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Abstract

We investigate a one — dimensional filtration mod®sed on [4]. The
resulting equation, together with initial and bouragly conditions were
solved by analytical method. Various cases of theodel were

considered to obtain the concentration of impurisiesuspended in the
liquid. Hence we employed the Laplace transform, yamptotic

techniques, separation of variable to suite each the cases to be
considered. The result obtained, shows that filiat occurs at a
decreasing rate in accordance with practical condit of filter use.

1.0 Introduction

Several scientists have made contributions in varizways to the theory of filtration, leading to the
formulation of mathematical models to interpret amdve physical filtration problems. Far back 1856,
Darcy in the study of John J. and Jonathan K.\i@fked on the theory of cake filtration through@aqus
media. He considered a fluid flowing through th@css between solid particles making up the porous
media. The amount of solids present was considerbe responsible for the resistance to fluid fiawhe
form of friction. The resistance was found to caasgressure loss which was directly proportionatht®
thickness of the cake.

Demchik examined the theory of filtration at a dexging rate based on the Mints model [4]. Agbonfbfo
re-examined the Demchik model and made severalrgiizations. Agbonrofo and Ayeni [2] worked on
one of these generalizations. They considered ffleeteof pressure in the cause of filtration, thegsult
showed the aging process of a filter as a resulil@ékage of the pores by impurities. In this paper
considered other cases under the generalizatiods ma[1]

2.0 Mathematical Formulation

Following Demchik [4] the system of model equatiamth initial and boundary conclusions
corresponding to the mints model fpr= O has the form

p, +Vv(t)C,, p =pC-alt)p (2.1)
V(D) =vo A+ 1), alt) =av(t): Vo, /18 = congtant
p(x,0) =0, C((Ot) = CO' CO = Constant (2.2)
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Where Xis the coordinate along the thickness of the filter
V(t) is the filtration rate

C(t)is the concentration of impurities suspended in the liquid
pP(x,t) is the sediment

[ is the kinetic coefficient assumed to be a constant

C, is the impurity concentration in the liquid at the filter inlet.

In this paper, of a particular interest is to determine the ezdration of impurity in the
liquid. In order to achieve this, we eliminate the functnfrom equation (2.1) and putting

C=U@+p))™ wherez=a,V,)y" we obtain the hyperbolic equation.
U, +b{tu, -PU=0

b(t):ﬁ'/o_l(l"'yt)’ P ::8'/0_1 (Z_l) (2_3)
We obtain the following from equations (2.1) and (2.2)

U (x0)=C)l #* U (0t)=C,(1+pt)",
(2.4)
Equation (2.3) and (2.4) are given in terms of ¢bacentration of impurities suspended in
the liquid

3.0 Method of Solution
We employed analytical method [7] to determine twncentration of impurities
suspended in the liquid. The particular methodadditton to be used will be determined by
the nature of the case to be considered.

Case 3.1

Considering equation (2.3) and (2.4)

U, +b{t)U,-PU =0 (3.1)
b(t)=pv, 'L+ ), P=pv," (z-1)
U(x,0)=CA? ™ uU(ot)=C, (1+p), (3.2)

First we assume the constgnip be zero ¢ = 0), this implies that;

BO=pv,", P=0
Equation (3.1) then becomes

Uxt"':&/o_lut =0 (3.3)
Then we seek Laplace transform for equation (3.3)

u,J+4sv,"u,}=0
This implies that

d 4 _
&L{Ut}"'ﬁvo L{Ut} =0

Journal of the Nigerian Association of Mathematic&thysics Volumeil6 (May, 2010) 305 — 316

On The Theory Of Filtration At A Decreasing Rate Audu O. C. and Ayeni R. O. J of NAMP



d{u,}

Lu.}
Integrating

log, L{Ut} = _:6\/0_1X+ Ko(s)

==pv o_ldX

then, L{U,} = K (2 (3.4)
Considering LHS, by definition

Hut = [Aud (3.5)
Using integration by part we have

L{u,} =90 -U(x,0) (3.6)

U -U(x,0) =K (A * (3.7)

From the initial condition
U (x,0) = CA P
then equation (3.7) becomes
U —C A0 X =K (AP ™

so we have

_ ‘15'/071)(

U= L{u}zw (3.8)

S

where, K,(s) =K,(s) +C,
to obtainK,(s) recall equation (3.7)

U -U(x,0) = K (A7 *
using the boundary condition

u(ot)=c,

K,(s) =sU (0,9) (3.9)
From equation (3.8) substituting foi()

0= Y0900 —y g groen (3.10)
Taking the inverse Htransform equation (3.10) bemome

U(xt) = L0 {0, gA 2™} (3.11)
To obtainU{0,s} , we transform the boundary condition

u{ot} =C,

CO
= L{uon}=—
S
u@s :% (3.12)

Equation (3.11) givesu
U(xt) = L‘l{C"A‘BVO‘lX}
s

Journal of the Nigerian Association of Mathematic&thysics Volumeil6 (May, 2010) 305 — 316

On The Theory Of Filtration At A Decreasing Rate Audu O. C. and Ayeni R. O. J of NAMP



