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Abstract 

 
We investigate a one – dimensional filtration model based on [4]. The 
resulting equation, together with initial and boundary conditions were 
solved by analytical method. Various cases of the model were 
considered to obtain the concentration of impurities suspended in the 
liquid. Hence we employed the Laplace transform, asymptotic 
techniques, separation of variable to suite each of the cases to be 
considered. The result obtained, shows that filtration occurs at a 
decreasing rate in accordance with practical condition of filter use. 

 
 

1.0 Introduction 

Several scientists have made contributions in various ways to the theory of filtration, leading to the 
formulation of mathematical models to interpret and solve physical filtration problems. Far back 1856, 
Darcy in the study of John J. and Jonathan K. [6], worked on the theory of cake filtration through a porous 
media. He considered a fluid flowing through the spaces between solid particles making up the porous 
media. The amount of solids present was considered to be responsible for the resistance to fluid flow in the 
form of friction. The resistance was found to cause a pressure loss which was directly proportional to the 
thickness of the cake. 
Demchik examined the theory of filtration at a decreasing rate based on the Mints model [4]. Agbonrofo [1] 
re-examined the Demchik model and made several generalizations. Agbonrofo and Ayeni [2] worked on 
one of these generalizations. They considered the effect of pressure in the cause of filtration, their result 
showed the aging process of a filter as a result of blockage of the pores by impurities. In this paper we 
considered other cases under the generalizations made by [1] 

2.0 Mathematical Formulation 

 Following Demchik [4] the system of model equation with initial and boundary conclusions 
corresponding to the mints model for 0γ = has the form 

ρβρνρ )(,)( taCCt txt −=+
                                                                                        (2.1) 

==+= 0000 ,,:)()(),1/()( atatatt γννγνν
 Constant 

=== 00 ,),0(,0)0,( CCtCxρ Constant                                        (2.2) 
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Where x is the coordinate along the thickness of the filter 
)(tν  is the filtration rate 

      )(tC is the concentration of impurities suspended in the liquid  

     ),( txρ  is the sediment 

    β  is the kinetic coefficient assumed to be a constant  

    0C is the impurity concentration in the liquid at the filter inlet. 

In this paper, of a particular interest is to determine the concentration of impurity in the 
liquid. In order to achieve this, we eliminate the function ρ  from equation (2.1) and putting 

ztUC −+= )1( γ ,  where 1
00

−= γνaz ,  we obtain the hyperbolic equation. 

            ( ) 0=−+ PUUtbU txt                                                                                           

  
            ( ) ( ) ( )1,1 1

0
1

0 −=+= −− zPttb βνγβν                                                          (2.3)                                                                      
We obtain the following from equations (2.1) and (2.2)      
 

            ( ) 1
0

0, 0 xU x C βν −−= l ( ) ( )00, 1 ,
z

U t C tγ= +
                                      (2.4)                 

 Equation (2.3) and (2.4) are given in terms of the concentration of impurities suspended in 
the liquid  
 

3.0  Method of Solution 
 
 We employed analytical method [7] to determine the concentration of impurities 
suspended in the liquid. The particular method of solution to be used will be determined by 
the nature of the case to be considered. 
 
Case 3.1 
  
Considering equation (2.3) and (2.4) 

txt UtbU )(+ 0=− PU                                                                       (3.1) 

( ) ( ) ( )1,1 1
0

1
0 −=+= −− zPttb βνγβν  

( ) xCxU
1

0
00,

−−= βνλ ( ) ( ) ,1,0 0
ztCtU γ+=                                    (3.2) 

 First we assume the constant γ to be zero (γ  = 0), this implies that; 

  0,)( 1
0 == − Pt βνβ  

Equation (3.1) then becomes 
  xtU + tUv 1

0
−β  = 0                                                                           (3.3) 

Then we seek Laplace transform for equation (3.3)  
{ } { } 01

0 =+ −
txt ULUL βν  

This implies that  

       
{ } { } 01

0 =+ −
tt ULUL

dx

d βν
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{ }
{ } dxv
UL

UdL

t

t 1
0

−−= β  

Integrating 
  { } ( )sKxvUL te 0

1
0log +−= −β   

 

then,        { } xv
t sKUL 0)(1

β−= λ                                                                          (3.4) 

