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Abstract

In this paper, the dynamic response of a non-unifor beam
subjected to uniformly distributed moving load iswiestigated.
Specifically, the elastic properties of the bearhe tflexural rigidity,
and the mass density per unit length which are assd constants
are hereby expressed as functions of the spatiatialZe x. This
dynamic response of the beam was analyzed usindfitiite element
technique. Firstly, the non-uniform continuous beamwas replaced
by a non-continuous (discrete) system made up cérbeclements.
The modified elemental and overall stiffness, anéss matrices, the
elemental and overall centripetal acceleration miatrs as well as the
load vector were derived. Next, the Newmark’s diréategration
method was used to obtain the desired responseheftteam. The
major points of interest in this study were (i) tleffect of velocity of
the moving load (ii) the effect of load’s lengthnd (iii) the effect of
the span length of the beam.

1.0 Introduction

This paper is concerned with the moving load prwisle Many loads acting on solids and structures are
functions of both time and space and such loadi&hnh addition, continuously change their positiare
called moving loads. Some examples of such loadscars, trains, trucks and cranes. The moving load
problems, on the other hand, deal with the deteatitn of the dynamic effect of the moving loads on
elastic structures and particularly on highway amdway bridges. Such a study , is a subject of
considerable practical importance. The bridges athér practical structures are usually modelgd b
elastic structures such as beams, plates, e.t.c.

From historical viewpoints and limiting tipeoblems to the responses of beams ,the moviagslo
problems were first considered approximately fa tase where the mass of the beam was considered
negligible compared with mass of the moving loald, [[2] and [ 3].The other case, in which the mags
the moving load was negligible compared to the nudighe beam was originally studied by [4], anciat
by [5] and thereafter by [6]. The more complicafgdblem involving both cases,(i.e. in which botle th
mass of the load and that of the beam were takEndonsideration) was thoroughly studied by other
scholars, such as [7], [8], and [9]. [10] came uhwa thorough treatise on the dynamic response of
several types of railways bridges traversed bynsteomotives using harmonic analysis. This techaiq
was also used by [11]. Earlier, [12], by using Feuanalysis presented some interesting analydes. T
problem of of the dynamic response of bridges umdeving loads was reviewed in detail by [13], and
later by [14,15,and 16]. One should also make roantif the extended review by [17] in his excellent
monograph carried out on this subject. The dynaesponse of a simply supported beam traversed by a
concentrated moving load was determined by [18]eyTkeveloped an interesting technique which,
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however, cannot easily be applied to various bogndanditions which are of practical interest. [19]
presented an analytical numerical method that eanded to determine the dynamic behaviour of beams
with different boundary conditions

carrying a concentrated moving mass. The probledynamic behaviour of an elastic beam subjected to
moving concentrated mass was also studied by [20].presented a more versatile technique whichbean
used to determine the dynamic behaviour of beamimgparbitrary end supports. [22], studied theeff

of the mass of a moving load on the dynamic resparfsa simply supported beam. Some interesting
results were obtained. A detail analysis of theeaffof centripetal and coriolis forces on the dyitam
response of light (steel) bridges under moving $oa@s also carried out by [23]. It is remarkedhd
juncture, that the elastic parameters of the beamall the works, discussed, hitherto, are assumed
constants. In other words, uniform beams were densd. The reason for this is that by making suth a
assumption, the various researchers ended up Wwihgoverning partial differential equations having
constant coefficients only and thereby based tbeeafentioned investigations, in general, on aredyti
approaches. Otherwise the researchers could hawed fi very difficult, if not impossible, to obtain
analytical closed-form solution to the problem. Hwer, for practical application, it is useful tonsader
beams that are not uniform as most of the vibragtouctural problems involve non-uniform beams. ¢éen
in this paper, beams that are not uniform are densd.

Some of the previous works involvingnruniform beams include that of [24]. They studibd
dynamic responses of multi-span non-uniform beant®eu moving load using the transfer matrix method
analysis to solve the moving load problem. [25paiwestigated the dynamic behaviour of multi-span-
uniform beams traversed by a moving load at a emmbsind variable velocities. They used both modal
analysis and direct integration methods in thealgses.

