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Abstract

An anti-plane strain problem leading to a generalized
mixed boundary value problem is solved using the
method of conformal transformation and Mellin
transform to obtain the only non-vanishing displacement
field ¢(r, 6).the strain and stress fields are calculated.

1.0 Introduction

The anti-plane strain problem plays a useful r@eailot problem, within which various aspects of
solutions in solid mechanics may be examined inaatiqularly simple setting. In recent years,
considerable attention has been paid to the asabfsanti-plane strain deformations within the eomtof
various constitutive theories (linear and non Imexd solid mechanics [1], [2]. Most of these sesliwere
concerned for the cracked infinite-strip problenheneas only few considered a problem involving non-
straight boundaries [3], [4], [5], [6]. Georgiadi in his paper, studied the elastic anti-planeasiproblem
of a by cylinder within a cracked elliptical crossetion from the viewpoint of fracture mechanics.
Successive conformal mappings and techniques adtgytic function theory were employed in order to
obtain the crack-plane stresses. lbem [8] in hiskvatudied an anti-plane strain problem for antaas
cylinder leading to a mixed boundary value probletmich is solved using the method of conformal
mapping and Mellin transform to obtain the displaeat, strain and stress.

In this project work, we have studied a some whkktted problem to that of [8]. This is an anti-gan
strain problem for an elastic cylinder leading tgemeralized mixed boundary value problem. Obvigusl
our problem is more generalized than Ibem’s problefich is a special case of the problem we studied
However, by using the conformal mapping technigoe Elellin transform we succeeded in obtaining an
integral solution for the mixed boundary value peob from which the strain and stress fields can be
calculated.
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2.0 Mixed Boundary Value Problem

Ibem in his project work solved the problem
O(r,0)=0, r<a

2.1
Ww(@b) =0, -m<0<0 @1
zp,(a,@):Z 0<@<rmr
Y7,
which is generalized as
0%(r,0)=0 , r<a
T T (2.2)
,0) = (), -—<f<—
Y(a6) = 1(6) > >
Vg 3
,0)=g(d —<f<—
Y.(a,6)=9(6) 2 2

Physically the problem is represented by fig. 1

Fig. 1: Diagram illustrating problem domain.

The problem (2.2) can be transformed into a mixednkary value problem in the upper half plane

Im w = 0 by conformal transformation using the mapping fiorc
z—ai

w o= —ji 3P

z+ai

where
W=u+iv and z=X, tix,
From this transformatiog(a, 8) = f(6) is equivalent o (,0, 77) = h(,O) in the w — plane.

To find the boundary condition in the w — planeresponding tay/, (a, 6?) = g(B) in the z — plane.
We let

z = ré’ and w = pe?
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C
. (a.6) = g(6)
(a.6) = f(6)
B
@ (o.n) = h(p) | Z,(00) = k(p)
u
A B c D' E'
7 - plane w - plane
Fig. 2:The problem in the z — plane Fig. 3: Tlamsformed problem in w — plane.
such that
Yo, o) =y(r,0)
From the mapping function (2.3)
we have that
w _ 1€’ -ai _ (e -ai)e™ -ai)
pe” = 1l —p— =~ VR | By R
re” +ai (re' +a|)(re ' —al)
I r? —a® —2air cosd
r? +a®+ 2arsiné
_ -2arcosf - i (r? -a?)
r’+a’ +2arsind
’ —2arcosf - i (2 —az)\
r’+a’+2arsinéd \
= ! _ [(rz—a2)2+4a2r2c0326? & (2.4)
r<+a+2arsinéd
r2—ga?
= tan! ——— (2.5)
¢ 2ar cost

Thus whemr = a, ¢=0

2cosé cosfd (1—sin29)

P - 2(1+sind) "~ 1+sin@  1+sind
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, _1-sin@
1+sind

0
p° + p?sind = 1-sind
(0% +1)sine = 1- p?

