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Abstract

The paper, discusses semi-implicit inverse Rungaitt& Scheme for numerical solution of stiff ondary differential equation
of the form y' =f(x,y), asxsb. Its derivation adopts Taylor and binomial ses expansion , while it analysis of its stabilites

the well known A-stability test model equation. ot theoretical and experimental results show thiie scheme is A-stable.
Numerical results compared favourably with existiriguler's method.

Keywords A-stable, Accurate, Semi-Implicit, Inverse, Lo@alincation Error.
1.0 Introduction

There are problems in the field of Science, Tetdgyand Engineering, which often lead to ODEshef tform
Yy =fxy), y0) =Y, asx<b (1.1)
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where y depends on x. Equation ( 1.1) is saitbetstiff if the Eigen valueslj of the Jacobian

J=i and

ox
A =U,+iV,, j=1(1)mj =v-1

(@ Uj<0; j=1(1)m
(b) Max (U)>>min (U),j=1 (1) m

(@) |Uj| << |VJ.| for at least one value of j.

The problem associated with numerical solutiontdf systems were first discovered by [3]. Reséars have generated a lot of interest becauseeoditficult
@tpepular methods include Conventional Implicit,meémplicit and Explicit Runge-Kutta Scheme. [5jtioduced a

nature of the solution process of stiff ODEs.
rationatized Runge-Kutta Scheme of the general form

R
yn + Zlei
yn+l = I=F:zL (12)
1+ ynZVIHI
i=1
where
Ky = hf(x, yn) _
K = hf(x, + ¢h, yﬂ*Z%Kj 1.3)
j=1
Hi = hg(x, ) _
H =hg(x +dh, 2.+ bjH)) (14)
j=1
(1.5)

1
9%, z) = er f(Xn Vo) = _F f(Xn, Yn)

n
Although the method is suitable, accurate and staibis bedeviled by the difficult nature of thenttion evaluation of f and g

The method we are considering in this work ishef fiorm
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Yn (1.6)

yn+l = R
1+ ynZVVIKI
i=1
where,
Hi=hg(x +dh, Z,+ > bH,) 1.7)
j=1
with
90, z0) = = Z2f(X,, ¥a) z,= %, (1.8)
and
R
d= Z bij (1.9)
j=1

and it is called Inverse R-stage Runge-Kutta Schdinis method was classified into Explicit, Semmiglicit and Implicit.
[1] proposed the Explicit one and two stage InedrRsK scheme. In this paper, we consider the &asri-Implicit of R = 1 for numerical solution ofif§tinitial values
problems in ODEs.
2.0 Derivation of the Scheme

Now setting R = 1 in equation (1.6), then the orstage semi-implicit inverse R — K scheme is offtiven

_ Y 2.2)
R FIvRVIT)
where
H, = hg(% + dih, %+ by Hy) (2.2)
with
90 20) = = Z(X,,, ¥) (2.3)
with constraint
with constraint
di = by (2.4)
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The parameters Y d;, and l; are to be determined from the system of non-lieggiations generated by adopting the steps below.
(1) Obtain the Taylor and binomial series expamsibH,; about point (¥, y.)
for i=1(1)R.
(2) Insert the series expansion into (2.1)
(3) Compare the final expansion with Taylor series espan .
Recall that one-stage semi-implicit inverse Rungati&scheme of order two is of the form

Y (2.5)
Yo Ty VM,
The Taylor series expansion of.ygives
2 3
Y1 =y, hy, % Yot % Yy +Oh (2.6)

We know that
Yo =X, ¥,) =1,
y, =f, + f.f, =Df,

yr=f, + 2fnfXy +fnzfyy + fy(fX + fnfy) -D? f, + fnyn (2.7)
Substitute (2.7) into (2.6), yields
h? h° (2 "
Vawr = Yo+, +—-Df, + E(D f,+f,Df,)+0h (2.8)
In the same way, expanding BEbout (x, z,) yield
H; = hN; + M, + I°R; + OH' (2.9)
where
Ny = g% 20) = th
M = d; (G + 3G = diDgn
RiG+%dM G+ 6 o) +%d2M, (g, +20,0, +920,,) (2.10)
Expressing g and its partial derivatives in terihkand its partial derivatives to increase thenparison of the coefficients. This implies that
- f - f - f
.= T Gu =%
Yo Yo Yo
- 2f - 2f
9, =——*f, G =——"+f
Yo oo Yoo
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0. = 2f, - yi f,
O = —2f, —2yif

n'xyy,
O = 4Yif, +6Yaf, +Yif,,
Substitute (2.12) into (2.11) and (2.10) yields

_ 2
N, = %, |\/|1 = dl(Dfn+2;nJ

y: yi

2 2
e o 2] (s
yn yn yl’]

adopting (2.10) and (2.13) yields
Yo =Ya -2 (AN, + M, + R, +0h?)
=y, - y2V,(hN, + h?M, + h°R +0h*)
comparing the coefficient of the powers of h in@.and (2.9). That is