Although, the above completed works othhmiform and non-uniform beams are impressivéy on
concentrated moving loads were considered. Howesusth loads do not represent the physical reafity o
the problem formulation. As a matter of fact, cantcated loads do not exist physically. For pradtica
application it is realistic to consider the movitgads as distributed moving loads as opposed to
concentrated moving loads. Hence, the presentndseerk deals with the more realistic moving load,
namely, distributed moving load. The first work woving loads, to the best knowledge of the auttoor,
include distributed moving load was that of [26havcarried out an analysis of dynamic behavioua of
beam carrying partially distributed moving masSéwy showed that the inertia effect of the movirasm
is of importance in the dynamical behaviour of sbelam. The work in [26] was extended by the same
author [27] by considering the vibration of a Tirheako beam under partially distributed moving masse
In [28], the vibration analysis of beams traverbgduniform partially distributed moving masses unde
simply supported end conditions was studied. Tlegtig effect of the load was taken into considerati
[29] also investigated the transverse vibratiomefms on foundation subjected to distributed masses
showed that the foundation stiffness and load'gribigtion have significant effects on the dynamic
deflection of the beam. It should, however, be e that only uniform beams were considered it
previous works involving distributed moving loads.

In the context discussed so far, rimearch work presented in this paper therefor®jsts on
determining the dynamic behaviour of a non-unifdmoier-Bernoulli beam subjected to uniform partially
distributed moving loads. The solution is obtairmddeveloping a finite element model of the problem
which is then solved using Newmark8 method [30]. The solutions are obtained for simgpported

and clamped- clamped beams.
2.0 Mathematical Problem Statement.

The moving load problem, such as that of deterrgitie behaviour of a bridge being traversed bwia tr
can be modeled as non-uniform Euler-Bernoulli beamying a load moving at a specified speed. Thus,
the corresponding governing equation is[25]:
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2.1
Where y is the Stran)sverse displacement of the beamn(x) ,the flexural rigidity, andA(x) ,the area of
the beam are both functions of x coordinai@c,t) is the externally applied pressure loaditds time, and
£ the density which is assumed constant .
The following boundary conditions:

y(0,t) = y(I,t) =0
%y(x,t)  _ 8%y(x.t)
M w0 O
(2.2)
may be considered.

For moving Ioad,q(x,t), which in this work is assumed to be uniformlytdisited , we have:

2
a0 = ¥i-pg- o0 Y + 2042 O Ay - g4 ) - k- £- )
(2.3)
Where £ is the load’s length¢ is the distance covered by the moving lodd, is the moving speed of
the load,P is the load, andH (X) is the heavy-side function.
Using (2.3) in (2.1), we have:

9 1E1( YY) y(x;t)] AX) aﬁz 0.

Yepa-p0Y e Y 2Oy x-g 44 - Hix- -85

oxot
(2.4)
we define the flexural rigiditfgl (xX) and the mass density ar@gx) respectively as follows:

nspan

El(x)-z El, (x- Z LO[H(x— Z Li)—H(x—Z L)]
(2.5)

nspan
A = 2, AlX- Z L)[H (x = Z L) -H(x- Z L)l
(2.6)
We remark at this juncture, th&l (X) and A(X) as defined above are similar to those in [25].
The associated initial conditions are :
Y(X0) = ay(x 0 _ -0

(2.7)
Thus the initial-boundary value problem describthg behaviour of a non-uniform beam traversed by
uniformly distributed moving load is governed byiations (2.2), (2.4), (2.5), (2.6), and (2.7) respely.
The closed-form solution of the above initial-boandvalue problem is either impossible or veryidifft
to obtain using analytical approach, hence, we eyfihite element method.

3.0 The Finite Element Formulation of The Prblem

The formulation of non-uniform beam element equati® similar to that of the element with uniform
materials [33]. Hence, we applied GWRM to equafd#d) to obtain;
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Where R is the Galerkin's welght or test function.
Rearranging and integrating twice the first terntloa left-hand side of (3.1), applying [29], andhgsthe
associated boundary condition, we obtain:

j; El(x )g {‘; % R ax+ Qe +j pA(x)—dex—

_pg/ (&% e 0%y 2pv/ (¢+% 0%y pv? /649 0%y

/I Rd /j/atszX /I/axath /I/adeX
(3.2)

where Q=¢gR- (p‘LR

3
@ = El(a—) the- shearforce

2

@=El (F),the— bending- moment
X

3
@ = El (a—)s/),the— shearforce

2
Q= El(a—) the—bending—- moment

Discretization Of The Beam Element Equation

The standard mathematical discretization [32] airbeelement into a number of finite elements using
equation (3 2) yields;

