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Abstract

We studied the maximum-norm error estimate for the
Galerkin finite element discretization in time of a stochastic
wave equation by the Crank-Nicolson time stepping finite
difference method. The error estimate was obtained by using
the notions of rational function and resolvent estimates.

1.0 Introduction

This is an extension of [6] where the equationtaflg is the strongly damped stochastic wave
equation

u, —alAu, —Au=dwW in Qx[0,T]
u(Gt) =0 on 0Q 1.n
u(0,0=x%,u (00=x in Qx[0T]

whereQ is a bounded domain R® d < 3, with smooth boundagQ. W is a Wiener process defined on a
filtered probability spacdQ, F, P, {F,},.,). -A = A denotes the Laplacian.

[5] and [6] studied the finite element method loé deterministic form of (1.1) and proved error
estimates in the £ and maximum-norms. Other authors who have wodtethe finite element method of
(1.1) but applying the backward Euler method farfiilly discrete scheme include [1], [2], [3], aft]
some references therein. In this work we extend shlies of [6] and prove maximum-norm error
estimates for the Crank-Nicolson-Galerkin discssteeme of (1.1).

2.0 Finite Element Analysis
First we formulate (1.1) as a first order systertirite by settingA = —A,

e 21
y_ut |A oA @D

where the functions lie in the domalB(A) = H: n H?, and thus the components of

those in D(B) vanishes aif) . We then have
y, + By = dw, t>0 (2.2)

y(0) = Yo = (X, %)
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which has a unique solution
y(t) =e™®y, forany y, 0L, XL,
with E(t) =e™.

2.1 Galerkin Discretization
Let S, be a family of finite elements spaces, which cetssdf continuous piecewise

linear finite elements that vanish on the boundeiti respect to the triangulation, ®f Q, [J Q with
boundary nodes of h of2,, onéQ. We also have thdtS, } O H, . Then the semidiscrete problem is to
find u, (t) 0 S, such that,

Ue @A, + Au, =RdW, t>0, u,(0)=Xx,,, u (0)=x,

(2.3)
and (2.2) becomes

Yhe T BrYn = RdW, t>0, ¥,0) =Y = (XOh’th)T
(2.4)
For the fully discrete scheme, let r(z) be a raidunction approximating®to order p, i.e., such
that

r(z)=e*+0(z"), for z - 0, where p=1

(2.5)
and which is A-stable, so that

r(2)<1, for Re(@) =0
(2.6)
We define an approximatiol, = (U,,,V,)" to the solution of (1.1) at timg, = nk ; wherek
is the time step, by
Y, =r(kB,)Y.,, for n=1 with Y, =y, = Xgn %)

(2.7)
Applying the Crank-Nicolson approximations whiarmesponds to the rational function

r(z) = (1—%2)/(1+%Z) gives

L+ 5 KBLY, = A= KB)Y,.p, for N1 With Y, = vy, = (X, %'

This is written as

A PR _ 1%
(1+(§ak+2k ANV, =@ (2ak+4k YAV, kﬂUn_1+2t!1Pde(S),

1
U,=U., +§k(vn +Via), for n21 Ug =X, Vo =X,
when express in terms of the component¥pf= (U ,,V.)" .

Eliminating Vi, we find that, withdU , = (U, -U_,)/2k andUAn = %(U st2U, L +U L),

@U ., x)+aA@U ) +AU,., x)=PAW, 0O y0OV,, n=2 (2.8)
Uy =Xy, U, =2, + 0+ (ak-+K)A) (%, ~kAX,, + [RAW(S)
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3.0 Maximum-norm error estimates
3.3.1 Resolvent Estimates
Here we consider A as a densely defined operatitreiiBanach space,@) of
continuous functions i2 vanishing ondQ , with norm
= mMaXVv(Xx
M = maxv(x)

(3.2)
and throughout this work, when the space is natifipd as a subscript, the norm denotes the maximum

norm (3.1). The spectrurd (A) of A is located in a segmefid : A = C, >0} of the positive real axis,
with C, the smallest eigenvalue of A. The following isrtteespecial case of a result shown by Stewart

(1974).
Lemma 3.1

For any & > 0 there is a constant C €, such that
|2 -~ |sca+|2)™ for z0%, ={z:[argz} <&

(3.2)
We require also the following results from Thomed &/ahlbin (2004) which we shall use in the probf o
our main result here.
Lemma 3.2
Assume that A satisfies the resolvent estimate),(ard let B be the operator on

X x X defined by

0 -1 .
B:{ } with a >0
A aA

Then there existé [ (0, %) such that
@ -B)*|<Cc+|2)? for zDX,.

