospheric science, andtees@nsing. Analytic solutions to the RadiativenrBfar
Equation (RTE) exist for simple cases but for meaistic media with complex multiple scatterindeets
numerical methods are often used.

Dust Aerosol and Interaction with Incident Radiation

Dust aerosols result from natural sources sucholsmmic activities and dust storms. Anthropogenic
sources include land use and agricultural actwitiehey are dominant in the lower atmosphere ané ha
sizes ranging from 0.1 to 10 microns with lifetimegeraging two weeks [1]. Dust aerosols have atlire
solar effect by scattering and absorbing solaratamh and a direct terrestrial effect where larged dust
aerosols behave like greenhouse gases. Dust aeralsu have an indirect effect by altering cloud
properties; changing their reflectivity, dropletesiand lifetime. They also affect precipitationi@éncy

[2].
The Radiative Transfer Equation (RTE)

The Radiative Transfer Equation simply states #saf beam of radiation or electromagnetic waves
travels, it looses energy to the atmosphere byrptisa and gains energy by atmospheric emissiod, an
redistributes energy by scattering. Solution of Reliative Transfer Equations therefore enablestone

Journal of the Nigerian Association of Mathematic&hysics Volumel6 (May, 2010) 363 — 370
Application of the Radiative Transfer Equation (RTE) Rabia Salihu Sa'id J of NAMP



describe the radiative field at each point in th@asphere [3]. However, due to the complexity af th
radiation mentioned earlier, the solution is nossaightforward and certain assumptions have tmhéde
to arrive at the required solution.

2.0 Radiative Transfer without Absorption and Scattering

If a radiation propagates without absorption arattecing, conservation laws require that energy and
power are conserved. Since in a homogeneous metieenspace) rays propagate along straight limesy t
if ds is an
infinitesimal path length along the propagating pagh, one can write:

g
ds
(2.1)
This is the RTE for free space propagation. Ihgependent of position and valid for all ray diiecs.
If it is however assumed that the medium is sligithomogeneous but still scattering and absorpion
not present (this is possible if the gradient & thal part of the refractive index of the propamgptay is
very small and if the imaginary part is negligibl€).:
On'| <<k

n"=0
(2.2)
In such a case, the rays will follow the rules @o@etric Optics (Snell’s Law, Fermat’'s Principle)dd].
The RTE remains as for free space.

Radiative Transfer with Absorption

If the medium were absorbing, then there will benveo loss by absorption and by employing
Kirchhoff's Law that the absorptivity of any quagtiof matter in Local Thermodynamic Equilibrium is
equal to the emissivity of the matter, one woulghext a corresponding emissivity term. The change in
intensity would then be:

di, =dl g +dl_,
(2.3)
The depletion due to absorption would be:

dl ., =—K_B(T)ds

(2.4)
Where: B(T) is Planck’s function. The RTE for tHesarbing medium will then be:
di
—d; =K (B-1)
(2.5)

This equation is known as Schwarzchild’s Equatiod & the most fundamental description of radiative
transfer in a non-scattering medium [5].

Radiative Transfer with Absorption and Scattering

The equation of transfer with scattering and aksamprecognizes that depletion of the radiationunsdue
to both absorption and scattering. Therefore, gxsnction coefficient that must appear in the ldgpn
term rather than absorption. Moreover, one needsltba source term that describes the contributfon
radiation scattered into the beam from other divest Thus:
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(2.6)
Where:

(2.7)
Therefore, in a scattering atmosphere, the completegeneral three-dimensional form of the equadifon
radiative transfer for un-polarized incident rawtiatis:

dl (1) = =Ko (1)1, (1) + K () 1o (1)
%%?ILKF)M(R?ﬂdQ

(2.8)

The differential form of the equation in the z-ditien is:

di K ) '
d_; ==, Kee t1g, (T)Kabs +4;:£[Tlag(ei¢)d9

(2.9)
Where:

The intensity of the incident radiation at a giveavelength isl
The blackbody radiation intensity at a given wangll as a function of the temperature (T) i)
The notation used here for the scattered inteisity, but | ., can also be used to denote the same.