’y —
j El(x)a o de Qe j PAX) 55 Rx=
_PY/ (7R &9 0%y 2pv/ (&% 0%y pV2 /(e 0%y 4.1
/ A Jesy e R Vel e, v RO A Jesy e Rax} “y
WhereQ = Ie,the domain of the beam element.
Finally, the finite element form of (4.1) is:
[KRYH[CHYHMKY}={F} (4.2)
Where,
[K]= 0 ya R . +pVv?/ (£+950%y (4.3)
}: j El( ) ——dx // /ax ~ YRdx }
M= 41 £7,0°y (4.4)
z{j PAC) S IRax+ / L aRx
[C]- {2p £, 0%y (4.5)
- / / %ot Rk}
= - &% e
{F} Zl“ Py, [ . RarQ* ) (4.6)
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Specification or Introduction of Shape Functions

By using Hermittian interpolation functions [32] faterpolate the transverse displacement, Residual
function and their derivatives in the above equetjaherefore, from equation (4.3), we have

Kfl Klez Kle3 Kf4
[Ke] = K261 K§2 K263 K264 (5.1)
UOIKS KS Kg K,
Ki K& K& K
Where,
nspan r-1
Ki = K + Ky = ,wL a”{z ElL(x= L)tdx+KS, (5.2)
e e=1
Such that
iy e} 36 144x 144%2
K = e11 El (x- L dx
11 1 L {Z_; ( - )}[ |6 ] (5'4)
Vv * o1t en? 6u 61° 12 W, 24
R e 4”)( S, O 1AL B 2L |
£ | | | [ | 5
" =t 36 144x  144¢°
K& =KS = El Ly - d
A zl a2 M T I (5.6)
v :oaxmt 2 6 Lot 24p
£ [ 5 | 5
e = 12 6x 72x2
Ko =K = El.(x-Y L dx
nEKL=lE Z ( ; )}[ ] 67
+Lf[ (ﬂ 7’ 12’7 2// oyt 12/1)]
2I“ 5° 24 gl°
iy - 16 48x 36%2
K = ,11 El (x- L dx
Rl SR OILHCEDY )}[ ] 59
Vv 21 ‘ot 217 4P 4
+L[<—ﬂ+”'z—“”7+ﬂ4>-—i+ L
3 5 | 3 | 5
& = 24 84x 72X
KS =K = El L d
HeKL=JE ; 1593 =5+ s o 5.9)
% 2 oamt 1 4 Lt 1w
£ 2l 5 24 g
" = 8 36x 36x°
Ky =K, = El (x-Y L dx
w=Ke=JE (2 B ; i ] 510
pvr 47’ 5/74 6/7
+7 R A —
L« 22 5|4) ( 2|3 )]
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=" = 36 _ 144x 144X

K§3— {Z El (x- Z; L)}[ T Jax (5.11)
ﬂfé@f-ﬂz 227y o 125 290

| 5 [ 3l
Ke, =K = [& {nsanl (x- i LY - 12 SﬁX 7|2§( Jax (5.12)
+ﬂ[(-ﬂ3+§f{4 127 (A 2|: 2 )
K= [ {nanl (x- Zi L} i 2§X+3|63( Joix (5.13)
P X

Using the same approach, the element mass maM>ﬁe, the centripetal acceleration mattﬁgje as well
as the element force vectof’i was obtained from equations (4.4), (4.5), and)(4eBpectively. The

specification ofQ, Q,,Q, and Q4 depends on the associated boundary conditiores fparticular problem
[33].
Having obtained the element stiffness, mass, dymamnaitrices, and the associated load vectors, tia fi

solution of equation (4.2) was obtained using Neviksamethod with the assistance of a computer
program written in Visual Basic.

6. Numerical Examples

In this research work, a two- node simply suppmbrtgtructural beam element was modeled(fig.2a} in
order to illustrate the above procedure. The tigtagth of the beam, L=10m,the mass density per beam

length p = 704gnT the beam'’s element ared = 20mM?, and the load’s lengthe = 0.5m.

P

y
> vt Fy/l///é

> 10m <
Fig (2a) A non-uniform beam under moving load.
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Fig (2b) A discretized non- uniform beam under mguvioad.