Considering LHS, by definition 

{ }tUL  =  ∫
∞ −

0
dtU t

αλ                                                                         (3.5) 

Using integration by part we have  
{ } )0,(xUUsUL t −=                                                                         (3.6) 

xsKxUUs
1

0)()0,( 1

−−=− βνλ                                                                            (3.7) 
From the initial condition 

xCxU
1

0
0)0,(

−−= βνλ  

then equation (3.7) becomes 
xx sKCUs

1
0

1
0 )(10

−− −− =− βνβν λλ  

so we have 

        { }
s

sk
ULU

x1
0)(2

−−

==
βνλ

                                                                (3.8) 

where,  012 )()( CsKsK +=  

to obtain )(2 sK  recall equation (3.7)  

   
xsKxUUs

1
0)()0,( 1

−−=− βνλ  
using the boundary condition 

( ) 0,0 CtU =  

),0()(2 ssUsK =                                                                                          (3.9) 
From equation (3.8) substituting for k2(s) 

xBvo

s

ssU
U

1),0( −−= λ     xBvosU
1

),0(
−−= λ                               (3.10) 

Taking the inverse transform equation (3.10) becomes  

{ }xBvosULtxU
1

},0{),( 1 −−−= λ                                                                 (3 .11) 

To obtain },0{ sU , we transform the boundary condition 

0},0{ CtU =  

⇒ { }
s

C
tUL 0),0( =  

s

C
sU 0),0( =                                                                                       (3.12) 

Equation (3.11) gives 







=

−−− xBvo

s

C
LtxU

101),( λ  
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        xBvo

s
LC

111
0

−−−







= λ  

Since  1 1
1L

s
−   = 
 

 

 xCtxU
1

0
0),(

−−=∴ βνλ                                                                             
 (3.13) 
     Where ),( txU  is the concentration of impurities suspended in the liquid. 
    

Case 3.2 
Here we introduce the variable t (time) to case 3.1 to obtain the following 

txt UtbU )(+ 0=                                                                          

 (3.14) 
Where, 

( ) ttb αβν −−= λ1
0  

( ) xCxU
1

0
00,

−−= βνλ ( ) ( )tCtU += 1,0 0                                         
 (3.15)                               

Using asymptotic expansion we have, 

tv αβ −− λ1
0  = 

2 2
1 1 1

0 0 02!

t
v t v

αβ α β βν− − −− + −
                                     

 (3.16) 
let 2

0 1 2U U U Uα α= + + +                                                                   

 (3.17) 
Equation (3.14) becomes 










∂
∂
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∂
∂
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 (3.18) 
We now equate terms in power of α   

For  0α :
t

U

tx

U

∂
∂

=
∂∂

∂ 0

0

0
2

ν
β                                                                                       (3.19) 

For  1α : 








∂
∂

−
∂

∂
=

∂∂
∂

t

U

t

Ut

tx

U 10

0

1
2

ν
β

                                                                        

 
(3.20) 

 

For  α 2
: 









∂
∂

−
∂

∂
−

∂
∂

=
∂∂

∂
t

U

t

Ut

t

Ut

tx

U 20
2

1

0

2
2

2ν
βα

                                               

 
(3.21) 

The initial and boundary condition for 210 , UandUU  are: 
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)1(),0(,)0,( 0000

1
0 tCtUCxU x +==

−−βνλ                                                         

 (3.22) 
0),0(,0)0,( 11 == tUxU                                                                               

 (3.23) 
0),0(,0)0,( 22 == tUxU                                                                              

 (3.24) 
 

Considering equation (3.19) 

t

U

tx

U

∂
∂

=
∂∂

∂ 0

0

0
2

ν
β  

)1(),0(,)0,( 0000

1
0 tCtUCxU x +==

−−βνλ                                                 (3.25) 

Using the method of separation of variables we assume a solution of form 
0)()(),(0 ≠= tTxXtxU  

Where )(xX is a function of x only and )(tT ) a function of t only. 
 