'yﬁ Vi N, =f,

-f
-yiv( n] :fn
Ly?

Vlfn:fn3 V]_:l
Df,
yﬁ V1M1 = 7

2
Ya Ya 2

Vldl =Y
But Vi=1
d =%
From the constraints
bu=d = b=d=%
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Then equation (2.6) becomes

Yoo = I (2.17)
l+ ynHl
where
Hi=hg(% +%h, Z+%H) (2.18)

3.0 Analysis of the Basic Properties

Naturally, all ODEs solvers are allergic to errdrhe magnitude of these errors determines theedegfr accuracy of the scheme and their effect eagréat. In this
section of the paper, the error, convergence, stargty and stability analysis shall be discussed.

3.1. Error Analysis

Error of numerical approximate techniques for siiffinary differential equation arise from diffet@ause, which can be classified into
Discretization error, Truncation error, Round-afffoe.
Discretization error:

In numerical analysis for ODEs, discretisatioroefe,.;) associated with the scheme is the differencesdsst the exact solution y(x) and the numerical solution
Yn+1 @t point %1 That is

Ene1 = Ynr1 — Y(Xo+1) (3.1
Since the numerical solution of the scheme involtersition process, there exist propagation ofreinam step to step. The propagation of error gmvdecay from step to
step.
Round off error

Round-off errors is an error introduced as a resfulhe computing devices. Mathematically, it d@nexpressed as

Vot Yo~ P 3.2)
where Y., is the expected solution of the difference equatib1) while R, the computer output at the (n¥Tjeration.
Truncation error
Truncation error on the other hand is the emtwoduced as a result of ignoring some of the higéens of the power series of Taylor and Binors&lies expansion

during the derivation of the new scheme.
Mathematically it can be defined as
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_ y(x.)
T, = -— 2 .
n+l y(xn+1) 1+ y(xn)lel (3 3)

Hi = hg(¢+dih,  z+bi; Hy)
For example, the local truncation error for the ifgrof one-stage semi-implicit scheme of order two

where

212 f
T... =071, +1,0f Y3 - %vid2)-viaZ 2f,y,| Df, - |- 2f "2 |h* +0n*  (3.4)
Yn Yn
3.2 Convergence Property
The numerical scheme (2.1) for solution of stiff BDwill be convergent if the numerical approxiroati,.; that is generated tends to the exact solutiop.y(=s the

step size tend to zero.
That is,

Lim [y(xn+1) - yn+1] =0 (3.5)
= o
h= 0

To analysed the convergence of the proposed sctientbeorem stated below will be considered.
Theorem 1

Let {ej = O(l)n} be the set of real numbers, it there exist findiastant R and S such that
|e].| < RIeJ+l +S,j=0(1)n-1 (3.6)

| < [L_lJS+ Ri/e/ 3.7)

Let g,+1 and T+ denote the discretization and truncation erroegatied by scheme (2.1) respectively.
Adopting binomial expansion and ignoring highents in (2.1) and (3.4) we obtain

Y(%+1) = Y0) + hW, (xn, Y(X0); D) + Thea (3.8)

where LPZ is a continous function in the domaig a < b, |y| <00,
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Apply

9(x,.2(x) = (X, ¥(2,))

1
y2(x,)

where

h
L|J2 n ,h = VlHl = 2—L|J2 s
hW, (X, y(x,);h) 00 (%, y(x.))