2

1—,0

singd =

,0
g = sin”
[1

cosé ’ 1 '0 (1 '0)
+ 2 1+p)
- | 40 _ 2p
V(+p?) 1407 @0

W _ oy op W op
o  ar dp or dp or

(2.6)

_ {%(az +r? +2arsin6’)((r2 -a®)* +4a’r?cod 6’)_%(4r(r2 -a®)+8a’r cos tﬁ’)—((r2 -a®)*+4a’r?cog H)%Z(r +asind) @

(r2+a”+2rasing)f op
. 1 4ar®cosf - (r 2-a’ )2acost9 @
L[ e ? (2racosd)’ Ry,
2racostd
Thus _
o9 - 1 %
or |,.a acosgd d¢
0
—‘g = acosea—w =acosdg(8)
op or |, ..
2ap 4 2p
= = k 28
20 o 22 < wa (29

Hence the normal derivative
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oy

= =96

ar| 9(6)

in the z-plane is thus_transformed to
oy

—=(p.0) =k(p)

op

in the w-plane.
Now the corresponding BVP in the upper half plane i

2ylp,g) = 0 p>0 O<gp<m
7,00 = k(o)

g (om) = h(p)

Applying Mellin transform ([9]Snedd0n (1979)) to.92 we obtain
sSP(se) + @, (sg= 0
(z(s, M) =H(s)
7,60 =K(s)
where
7 (s0)= M[e(o.0) = jp“wfow) do

Equation (2.10) has the gene(rj';ll solﬁlutlogl
cosp) _ Kl sinn—¢gs

sg = H —

Usg = H(9 o8 s oo

we invert by maklng use of the convolution theoterget

}/2
o St Lo

jwu‘l tanh‘l[z(’ou)co%] k(u) du O<@<m
0 p+u

Which converge uniformly fork(u)=O(u™) and h(u)=0(1) in (0,)

ie @ and h(u) are bounded in(0,00)
u

The integral solution ( 2.13) gives,using Ibendaibdary values,the result

(2.9)

(2.10)

(2.11)

.(2.12)

(2.13)
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s (1) P2 sin(2m + 1)+ iﬂp%m co{m + 1)40 0<p<1
5 0= 2m+1 =2m+1 2
ylo.g)=="
i I i
i (-2) orem sin(2m—1)(p+i B p%—m co{m‘qu" p>1
m2m-1 mm2m-1 2
(2.14)

Which is Ibem’s result.
We next transform back the solutions (2.13) anti4p.to the originakr, d) coordinate using the
mapping function (2.3) to obtain respectively tbludons
i o u¥
w(r.6)= %cos%f u”(A+u) hfu)

o u?+2AucosB + A?

2(Au)%cos%]k(u)du

du - l_[mu’ltanh’1
o0 A+u

(rz +a2)} <f< sin'l[rz +a2}

2ar 2ar 2ar (2.15)
N (‘])W1A1+2m . > o om 1 al+r? a+r?
AT sifam+)B+ Y A co€m+jB,cos1 - <@<cos|——
o 2m+1 m2m+1 2 2ar 2ar
=2
7

o (- © B, Lm 1 | ad+r?
Zém])A“ slf{Zm—J)B+;mA2 coEm—ZJB, 9<cosl{— o

meL - I

(2.16)
Where

2 _ 42
H(r) = r a

2ar

1

A(r, 8) :p:[H (r)+?+sin9} [H2(r) + cos? 6]

B(r,8) = ¢=tan*[H (r) secd)]

3.0 Strain And Stress Fields

In this section we obtain the strain and stredddieorresponding to the problem (2.2).We note fibiathe
anti-plane strain problem the relevant strains thee &, and the stresseg;, .We compute therefore

&z and £y,
_1fogor oy oo (3.1)
Bo2(or ox, 06 ox

Using (2.16) in (3.1) we have
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S A\ | ade2m 0B _sind 0B
> (-1) {A cos(2m+;|)|3( cod r agj

+A?" sin(2m+ 1) (coggai S'ngajJ
0 Y

m=0

X A< 1

= im .
712 A2 Sin(m+§) cos@a—B sing 4B
2 or r 06

m=0
1 _
-A" 2 co B[ cosﬂaA Smgai) (3.2)
r 06

v
1S (1 ){Alzmcos(m ])B(COQ% sTeg%j

A" sin(2m- 1) [Cogai smHaAJ}

or r 06

_li sm m-1) [cosgai 5'”‘9@)
2m=1 ar r ae

Cm-t )
" cos(m- 2) 8 cow 9 - SN0 28 |

or r 08

And _1(ay or ow 06
€3 = +
2 0r 0x, 068 0x,

i; ( )m+1{A1+2m COS( 2m + ]) B( S”ﬁaiB Corsg 372)