For the semidiscrete schemes [2] proved the foligwesult
which we shall apply in the proof of our main resul

Lemma 3.3
Wwith Y, = (RhXO, Rle)T we have for the solutions of (1.1) and (2.3)
0,0 = (O] +u,, @ -, 0] < Ch x| + | Axy + O A7)0 s t>0

Using the notations for the semidiscrete problem

Uy (1) }

~ o I 0 = =
5, (0):= {o Ah‘l}yh O=Fn®= [Ah‘luh,t 0

(3.3)

Where
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| )
| aA,

we have a result which yields an error estimatel,fp('[) of the same order as lemma 3.3 above under

weaker regularity assumptions 0g.
Lemma 3.4

Wwith Y, = (RhXO, Rle)T we have for the solutions of (1.1) and (2.3)
Ju, () ~u()] < ChtZ (|| + ) +Ch* a7 | for t>0

3.3.2  Convergence Result
First let us state this important results from Tleemrand Wahlbin (2004).

Lemma 3.5
Let —B generate an analytic semigroﬁ:(t) =€ in a Banach space X with

norm H[H then

Hr(kB)M <CM
(3.4)
and
H(r(kB)” —e"nB)vHsckaBM\, for vOD(B®), n=0
(3.5)
Lemma 3.6

We have for the j-projection,

|Pv-v|<Ch’l |Av| for vOIC*(Q) n H (Q)

and, for the Ritz projection

|Rv-V|sChiZ|Av| , for vOC*(Q) n H.(Q)

The error estimate in the maximum norm for theyfdiiscrete scheme is

Theorem 3.1
— T .
For Y, = (PhXO, Ph)(l) we have for the solutions of (1.1) and (2.8)

+

U, -u(t,)

V. —u(t,)

< Ch217 (| A% |+ Ax | + A2
O R+ A% | A7, 05 511, >0

(3.6)
and
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< C(N17 +K2) (| Ax | +]|Ax ] +|A”"2)), 0< B <11, >0
(3.7)

Un _u(tn)

Proof:
Using Parseval’s relation and Ito isometry, weehav

PhAVV(s)H <Ch?| A"

By lemma 3.5,
HYn - yh (tn)H = Hr(th)" yOh + PhAW(S) _ e—nth yOh

=[(r(kB,)" — ™)y, + RAW(s)
< CK*([B Yo | + A7)

Next we show that
BrR,Yo[ < CIr (A% + A%, )
with A, as defined earlier, we ha¥g R v=P,Av for v(1D(A). Hence
-PAx —aP
BIR.Y, =( A%~ an A j
aA R Ax, - B AX +a”A R Ax
To estimate the norm of\ P, AX, = (A P,A— A R A)x, + A R AX,, we note that the last

term equaIsPh AZXO. Using the global uniformity of the triangulatidre.,
|Ag|=Ch?|¢|, for ¢OS,

and lemma 3.6, we have

|A (P, = R )Ax,| < Ch?|(P, - R ) Ax,| < CIZ| Ax|

Hence
|ARA| <CI|AX)
Since HPhAon < CHAXOH < CHAZXOH , and similar argument for terms ¥ . This proves (3.6).

For the prove (3.7), l:iy lemma 3.5,
IV, = 9, (t,) = Ck*(

and using the notations of (3.3), we have
5oy =9 TAY0 “1fRX ~ RAX, —aR AX
ol aa N1 ot JRx L aaR A, -Rx +a*RAX
[Rx[ =[x+ chiy|Ax | < CllAx|
=l (x| +[Ax)

02> -(1-p)/2
By Vo | + A7)

and

We have
~,
Bh yOh

This concludes the proof of the theorem.

4.0 Conclusive Remark
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The strong convergence rate in both the spatitiame steps can be obtained if the finite element
solution derived on a very fine mesh is consideasdhe true solution and the finite element soh#io
obtained on the less finer meshes are comparedttmumerically obtained “true solution”. Thisdsie
to the fact that the true solution to the SPDE)(itsklf is a random process and is not explicthilable.
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