The beam element is discretized into 6 non-unifekement model (fig.2b) with the length of each
element given ag, =1m, L, =14m, L, =15m, L, =16m,L, = 2m,
L, = 25m, and the flexural rigiditiesel, = 2.7728x10°Nm, El, = 3.9947x10°Nm,

El, =8.2858<10°Nm,  El, =26179x10°Nm, El, = 6.3936x10°Nm , El, =9.3936x10°Nm, Wwhile
A, =2m* , A, =28m , A,=3m, A, =32m’, A, =4m’, A, =5m’ . For the secondary variables, the

bending moment at both ends are equal to zerchtbar force at

both ends is 30Nm. To obtain the effect of thecity on the dynamic response of non-uniformrbea
elements to moving loads, the velocity is variehf 3m/s to 9m/s. Similarly, the responses derint
sizes of the load’s length , and span- lengtthefiteam element were also presented, while aarisop
between the responses non-uniform simply supg@ne cantilever beams is also discussed.
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The solutions of problems of non-uniform beamsnder moving loads formed the basis for this
comparison, which led to the following additionahclusions:

(a) Effects of velocity on the dynamic respons¢hefnon-uniform beamThe effect of increasing in
velocity on the dynamic response of non-uniformpginmsupported beam under distributed moving load is
shown in figure3. It shows that for the initial veity \;, smaller than a certain valugenoted by v/,

the value of the deflections(y) increases withreéasing in velocity. However, fory, >y, the foregoing
trend just reverses, the critical value of theiahi¢elocity for this problem is// =5m/s , while the reverse

case is shown in figure4the implication is that after exceeding the cativalue of the velocity, the
deflections decreases as the velocity increases.

(b)Effects of load’s lengthtn order to investigate the influence of the l@aténgth on the dynamic
response of non-uniform beam having the same piiepexs those of the one in figure3, but witk 05,
£=07,& =09 respectively were studied. This shows that théedbns(y) increases with increasing in
load’s length as described in figureb.

(c) Effects of the span-length of the beam elemdrirthermore, the span- lengths of

L =10m, 16mMand22mof the beam elements were used to study the irflier the span-length on the

dynamic response of non-uniform beam having theesphysical properties as those in figure3. It was
observed that the deflections increases with irsingain the span- length of the beam, this is shawn
figure6.

(d)Effects of changing in boundary conditiohwever, if the boundary condition is changedrfreimply
supported type to a cantilever one, the behavigatdern of the responses is in other way rougd(é7).
That is, the deflections(y) decreases with increasn velocity after exceeding the critical valuketioe
velocity v/ = 5m/s(figure (8). In figure 9,it shows that for cantilsvbeam, the amplitude increases with

increases in the load’s length which is in confaymiith that of simply supported beam. Furthermdire

the span length of the beam is increased, the audplalso increases just like in the simply sumzbdase,
this is shown in figure 10.

7. CONCLUSION

A detail analysis of the dynamic response ofoa-uniform beam subjected to uniformly distriluite
moving load has been studied. The finite elementdehof the problem was obtained by applying the
Galerkin's weighted Residual approach, while thepldicement and residual functions were interpolated
using Hermittian polynomial. Finally, the Newmark's numerical technique was employed for the
evaluation of the resulted equations. The resldtained, for the effects of velocity of the mayiloads,
the load’s length, the effect of the span lengtthefbeam, apart from being extensions of the wddkse
in [26], [27] and [28], they are also in agreemwith those in [22], [23] and [24].
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Figure 3:  Effect of increasing in velocity on the dynamic
response of a non-uniform simply supported beam.
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Figure4: Effect of exceeding the critical value of the velocity
on the dynamic response of non-uniform simply supported
beam under moving load
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Figure5: Effect of increasing in load's length on the
dynamic response of non-uniform simply supported
beam under moving load
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Figure6: Effect of increases in span-length on the dynamic
response of non-uniform simply supported beam under
moving load
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Figure7: Effect of increasing in velocity on the dynamic
response of non-uniform cantilever beam under moving load
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Figure8: Effect of exceeding critical value of the velocity on
the response of cantilever beam
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Figure 9:  Effects of increases in load’s length on the dynamic
response of the cantilever beam
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Figure 10: Effects of increases in the length of the beam on the dynamic response of cantilever
beam.
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