0A cosé OAJ} e A< 1

+A%" sin(2m + 1) B[ S|n97+
r 06

li Az 5|n(m+2)B[5|ng‘£’ Coseaij
2 0 r 06

o
2 cos(m + 1) B( S,ng%f)r corse %)}

>

(3.3)

=208 ™y ALEm dB cosd 4B
T Tu “1) A om- ) B[ sim 2+ 9B
|5 (a0 cos(an - g o simg 28, €050 98
~A™"sin(2m-1) B( sing 22+ @%)} As1
ar r 06

r 06

1
FAT Zcos(m—%)B sm907A+C05967A
or r 06

0 l_m
_%Z ,Bm{AZ sin(m—%) B(Slnﬁ‘l?Jr coséd ajj
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Where air:msg’ai:—sme and ar = sing, 08 _ cosé

0X, X, r 0X, 0X, r

The corresponding stress fields are gagn

2y (—1)"’”{A1*2m cog an+ } B( coéz—?— Sifgg%]

m=0
+A?"sin(2m+ 1) B( cop 28 _ smHﬁAj}

0< A<1
or r @

o 1, .
-> a,{A? sin(m+3)B cogp 9B _sing 0B
" o 1 06

1

-A"2 cos(m+1) B( cop A - sianA]} (3.4)

or r 060

o m - 0B sind 0B

2 -1 AL2m - 1B _

2. (-9 { cos(am- ( ¥ o Tt aej

-A?"sin(2m-1) B( cosHaA—SinaA)} A>1
or r 06

Tom o 0B sind 0B
- A2 sin[m-1) B| cosd —- —
Z'Bm{ ( 2) ( ar r 65)

cos(m-1) B( co 2B - Smga—Bj
or r oé
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Zm: (_l)m+1{A1+2m COS( om + ]) B( Siwaj+ cosé OBJ
m=0

ar r 08
+A*"sin(2m+ 1) B sinHa—A+ cosé a—Aj
ar r 06
© l+m
-> a, A2 sin(m+1) B(sineaj+ cosé ‘E’) 0O<A<1
m=0 or r 08
1
-A 2cos(m+1)B sing 92 4 €0S0 0A (3.5)
ar r 060
0, = —ay
) 23 (~1)" | A™2" cos( 2m - ])B[ sing 9B . €0sY a—B)
m=1 or r 06
-A?"sin(2m-1) B siné*a—A+Cosga—A A>1
ar r 06

r o0é
1
+A” ?cos(m-1)B sing 92 ;. £086 0A
or r odé

- i,
-3 ,Bm{A2 sin(m-1) B(Sing%Jr cosé aBj
m=1

4.0 Discussion of result and conclusion

From the result obtained, we make the followobgervations;
1. For r = a in the generalized form of the abfietds, the equations (2.4),(3.1),(3.2),(3.3) 4d84)
represent values at the boundary of the cylinddtew <a, the equations represent values within the
radius of the cylinder.
2. At the boundary, the fields in the two domaiagcide and depend only on the andie
3. We note that the integral solution ( 2.13 ) givgsing Ibem’s boundary values, the result

m+1 P 1+m
(Z_Ii)+1 P2 sin(2m+1)p+ Z%ﬁrlpz co{m+ %jw 0<p<1
m=0 m=0

iﬂpl—stin(Zm—l)w‘Fi ﬂm 1p§-mco{m—%j¢ P >1

m12m-1 mi2m-—
which is Ibem’s result.

It is interesting to note that the same mixed bawmpdalue problem is solved in [10] by means oftays
of equations. This method gives the solution amitef series which is of a more complex form and ca
only be applied to a few problems,for instance wan @nly apply it to Ibem’s problems for

Y(a,6) 0, —n <8 <0.however the method of conformal mapping and MeHansform can be
applied to the mixed boundary value problem witietter result.
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