Similarly equation (2.1) yields
Vst =Y + (%, Yo )

Subtract (3.9) from (3.11) and adopt equation (R&s to

en+l = en + h( 2)(Xn' y(Xn)’ h) - hwz(xn’ yn)n )+Tn+1
Taking the absolute value on both sides of equd8dB),we have

€l < &3] +ak <l [+T
where

T= Qup | Tn+1| and by

a<x<b

Setting N =K
The inequality (3.13) become

e, <|e|@+hN)+T

Adopting theorem 1, expression (3.15) becomes

o< (W}F L1+ PN

hN
Since
(1+hN)" =™ = g\0o-a)

and x<b,theny—a<b-a
Consequently
eN(xn -a) < en(b—a)
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N(b-a) _
|e.h| < [eh—Nl}r + eN(b-a)|eo|

Toer = M2 (X + 6N,y (% +6h)) - (X, Y(X), 06<1
= hz (X, +6h, y (% +6h)) - W2 (X, +6h, y(X,) + Wi(Xn +Bhy (X))

- W1 (X% +6hy(x))) - W1 (Xn, Y(Xn)), 0sB<1
By taking the absolute value of (3.18) on botlesiednd considering equation (3.14) we have

T=hK |y(x, +6h) - y(x,) | - jh’6,x, <0< x, +1

by setting Q =, and Y = Syp Y'(X)
asx<b
Therefore equation (3.20) becomes
T=HONY+Q)
By setting (3.21) into (3.17), we havz*zen| <h%g eN(b'a)(NY + Q) + eN(b_a)|eo|
Assuming no error in the input data. That is when 0, then the limit as h. 0, we obtain
Lime,| =0
h- 0

n- oo
Thus establishing the convergence of the scherig (2.

3.3. Consistency Property

One stage scheme (2.1) is said to be consistent if
y, = f(X,,Y,)as h tends to zero.
That is

lim [—y””h_ Yo } =f(X, Yn)
h-o

To show the consistency of the scheme (2.1)
Recall that
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Yn

P — 3.24
Yo 1+y V,H, (3.24)
Adopting Binomial expansion and ignoring higheder terms
Y1 = dh- Y§ Vj_Hj_ (3.25)
Subtracting yfrom both sides, we have
2
Yor =Y = - Yo ViH, (3.26)
-h
But H= — f(X,,Y,) (3.27)
Yn
2 h
wﬂ—yn=—wvlygﬂxww) (3.28)
n
Yo~ Yo =0V (X, ;) (3.29)
Divide both sides by h and;V=1
% = (X, Y,) (3.30)
Taking the limit as h tends to zero
lim [—y””h_ I } =f(x,, ¥n) (3.31)
h-o

This shows that one-stage method of semi-implierse R-K scheme is consistent.
3.4. Stability Property

As mentioned earlier that any error introducedmt stage of the computation which is not boundedpraduced unstable numerical results.
Therefore, we consider the stability analysis ef pnoposed semi-implicit Runge-Kutta scheme defing@.1) to access its suitability.
To achieve this, we apply scheme (2.1) to [4] $tgtscalar test initial value problem

y =4y, y(X,)=Y, (3.32)

Journal of the Nigerian Association of Mathematic&hysics Volumel6 (May, 2010) 229 — 240
Stiff Ordinary Differential Equation P.O. Babatola J of NAMP



under the assumption that Re£< O from the scheme (2.1)

_ Yn
Yot 1+y, ViH,

Hl = hg(xn + dlh’ Zn + bll Hl)’ Zn = %n

H, = (1+ Ahb,) "eth
Yn

Ah
H=——+1"
" y,(L+Anb,)

Yo
1+ AhV,(1+ Ahb,) e

yn+1 =

letp=Ah, ande=1
Then (3.36) becomes
Yn
1+ pvl(1+ pbll)_:l
_t
1+ pV,(1+ pby,) "
_r
1+ pV1(1+ pbn)
Then equation (3.37) becomes
Yn+1 = H(P)Yn
The equation is A-stable if 1 (p) <1
with V=1, ledlz%
Equation (3.37) becomes

yn+1 =

yn+1 =

Hence let\(p) =

1 5P

1+ p(1+% p)_l B 1+§ p
2

N |-

Then equation (3.40) is satisfies
If
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(3.35)

(3.36)

(3.37)

(3.38)

(3.39)
(3.40)

(3.41)
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1

1+=
2Pl (3.42)
1+§ p
2
That is if
1t
120 (3.43)
142
P

P < 1 implies that the scheme is A-stable. AlsoQuimplies that the scheme is P-stable. Since éhgeg of p is from (e, ).
Numerical Computation and Results
In order to demonstrate the applicability of thiheme, some sample problem were considered.
Problem 1:
Consider initial value problem

'=-100dy - x°)+3%, y(0)=1 (3.44)
The theoretical solution
y(x) = -1 g0 (3.45)

The numerical results are shown in table 1.