The result obtained is given as 
x

tCtxU 0)1(),( 00
ν
β−

+= λ                                                         (3.26) 

Obtaining ),(1 txU we recall equation 










∂
∂

−
∂

∂
=

∂∂
∂

t

U

t

Ut

tx

U 10

0

1
2

ν
β

                                                                 
(3.27) 

0),0(,0)0,( 11 == tUxU  
From equation (3.26), equation (3.27) becomes 

t

U
tC

tx

U x

∂
∂

−






=
∂∂

∂ − 1
0

0

1
2

0ν
β

ν
β λ                                                           (3.28) 

Using the same method of separation variables we have the following result for ),(1 txU  

xxtC
txU 0

0

2
0

1 2
),( ν

β

ν
β −

= λ                                                                      (3.29) 

To obtain  ),(2 txU , recall equation (3.21) 










∂
∂

−
∂

∂
−

∂
∂

=
∂∂

∂
t

U

t

Ut

t

Ut

tx

U 20
2

1

0

2
2

2ν
βα

                                              

(3.30) 

0),0(,0)0,( 11 == tUxU  

From the solution of ),(1 txU  

xtxC

t

U
0

0

01

2
ν
β

ν
β −

=
∂

∂
λ  

then equation (3.30) gives  










∂
∂

−−=
∂∂

∂ −−

t

U
C

txtC

tx

U xx 2
0

2

0

2
0

0

2
2

00

2
ν
β

ν
β

ν
β

ν
β λλ

                                  

(3.31) 

 The result obtained from the same method is given below 
xxxtC

txU 0

0

0

0

3
0

2

2

6
),( ν

β

ν
νβ

ν
β −








 −
= λ                                                       (3.32) 
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From equation (3.17) 
...2

2
10 +++= UUUU αα  

Putting α  = 0.01 we have 

10 01.0 UUU +=  

 

Therefore, 

( ) x
C

xt
ttxU 0

0
0

2

2

01.0
1),( ν

β

ν
β −









++= λ                                                        (3.33) 

Case 3.3 
We then consider the inhomogeneous form of case 3.2, and this gives us the equation 

),()( txfUtbU txt =+                                                                             (3.34) 

( ) ttb αβν −−= λ1
0                                                                                                                     

)(),( txtxf +−= λα                                                                                (3.35) 

( ) xCxU
1

0
00,

−−= βνλ ( ) ( )tCtU += 1,0 0                                       (3.36) 

Following the same method of asymptotic expansion of case 3.2 and integration, we  
arrived at the following result 

( ) ( ) ( )















 +−−
−

+++= −−+−+−−− xxtxtxx
x

C
xt

tCtxU λλλλλλ 0000

0

0
0

2

0
0 2

01.01),( ν
β

ν
β

ν
β

ν
β

νβ
ν

ν
β

        (3.37) 

Case 3.4 
Let us now generalize the filtration problem to 

0,100)()()( ><<=++ txtcUtbUta txt                                                              (3.38) 

and then determine the criteria for )()(),( tcandtbta  by seeking similarity transformation  
[1] so that, 

αηη
t

x
wherefU == )( (the similarity variable) 

td

dt

t

U

∂
∂=

∂
∂ η

η
                                                                                                                                              

                                                                                                                                         (3.39) 

But  αη −= xt                                                                                                                                                     

                                                                                                                                                                (3.40)         

( )
t

tx
t

αηαη α −==
∂
∂ +− 1

                                                                                                                             
 

η
αη

d

df

tt

U
Ut

−=
∂

∂=⇒                                                                                                                

                                                                                                                                          (3.41) 
Similarly  

dxd

df

x

U η
η

∂=
∂
∂                                                                                                                                        

                                                                                                                                                 (3.42) 

ηα d

df

tx

u 1=
∂
∂

⇒                                                                                                                            

                                                                                                                                                 (3.43) 
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Also, 
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2
1

2

η
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η
α α

d

fdf
t

tx
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                                                       (3.44) 

Substituting equation (3.44) and (3.42) in (3.38) we have 
 

( ) ( ) ( ) 0
2

2

1
=+−








+− + ftc

d

df

t
tb

d

fd

d

df

t

ta

η
αη

ηη
αα

 

( ) ( ) ( ) 0
2

2

=+−







+−⇒ ftc

d

df
ttb

d

fd

d

df

t

ta

η
α

η
η

η
αα

                                (3.45) 