- Co L—l{l})\—Bvolx
s
Since L {1} =1
s

0 U(xt)=CA ™
(3.13)
WhereU (x,t) is the concentration of impurities suspended énlitjuid.
Case 3.2

U, +btu, =0

Here we introduce the variable t (time) to caset@dbtain the following
(3.14)

Where,
bi(t)= v, A

U(x,0)=CA# >  U(0t)=C, (1+t)
(3.15)

Using asymptotic expansion we have,

e . ) a2t2
A “ :ﬁvol_mﬂvol"' 21
(3.16)
letu =u, +aU, +a’u, +
(3.17)
Equation (3.14) becomes

0y, , a0’V, aZaZUZJ _

-1
,BVO -

oxot  oxot oxot

v, ot ot ot

(B _aB, aZtZﬁ_._.J(auo LU, aZauzJ
I/0 I/0
B oY, , aBoy, +a2t,36U2 _atBoU, a*tpay,
0%, , a0y, +0262U2J_

| Vo Ot v, ot v, ot vy, ot
oxot  oxot oxot

v, Ot
_a’tpou, N a’t’p oy, N a’t’Bou, N a’t’[ou,

v, ot v, ot v, ot v, ot
(3.18)
We now equate terms in power of
For 0.9V _ B Y, (3.19)
oxot v, ot
Eor b0, _ B(1U, au,
Toxat v, \ ot ot
(3.20)

For a’?

t20U, au,
ot 2 ot ot

oxot v
(3.21)

l/O
The initial and boundary condition far,, U, and U, are:

ad’U, _p (taul _t?au,
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U,(x0) =CA™P ™, U,(0t) =C,(L+t)

(3.22)
U,(x0)=0, U,(0t)=0
(3.23)
U,(x0) =0, U,(Ot)=0
(3.24)

Considering equation (3.19)

0%, _ B oV,
oxot v, ot
U,y (x0) =C AP, U, (0t)=C,(1L+1) 18)

Using the method of separation of variables werassai solution of form
U, (xt) = X(X)T(t) 0
Where X (x) is a function of x only and (t)) a function of t only.

The result obtained is given as

By
Uy(x,t) =C,@+t)A (3.26)
ObtainingU, (x,t) we recall equation
0%V, _ (10U, _ou, (3.27)
oxot v, ot ot

U,(x0=0, U,(0it)=0
From equation (3.26), equation (3.27) becomes
2 By
9°U, :ﬂ(COt)\ g j_aUl (3.28)
oxot v, ot
Using the same method of separation variables we the following result folJ ; (X,t)

BC X  -£x
U, (x.t) = #X)\ z (3.29)
0

To obtain U, (X,t), recall equation (3.21)
aéZUZ_IB£taU1_t20UO_0U2] (3.30)

Mt v, ot 2 ot ot
U,(x0) =0, U,(0t)=0
From the solution ol (xt)

% _ ﬁCotX }\—%x

ot v,
then equation (3.30) gives
2 2 2
0V, _ BCPA X ix Ly 29 (3.31)
oxot  vy\ v, 2 ot
The result obtained from the same method is gbsdow
3 _ —£X
U, (x1) = 2t XLZ@( Vo j)\ z (3.32)
ov, Vo
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From equation (3.17)
U=U,+aU,+a’U,+...
Puttinga = 0.01 we have

U=U,+00L,
Therefore,
2 By
U(x,t) =((1+t)+ 0014 XJCO)\ E (3.33)
2,
Case 3.3
We then consider the inhomogeneous form of caseB®this gives us the equation
U, +b(t)U, = f(xt) (3.34)
bit)= v, "\
f(xt)=an " (3.35)
U(x,0)=CA™™>  uU(ot)=C, (1+t) (3.36)

Following the same method of asymptotic expansfarase 3.2 and integration, we
arrived at the following result

_ L BUEX o tx Vo [y A24) 5 o _ 3B,
U(xt) =C L+t ™ + O'OJ[V_O?COA +m[7\ A NEED) j (3.37)
Case 34
Let us now generalize the filtration problem to
at)u, +bt)U, +ct)=0 0<x<l1 t>0 (3.38)

and then determine the criteria &t), b(t) and c(t) by seeking similarity transformation
[1] so that,

U=f(7) wheren =-(the similarity variable)
ta

u _dt on
ot dn ot
(3.39)
But n=xt™
(3.40)
9 —gxten =91
ot
L= man
ot t dp
(3.41)
Similarly
U _dt o
ox dn dx
(3.42)
ou 1 df
= _—=_—
ox t7dn
(3.43)
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Also,

