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Abstract

Green’'s function provides a wide range of methodsr f
solving elastic problems. In this paper, our focis on the
method of the separation of variables. Here, thee@n’s
function of the Neumann'’s problem for Poisson’s egftion
is adopted. Unlike the problems of the full and fadtrips,
the problem of the rectangular strip admits knowarfnulae
of the hyperbolic functions in addition to conveomal

T ——
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1.0 Introduction

Many methods can be used to construct Green's iimet One of such methods is the separation of
variables. As in, [1], it is shown that the incaegsibility constraint allows one to describe stadd
thermoelastic effects. This approach is recentfypsuted by the works of [4]. The basic idea of kst
two authors is to decompose the motion of deforwmainto two parts: one due to traction free uniform
heating and the other due to isothermal mechalueading.

But in our method of separation of variables, threg®’s function is being determined in a holistienfi.
This method had earlier been used by the same rg@ith8] to solve the problems of the full and hstifips

of elastic materials and is hereby extended tcaregtlar strip problem as shown in this paper. Tagom
difference with the already solved problems is thmtperbolic functions are admissible in the
computational procedure.

Seremet [6] solved the rectangular strip problerth wéflection method, where the Green’s functiors wa
constructed for Laplace’s equation. But in our aagh here, we solve the problem by constructing
Green's function for Poisson’s equation.
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2.0 Mathematical Formulations.

We define the Green'’s function of the Neumann'sfem for Poisson’s equation in the form

02 G(x.£) =( ! J—a(x,z) 2.1)
aia

2

at the following intervals @< X, < a,,0 < X, <a,) under the following conditions;

0G o .

a—Xl:O,Xl—O,al,OSXZS a.z (22)
90G =0;x,=0a,; 0sx,< & (2.3)
0X,

2.1  Computational Procedure

The solution is sought by using the method of sapar of variables and by defining the following
trigonometric series (see[ 2])

G=a,+ ), a,cosv,X, + > b sinvx, (2.4)
n=1 m=1

where the coefficientsyaa, , b, are the functions of the variablg .x The boundary conditions of this
problem simplify this series and reduce it to thkofving form

G=a,+ Y a,CcosvVX,, vlzn—n,n: 123 e,
n=1 az

(2.5)
Using equation (2.5) in equation (2.1), we get,
ap + Z[a’,’n -v? am] cosv, X, =laa, - 8(x,—&)(x,-&,); and N2= v +u?
m=0 (2.6)
providing thatd(X —§) = d(x,—§&;) (X, —&,) in the method of separation of variables. We now
integrate (2.6) with respect tg and note that the following integral

[ahdx, =aja, ; [ 804 -8) 8(x,~E,) dx, =8(x,~&)) @7
0 0

are non zero.
Thus, we obtain the following ordinary differenteguation

ay =a; a, — a,"8(x,—¢&,) (2.8)
and boundary conditions
d (X, =0)=0;  ay(x, =a) (2.9)

to determine the function, éx,)
To construct Green’s functions for 1D differen&guations, we use the standard constructing puegd
see [2]). The general solution to the influenaecfion is sought in the following form
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X;

+C1X1+C2’ XlSEll

2,2,
a, (X)) =9 (2)10
L+ Kk, x,+k X, 2¢&
1M1 27 1 = ™1
2,2,
Then from the conditions of conjugality at the goiy = El,
a,(x; =& —-0)=a,(x, = & +0) (2.11)
(X, = & -0)- a(x, = & +0) = a;l, (2.12)
we obtain the following set of simultaneous alg@besuations
(Cl_kl)al + (Cz _kz) = 0; (Cl_kl) = agl! (2.13)
Then (c,-k,) =a' & ; (c,-k,) = a} (2.14)
The boundary conditions give
ay(x, =0) =0=¢,=0; aj(x,=a) =0=k,=a;". (2.15)

Therefore, in accordance with the obtained valddébencoefficients
— — -1 —_ -1
c,=0 k,=-a,, c, =k, —a, &,
we come to the following expression for the funatio

2 2
X2 + _
1%121 _a21+b’ X, £ &
a'2
A (X,&) =9 7, (2.16)
K tE_gayp, >
2 ' 1 =51
Za,a,

Then, having multiplied the equation (2.6)

a’c') + Z[a’r’n - Vfam] Ccosv, X, zl/alaz - 6()(1_51)()(2_52); and )\21: Vf + p-lz by
m=0
COosv, X,, V,= sn/a2 , Where s =1,23,...... , We take the integral with eesgo the variable 5

provided the orthogonality property of the trigometric functions has been taken into account amdleco
to the differential equations

a'r'n - Vlzam = —2a;16(x1 - 51)C03V1§2 (2.17)
and the boundary conditions
a,(x;=0)=0  a,(x;=a)=0 (218)
to determine the function&;). Here, the following integrals are non-zero:
3 0, vV, * vV,
jcosvzxzcoslezdx2 =1a, (2.19)
0 4' Vi=V,
a
I O(Xy=&1) 8(X;, —&5) COSV, X, dX, =8(X ;=& ;) COSV &, ; Vi =V, (2.20)
0