Hence for similarity to exist 

( ) ( ) ( ) 1,
1

, === tctbtta
α

α  

Such that equation (3.8) becomes  

0
2

2

=+++ f
d

df

d

df

d

fd

η
η

η
α

η
αη  

01111 =+++⇒ ffff ηαηα                                                       

                       
                                                                                                                                                    (3.46) 
We now seek the Frobenius series solution to resolve (3.46) by assuming a Solution  
of the form 

∑
∞

=

+=
0r

cr
raf η         (3.47) 

∑
∞

=

−++=
0

1' )(
r

cr
racrf η        (3.48) 

∑
∞

=

−+++=
0

2'' ))((
r

cr
racrcrf η       (3.49) 

Then equation (3.46) yields 

∑
∞

=

−+ +−++
0

1)1)((
r

cr
racrcr ηα ∑

∞

=

−++
0

1)(
r

cr
racr ηα + ( )∑

∞

=

++
0r

cr
racr η + 0

0

== ∑
∞

=

+

r

cr
ra η                                             

                                                                                                                                                                                         
                                                                                                                                             (3.50) 
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This implies that, 

∑
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=

−+++−++
0

1)}()1)({(
r
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∞

=

+ =++
0

0)1(
1
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( )( ) ( )( ) ( ){ } cr
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∞
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∞
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− +++++−++++−⇒ ∑∑ η
α

ηη )1(
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1
0

     (3.51) 

    
Let 1+= rr in the second term such that, 

( )( ) ( )( )( ) ( )∑ ∑
∞

=
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=
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+

− ++++++++++−
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1
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0 1
1

}11{1
r r
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                                                                                                                                             (3.52) 

Finding the indicial and the recurrence relation we obtain the following 
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0

4
4

3
3

2
2

1
10 .....

r

ccccccr
r aaaaaaf ηηηηηη  

 

( ) ( )( ) ( )( )( ) 







+
+++

−
++

+
+

−=⇒ ....
321211 3

3

2

2

0 ccc

a

cc

a

c

a
af c

α
η

α
η

α
η η οοο                           (3.53) 

f|








+−+−=== .....
62

1
3

3

2

2

00 α
η

α
η

α
η

aVc
               (3.54) 

α
η−

=∴ AeV  

To obtain the second independent solution we differentiate equation (3.53) with respect to c, then we have  
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But  ( ) ( )ηftxU =,  

Where  
at

x=η  

So equation (3.20) becomes 

( )
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t

x
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x
BAetxU t

x
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x

                  (3.58) 

From physical point of view, require ( )0f to be finite, thus 0≡B and  

( ) α
x

AetxU
−

=,  

If we impose the condition ( ) 1,0 =tU  

Then 1=A which implies that 

( ) α
x

etxU
−

=,                                                                                                    (3.59) 
 
Therefore we have the graph of the results in figures 1 - 4 
 

Figure 1: The graph of U(x,t) against x 
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Figure 2: The graph of U(x,t) against x 
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Figure 3: The graph of U(x,t) against x
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Figure 4: The graph of the U(x,t) against x  
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4.0 Discussion of Results and Conclusion 

 A one-dimension filtration model was investigated. The resulting equation, together with initial 
and boundary conditions were solved by analytical method. We employed Laplace transform for case 3.1 
and the result obtained (see figure 1) shows that filtration occurs at a non-increasing rate. 
 The variable t (time) was introduced to case 3.1 and the boundary condition (to obtain case 3.2), in 
order to determine what happens to filtration as the time increases. This was solved using asymptotic 
expansion and method of separation of variable. It was discovered that filtration occurs at a decreasing rate, 
though the rate increases with time. 
 In case 3.3, the inhomogeneous form of case 3.2 was considered. The same method for case 3.2 
was employed. And the result was the same as that of problem 3.2. We then went further to consider the 
generalized filtration problem by employing the similarity transformation with the similarity variable 

at

x=η  to case 3.4. Here, we seek the Frobenius series solution to obtain the result, and observed that 

filtration occurs at a decreasing rate for all finite time. Although, the concentration increases with time 
when t is sufficiently large. 
 Finally, in this paper we have been able to make the following contributions. 

1. With the generalization of the particular solution of [4], we still obtained results in accordance   
with practical condition of filter use. 

2. We showed that concentration of impurities decreases along the thickness of the filter. 
3. We showed that filtration occurs at a decreasing rate for various values of time (t). 
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