_a%J_a(auj

U,=—=—| —

oxat ox\ ot

_ 0 (-andf

ox{ t dn

alon df d*f a
ond 4t on

t\ox dp ~dnp° dx

o s df AP
o a™ fJ

Thus,

oxot on " dn?
Substituting equation (3.44) and (3.42) in (3.38)vave

_aly) (o
ta+1 d/7 df7
2
_alt) ( /7d ~b(t) —+c (t)f =0
te dn?
Hence for similarity to exist

alt)=t", b(t):%, oft)=1
Such that equation (3.8) becomes

d?f df df
+a—+n—+1=0
dp®  “dp Tdp

=anft+aft+nft+f=0

a%,:_arwm(ﬁi+”d”J

L)) &L ecfr =0

We now seek the Frobenius series solution to re§@w6) by assuming a Solution

of the form
=2.an"
r=0

=3 voan

0

f7=>(r+c)(r +c)an'?
r=0
Then equation (3.46) yields

HZ(HC)(HC Dan "+ a Y (r+dan T+ Y(r+c)anc+ = Zary’+c =0

r=0 r=0
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This implies that,
Z{(r +c)(r+c-1)+(r+c)an"? +1 Z(r +c+1)an’*° =0

:>(c(c—1)+c)a0/7°'1+2{(r+c)(r+c—1) +(r+cfap et + clrz (r+c+lan"™ (3.51)

r=1
Let r =r +1 in the second term such that,
(ele=1)+ o™+ 3 {(r +c+2)r +o)r +o+Dpa.n ™+ =3 (r +o+Dan'™
r=0 r=0

0

D:>(c(c—1)+c)a0/7C‘1+Z{(r+c+1)(r+c) (r+c+l)ar+1+}/7r+c all(r+c+1)ar}/7r+c

r=0

(3.52)
Finding the indicial and the recurrence relationols¢ain the following
f=3 8™ =ay +an" +an"? +ag* +an et +....
r=0
e 8y, ay’ a/r’
f = - - 3.53
= ’7{""0 alc+D) acr e+ acricr2e+3) } 399
2 3
fIC:0=V=aO{1—Z+2’702 _6I7a3 +} (3.54)
-n
OV =Ae“
To obtain the second independent solution we difféate equation (3.53) with respect to c, therhaxe
af _ao/7 innql m__ n + U/ +
Calc+) a¥(c+1c+2) alc+Dc+2)c+3)
¢ 0 n n’ n’
—<1- —— Yt
+ a7 ac{ a(c+1)+a2(c+1(c+2))} P+ 2c+d)
0f _ 7 n’ _ 7
h ”{ ale+)” (c+1)(c+z)} erterNerd)
2c+3 n? 3c® +12c+11
rant +1 +.... (3.55)
""°’7{ (J [m (c+2f ] a3((c+1)2(c+z)2(c+s)2}
of n,nt_nt\,n_ %, 1 3.56
aclc° W= ao{lnn( a 2a* GaJ a 2a’ 232 } (359
f=V+W

i/ /i 2 3
_ n_3 11 [/7)
= f=Ae? +Bilnp « +—~ +
{ A A P

Journal of the Nigerian Association of Mathematic&thysics Volumeil6 (May, 2010) 305 — 316

On The Theory Of Filtration At A Decreasing Rate Audu O. C. and Ayeni R. O. J of NAMP



-n -n 2 3 (3.57)
Of =Ae® +Bilnne” +/7—32+(’7) 72112 (”j
a 2 a) 2°3° \a

But  U(xt)=f(7)
Where 1} :tla

So equation (3.20) becomes

X X 2 3
U (xt)=Aea’ +B{Int);em" + X 3( X j st ( Xj —} (3.58)

at® 22\at”) 223 \at”
From physical point of view, requiré (O)to be finite, thusB = Oand
=X
U(x.t)=Ae
If we impose the conditiokJ (O,t)=1
Then A=1which implies that

U(x.t)=e= 59)

Therefore we have the graph of the results in égur - 4

1.2 4

041 ——u(x,t)

Figure 1: The graph of U(x,t) against x
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Figure 2: The graph of U(x,t) against x
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Figure 3: The graph of U(x,t) against x
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Figure 4: The graph of the U(x,t) against x

4.0 Discussion of Results and Conclusion

A one-dimension filtration model was investigat@dhe resulting equation, together with initial
and boundary conditions were solved by analyticathod. We employed Laplace transform for case 3.1
and the result obtained (see figure 1) shows thigttion occurs at a non-increasing rate.

The variable t (time) was introduced to case 8d the boundary condition (to obtain case 3.2), in
order to determine what happens to filtration as time increases. This was solved using asymptotic
expansion and method of separation of variablalt discovered that filtration occurs at a decrepsite,
though the rate increases with time.

In case 3.3, the inhomogeneous form of case 3cwmasidered. The same method for case 3.2
was employed. And the result was the same as fhatoblem 3.2. We then went further to consider the
generalized filtration problem by employing the #amty transformation with the similarity variable

X
n :t_a to case 3.4. Here, we seek the Frobenius serledosoto obtain the result, and observed that

filtration occurs at a decreasing rate for all tentime. Although, the concentration increases wiitie
when t is sufficiently large.
Finally, in this paper we have been able to makefdllowing contributions.
1.With the generalization of the particular solutioh[4], we still obtained results in accordance
with practical condition of filter use.
2.We showed that concentration of impurities decreaseng the thickness of the filter.
3.We showed that filtration occurs at a decreasitgfiar various values of time (t).
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