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Abstract 

 
We studied the maximum-norm error estimate for the 
Galerkin finite element discretization in time of a stochastic 
wave equation by the Crank-Nicolson time stepping finite 
difference method. The error estimate was obtained by using 
the notions of rational function and resolvent estimates. 

 
 
1.0  Introduction 

This is an extension of [6] where the equation of study  is the strongly damped stochastic wave 
equation  
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where Ω is a bounded domain in Rd; d ≤ 3, with smooth boundary ∂Ω. W is a Wiener process defined on a 

filtered probability space ( )0}{,,, ≥Ω ttFPF .  -∆ = A denotes the Laplacian. 

 [5] and [6] studied the finite element method of the deterministic form of (1.1) and proved error 
estimates in the L2- and maximum-norms. Other authors who have worked on the finite element method of 
(1.1) but applying the backward Euler method for its fully discrete scheme include [1], [2], [3], and [4] 
some references therein. In this work we extend the studies of [6] and prove maximum-norm error 
estimates for the Crank-Nicolson-Galerkin discrete scheme of (1.1). 
 
2.0  Finite Element Analysis 

First we formulate (1.1) as a first order system in time by setting ∆−=A , 
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where the functions lie in the domain 21
0)( HHAD ∩= , and thus the components of 

those in D(B) vanishes on ∂Ω . We then have 
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which has a unique solution 

0)( yety tB−=  for any 220 LLy ×∈  

with tBetE −=)( . 

 
2.1  Galerkin Discretization 

Let Sh be a family of finite elements spaces, which consists of continuous piecewise 

linear finite elements that vanish on the boundary with respect to the triangulation Th of  Ω⊂Ωh    with 

boundary nodes of h on hΩ  on ∂Ω. We also have that 1
0}{ HSh ⊂ . Then the semidiscrete problem is to 

find hh Stu ∈)( , such that, 

hthhhhhthhtth xuxutdWPuAuAu 10,, )0(,)0(,0, ==>=++ α   

 (2.3) 
and (2.2) becomes 

T
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 (2.4) 
For  the fully discrete scheme, let r(z) be a rational function approximating e-z to order p, i.e., such 

that  

1,0),()( 1 ≥→+= +− pwherezforzOezr pz    

 (2.5) 
and which is A-stable, so that 

0)Re(,1)( ≥≤ zforzr      

 (2.6) 

We define an approximation T
nnn VUY ),(=  to the solution of (1.1) at time nktn = ; where k  

is the time step, by 
T

hhhnhn xxyYwithnforYkBrY ),(,1,)( 10001 ==≥= −  

 (2.7) 
Applying the  Crank-Nicolson approximations which corresponds to the rational function   
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3.0  Maximum-norm error estimates 

3.3.1  Resolvent Estimates 
Here we consider A as a densely defined operator in the Banach space C0(Ω) of 

continuous functions in Ω  vanishing on Ω∂ , with norm 

)(max xvv
x Ω∈

=       

 (3.1) 
and throughout this work, when the space is not specified as a subscript, the norm denotes the maximum-

norm (3.1). The spectrum )(Aσ  of A is located in a segment }0:{ 0 >≥ Cλλ  of the positive real axis, 

with 0C  the smallest eigenvalue of A. The following is then a special case of a result shown by Stewart 

(1974). 
Lemma 3.1 

For any 0>ε  there is a constant C = 0C  such that 

εε <=∑∉+≤− −− }arg:{,)1()( 11 zzzforzCAzI    

 (3.2) 
We require also the following results from Thomee and Wahlbin (2004) which we shall use in the proof of 
our main result here. 
Lemma 3.2 

Assume that A satisfies the resolvent estimate (3.2), and let B be the operator on 
XX ×  defined by 
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For the semidiscrete schemes [2] proved the following result 

which we shall apply in the proof of our main result. 
 
Lemma 3.3 

With 
T

hhh xRxRy ),( 100 =  we have for the solutions of (1.1) and (2.3) 
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Using the notations for the semidiscrete problem  

 









==








= −− )(

)(
)()(

0

0
:)(~

,
11 tuA

tu
tyFty

A

I
ty

thh

h
hhh

h
h

   

 (3.3) 
 
Where 
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we have a result which yields an error estimate for )(tuh  of the same order as lemma 3.3 above under 

weaker regularity assumptions on 1x . 

Lemma 3.4 

With 
T

hhh xRxRy ),( 100 =  we have for the solutions of (1.1) and (2.3) 

0,)()()(
2

2/)1(
10

22 >++≤− −− tforAChxAxlChtutu
Lhh

ββ
 

 
3.3.2  Convergence Result 

 
First let us state this important results from Thomee and Wahlbin (2004). 

 
Lemma 3.5 

Let –B generate an analytic semigroup 
tBetE −=)(  in a Banach space X with 

norm ⋅ , then 

vCvkBr n ≤)(       

 (3.4) 
and 
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 (3.5) 
Lemma 3.6  
  
We have for the L2-projection, 
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and, for the Ritz projection  
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The error estimate in the maximum norm for the fully discrete scheme is 

 
Theorem 3.1 

For 
T

hhh xPxPy ),( 100 =  we have for the solutions of (1.1) and (2.8) 
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 (3.6) 
and 
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(3.7) 
Proof: 
 Using Parseval’s relation and Ito isometry, we have  
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By lemma 3.5, 
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Next we show that 
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To estimate the norm of 
000 )( AxRAxARAAPAAxPA hhhhhhhh +−= , we note that the last 

term equals 0

2xAPh . Using the global uniformity of the triangulation, i.e.,   

hh SforChA ∈≤ − φφφ ,2  

and lemma 3.6, we have 
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00 xACAxCAxPh ≤≤ , and similar argument for terms in 1x . This proves (3.6). 

 For the prove (3.7), by lemma 3.5,  
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and using the notations of (3.3), we have 
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and 
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This concludes the proof of the theorem. 
 

4.0 Conclusive Remark 
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 The strong convergence rate in both the spatial and time steps can be obtained if the finite element 
solution derived on a very fine mesh is considered as the true solution and the finite element solutions 
obtained on the less finer meshes are compared with this numerically obtained “true solution”. This is due 
to the fact that the true solution to the SPDE (1.1) itself is a random process and is not explicitly available. 
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