Problem 2
Consider the stiff system of ODEs of the form

Y' =AY (3.46)
where

10 -499 O
A= 0 -50 0
0 70 -120

with initial conditions [2 1 2] in the theoretical interval £ x < 1 while the theoretical solution are given asyl(X) =e*+e™

Y,(x) =™
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ya(x) =€ +e7* (3.47)
The results are shown in Table 2.

Discussion of Numerical Results

From the results obtained from the solution of $henple problem as shown in the table, the errauimdd compare with the error obtained in the exgstnethod
show that the new scheme is very accurate.
It was observed that as the mesh size reducesslligon converges, which shows that the metheddsirate, stable and convergent.
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Table 1: RESULT OF ONE-STAGE SEMI-IMPLICIT

INVE RSE RUNGE-KUTTA SCHEME AND EULER’S SCHEME

H YEXACT PROPOSED ONE-STAGE | E1 EULER'S SCHEMES | E2

SEMI-IMPLICIT R-K Yn

METHOD OF ORDER TWO

Y
.10000000D+00 .36887944+00 .36940452D+00 .52508402D .37603125D+00 .71518088D-02
.500000000D-01 .60665566D+00 .6066819D+00 .2630D534 .60689665D+00 .24098742D-03
.25000000D-01 .77881641D+00 .77881743D+00 1023298 .77882424 D+00 .78335668D-05
.12500000D-01 .88249886 D+00 .88249889D+00 .3680DaBY .88249911 D+00 .24978363D-06
.62500000D-02 .96941331D+00 .93941331D+00 .12298586 .96941331D+00 .78857242D-08
.31250000D-02 96923326 D+00 .96923326D+00 .2340630 .96923326D+00 .2476954D-09
.15625000D-02 .98449644 D+00 .98449644 D+00 .7528D711 .98449644D+00 .7763479D-11
.78125000D-03 .99221794 D+00 .99221794 D+00 .1580B6209 .99221794D+00 .24280578D-12
.39062500D-03 .99610137 D+00 99610137 D+00 963300911 .99610137D+00 .75495166D-14
.19531250D-03 .99804878 D+00 .99804878 D+00 .6031B312 .99804878 D+00 .22204460D-15
.97656250D-04 .99902391 D+00 .9902391 D+00 .1548B530 .99902391 D+00 .00000000D+00
.48828125D-04 .99951184 D+00 .99951184 D+00 .1938B910 .99951184 D+00 .11102230D-15
.24414063D-04 .99975589 D+00 99975589 D+00 .242a8P811 .99975589 D+00 .00000000D+00
.12207031D-04 .99987794 D+00 .99987794D+00 .303R211® .99987794D+00 .11102230D-15
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Table 22 RESULT OF ONE-STAGE SEMI-IMPLICIT RUNGE -KUTTA SCHEMES FOR SOLVING STIFF SYSTEMS OF

ORDINARY DIFFERENTIAL EQUATIONS

Y1 Y2 Y3
X CONTROL STEP SIZE El E2 E3
.1980099667D+01 .9706425830D+00 .8869204674D+00
.3000000000D - 01 .3000000000D - 01 .8291942688D-09 .3281419103D-07 .8161313500D-05
.1885147337D+01 .8379203859D+00 .4917945068D+00
.1774236000D+00 .1771470000D-01 .9577894033D-01 22835333D-08 .5357828618D-06
.1791235536D+01 .7191953586D+00 .2663621637D+00
.3307246652D+00 .1046033532D-01 .11050933794D-10 5588255336D-09 .3474808041D-07
.1694213422D+01 6088845946D+00 .1365392880D+00
.4977858155D+00 .6176733963D-02 .1269873096D-11 55388446D-10 .2146555961D-08
.1556933815D+01 4729421983D+00 .4953161076D-01
.7512863895D+00 .3647299638D-01 .1425978891D-08 05@50447D-07 .1010194837D-05
.1435390902D+01 .3709037123D+00 .1867601194D-01
.9951298893D+00 .2153693963D-01 .1594313570D-09 16534301D-08 .4481540687D-07
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