The gain of the radiative transferg£5,¢), while the element of back-scattering solid angldQ’

The total rate at which energy is radiated by as®is called the flux and denoted . with the unit in
watts. The flux of the radiation transfer in theasphere is given by the equation:

Fia, en
Kmthcaw mAt)+K;%U(IDy(nPJ¢):
S(Fd A+ A

(2.10)
Where! is a unit vector in the direction of scatterediaidn, (F’) is the position vector, J is the radiation

source function and | is the radiation intensil,,, is the radiation extinction coefficient and isateld to
the extinction cross-section by:

(2.11)

Similar relationships exist for the scattering aizsorption coefficients. The last term of the R.H&
equation (2.10) is the scattering source functiectar. The first term is an attenuation term anqasents
the attenuation of the incident wave due to abgmmmnd scattering of the radiation beam as it agapes
through the atmosphere. The radiation beam in Hwe ®©f solar radiation results from photons being
scattered from the path of propagation in all dicgs. It is the presence of the scattering sofuwoetion
term that ensures that the propagation field isretfon of the entire atmospheric radiation fiefdi dahus
ensures transport over a large distance [6]. FigusBows the approximate geometry of radiativestiem
for the incident radiation in the atmosphere:
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dA,

dA;

Figurel: Radiative Transfer Geometry for an incideadiation
1.4 Plane-Parallel Atmosphere
In the atmosphere, for the solution of the Rad&fivansfer Equation, the atmosphere is approximased
vertically stratified and horizontally homogeneolids then possible to reduce the spatial dimengiom
three to one and thus find solutions as a funatibaltitude only. In doing this, one replaces ttosifion
vector [ by the scalar directional unit z to achieve tikecalledplane-parallel geometry [7]. The unit
vector is then replaced by the

natural plane-parallel coordinates (the spheriotmpangle€d, @ ). Thus equation (2.10) is simplified to:

di(z8,
COS@M: 1 (z8 @)+ (2P p)
K..dz
(2.12)
In order to take into effect the optical propertiéghe atmosphere, an alternate vertical coordisgstem
is introduced:
dr r
—=-K_,=>r1(z)=|K_dZ
dZ ext ( ) J; ext
(2.13)
Where T is called the optical depth. Thoptical depth is a measure of transparency and is defined as the
negative logarithm of the fraction of radiation ttha scattered or absorbed as it propagates thraugh
medium. For incident radiation wave propagatingtigh the atmosphere:

_Xa = e T
I
(2.14)
In the earth's atmosphere, a tilted path is obseanel the optical depth is defined by:
r'=mr
(2.15)
Where:mis called thesir mass factor. For the approximateplane-parallel atmosphere, therefore:

m=

= Cc0sd = E =u
cosd m
(2.16)
At the top of the atmospher& =0 and it increases with decreasing altitude. Thecal depth for the
atmosphere is usually measured by a sun photometer.
Using equation (2.14) & (2.16) in (2.13):
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NW:I(MJ%)‘J(T'”’M

(2.17)
The change in sign is as a result of the negatgreis the definition of the optical deptiT (.
3.0 The Radiative Transfer Equation (RTE) for theDust Aerosol Layer

The dust aerosol layer is assumed to have a hatiglht h consisting of layers of irregularly spaced
spherical dust particles as shown in the diagréguré 2. Scattering is limited to the directionsreflected
and transmitted radiation with the same incidemmglea(6): A wave with intensity 4 incident from above
the dust aerosol layer would be transmitted, alebrir reflected, while the angle of incidence in ai
remains constant.

The down-welling wave, therefore gives rise toansmitted wave in the same direction and a refiiecte
wave in the direct opposite up-welling direction.

I, A
o |1
HV
A
O OO O
OO O0OQgao
OO O0OgoOoOoo
OO O0OgoOoOoOo
OO O0OgoOoOoo
I,
v

Figure 2: Scattering by a dust aerosol layer
One can then formulate two interacting transferag¢igus for the up-welling and down-welling inte st
11(z) and } (2):

1 +%:_Kabsll+Kabs(|2_ll)
! —%:KabSI2+K%(Il—I2)

(3.1)
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Here, the term with the integral in the RTE (2.85tbeen replaced by the coupling terifs;, |, and
K

«al1 @and emission has been omitted.

(I1 =1 2) =k is the scattering reduction term.