Then, by denotin@,,, = 2a;1 a,, cosv, &, , we reduce the above equations to the respective

boundary —value problem aimed at determining thetfon a_:

= =/

a:'n _Vlzam :_6(X1_El); a:n(xlzo); am(Xl =a1)=0 '
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(2.22)
To solve this problem we use a standard methodreeGs function construction for 1D differential
equation (see[6]). The general solution to thisedéntial equation is

-V, X Vi X .
c,e *tt + c,enr’t X, <&,

-V, X Vi X .
ke + k,e"™™ X, 2 &

a, =
(2.22)
Then, from the conditions of conjugality at themox = &
a,(x= ¢ -0)=a,(x=¢&+0); a,(x=¢§ -0)-a,(x= §+0)=1
(2.23)
we obtain the following set of simultaneous alg@besuations

(c, —k;) €8 +(c, —k,) % =0; -v)|(c, —k,) e%& - (c, —k,) €44 |=1
(2.24)
Then, from the boundary conditions, it follows that

am(XZO):>C2—C1:O; é_m(xlz a1):>kzevlal — kle—vla1 =1

(2.25)
and for the coefficients, we obtain
e‘Vl‘il elel + e_vlzl evlzl B
c,=¢, = + —— k,=¢c, + ok, =k, 7",
2v, 2v, €™ -1 2v,
(2.26)
After some transformation, this makes it possibldeéduce the expression for the Green’s function as
(Xl,z ) - (evl(xl &) + e_vl(Xl +21)) + Cth Xl Cth El , < El
2v, v,e"® shv, a
(2.27)

where the known formulae for the hyperbolic functiavere used

sha =2"(" - e*), cha=2"("+ e™)

(2.28)
We note that the expression for the functég(X,,§,) at x, = &, follows from the given expression
provided the change of the values x1 aﬁgis allowed for. So, the requirements for the synmmnet the
Green’s function, &, (X,,§;) = @ (El,Xll) is satisfied. Thus, after introducing the notation,

v+ chv, x, chv
80,8 = My (X E)= o (@008 @) 4 SXEMG,
2V1 Vlel 1Shvla1

(2.29)
we deduce the expression for the Green’s functfoheoinitial —value problem in a form of infiniteries

G(x,&)=b+ (2a,a,) (X2 +&)-a,'¢, + ZI‘I (X,,&,)cosv,x,cosv, &,, X, <&,

2
(2.30)
However, by making use of the known sum (see [2n8 5])

Z—cosnor— —In\/l— 2pcosa +p? ; p° <1 O0<a<2ir or p®<1 0<a<2m

(2.31)
as well as the trigonometric formulae

cos(B —y) + cos(B +)
2

cosf3cosy =

(2.32)
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we are able to sum ordinary infinite series.

The final expression for the Green'’s function tef Neuman’s problem for the rectangular strip igtem
in the form of [3];

i+xf+6f_1

G (x,&)=b- —InEE,E,E
a, 2aa, 2m 2%
2 & chv, x, chv mrt
=y 2 184 Cosv, X, Cosv, &,; b=congant; v, = —
a, 1 V,e'*shv, a a,
(2.33)
where the functions E, (EE,, E;, are determined by the expressions
% - &) 2% - &)
E =4 1-2e* cosrm/a, (x, - &,) + e® (2.34)
~Lx+ &) 2+ &)
E, =y 1-2e ™ cosrt/a, (x, —&,) + e™ (2.35)
Zix-&) 2ix-&)
E, =1 1-2e* cosrm/a, (x, +&,) + e* (2.36)
- Tn ) P+ &)
E, =\ 1-2e * cosmla, (x, +&,)+ e® (2.37)

(Note: ch and sh stand for cos and sine hypearhbesipectively.)

4.0 Conclusion

In this paper, we used the methods of separatioragébles in Green’s function to solve the problein
the rectangular strip. Earlier, the same methad heen used by this author to solve the probldntiseo
full strip and half strip. The significant featutd the full strip was that the shearing stressesew
completely zero. In the half strip problem, a twatof the conjugality conditions became promiremd
the solution to this problem admits trigopnometrpdtions in its principal stresses unlike that o fhll
strip.

In the rectangular strip problem, unlike the fulbdahalf-strips, the solution is amendable to théhaogs of
hyperbolic functions. In particular, the introdiact of the hyperbolic function preserves the synmnef
the Green’s function and satisfies the conditiohsomjugalities. Also, as a a great departure ftbentwo
previous problems, the rectangular strip problemnitglthe Green’s function of Neumann’s problem as
well as the Green’ function of the second kindRaisson’s equation, a situation which was not [pbssn
the full and half strip problems. The advantaféhs is that the solutions to the rectangularybemn can
explicitly be presented in hyperbolic functions tee of the conventional trigonometric functions.
Consequently, the shearing stresses are symmetrical
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