Another pair of coupled equation can be obtaineddigg the transformation subh= |, + |, to obtain:

@y — (Ko + 2K, ) K
dz

(3.2)

And:

dk
—=K_.J
dZ abs

(3.3)

Where J is the total intensity and k is the netatémh in the upward direction whose change isafteacted
by scattering. The second equation correspondeetéitx equation.
All the equations can be solved analytically byusiohs of the type:

|, = A exp(+y,2) +B, ex(~y,2) jj = 1.:
(3.4)
Where: Aj and Bj are coefficients that can be dateed from boundary conditions. lllumination is

assumed to be from above, thus defining the intidediation asl, =1, (at the top of the dust aerosol
layer) and the damping coefficient is:

y2 = \/K:bs +2KabsKsca

(3.5)
While, its inverse value is the effective penetmatilepth given by:

(3.6)
For an infinite layer: B0 and | and } within the layer are proportional to eécpyzz) . This means that

the intensities diminish exponentially with thicleseof the dust aerosol layer. Boundary conditi@j<$dr
the dust aerosol layer between z=0 and z=h are:

1,(z=0)=0;1,(z=0)=tl,(z=h);
1,(z=h)=r.1,(z=h)
3.7)

Where: } (z=h) is the incident radiation.
The reflectivity and transmitivity of the dust asobcan then be computed to yield the results:
L Lt
—o 2¢2
1-r,t]
1-r2
t=t, —1_ o)
I'-0 t0

(3.8)
Where:t, (exponential transmission function) afigi(reflectivity at infinite h) are defined by:
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t, = exp(=y,h)
K

sca

ff=—"2——
Kea tKas T2
(3.9)

For a thick aerosol layer, only the topmost integfavould contribute to reflection. Matzler [10] fikd the
reflectivity (Figure 3) and transmitivity (Figurg dsing equation (3.8) for four absorption coeéfitts:
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Figure 3: Reflectivity versus layer thickness afodume scattering medium
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Figure 4: Transmitivity versus layer thickness (klat, 2000)

4.0 Reflectivity for a dust aerosol layer usingGlS) model

Radiative Transfer in Isotropic scattering mediaeidensively discussed in Chandrasekhar [9].
Following the solution of the RTE for isotropic scattering, a rabdvas developed using MATLAB
functions. The computer programme using the nuraeMATLAB computation functions developed by
Matzler (2008) [10] has been used following the auns of reflectivity. The model computes the
reflectivity of down-welling radiation in plane-gatel atmosphere for various observation directi6f¥
given by the zenith angle. Computations have beadenfior a dust layer composed of (a): high quanfity
hematite (a strongly absorbing dust aerosol carsit) with approximate single scattering albed©.6R.
(b): dust aerosol with undetermined constituent$ wepresentative single scattering albedo of (08!
(c): dust composed of mainly clay minerals (illitggolinite and montmorillonite with single scattegi
albedo of 0.95).

5.0 Discussion of Results

In all the three cases, one notes an increasiterti®fty with increasing angle of incidence. Fohigh
hematite constituent dust aerosol, reflectivity latv incidence angle is much lower than for an
undetermined dust aerosol and dust aerosol compafsgreater amount of clay minerals. This is usual
since hematite is highly absorbing and one shoxjeéet that its reflectivity would be correspondinédw.
Dust aerosol containing a high amount of clay nmaheonstituent exhibit higher reflectivity for aficident
angles. This is because the representative simggitesing albedo used in the computation is clase t
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1(0.95). A single scattering albedo of 1 means hidlectivity.
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Figure 5: (a) Dust aerosol with high hematite confe) dust aerosol of mixed constituent
(c) High clay mineral constituent

6.0 Conclusion

The Radiative Transfer Equation (RTE) as a modehidlysis of interactions that occur in the
atmosphere has been discussed. lIts role in theipkse in description of the scattered radiatiied was
also explored. Its application to a dust aerosgkerdahas been analyzed and using a RTE model
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(Chandrasekhar Isotropic Scattering) model, raflagtfor three types of dust aerosol layer was poted
for down-welling radiation in a plane-parallel atspbiere for different incident angles. Results stioat
for all three cases, there is an increasing réfliégtwith increasing angle of incidence. Dust a®is high
in clay mineral constituent have the highest reifldy.
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