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Abstract 

 
     In this paper, we first introduce a new concept of chaotic 
synchronization: the generalized function projective 
synchronization(GFPS), and then investigate the GFPS of a 
new four-dimensional hyperchaotic system in the presence of 
unknown system parameters. Based on the Lyapunov stability 
theory a new sufficient condition is proposed to make the states 
of two identical hyperchaotic systems asymptotically 
synchronized. Numerical simulations are presented to show the 
effectiveness of the proposed schemes. 
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1.0 Introduction 
 
    Chaos has aroused considerable interests in many areas of science and technology due to its potential 
application to laser physics, chemical reactor, secure communication and so on [1]. Since Pecora and 
Carroll [2] introduced a method to synchronize two identical chaotic systems with different initial 
conditions, several different types of synchronization phenomena including complete synchronization (CS) 
[2,3], projective synchronization(PjS)[4], phase synchronization (PS) [5], anti-phase synchronization [6], 
lag synchronization (LS) [7], generalized synchronization (GS) [8], modified projective synchronization 
(MPS) [9] and so on have been observed and demonstrated in variety of chaotic systems. Recently, Yong 
Chen et al [10] extended the modified projective synchronization and raised a new projective 
synchronization, called function projective synchronization, where the responses of the synchronized 
dynamical states synchronize up to a scaling function factor. It is obvious that modified projective 

synchronization is the special case of function projective synchronization as α 1 2i if i n= , = , , ,L .  

In Ref. [11], the author has studied the function projective synchronization problem of two Ro&&ssler 
hyperchaotic with unknown system parameters. Based on Lyapunov stability theory an adaptive control 
law has been proposed to make the states of two identical Ro&&ssler hyperchaotic systems asymptotically 
synchronized.  
Since Ro&&ssler first introduced the hyperchaotic dynamical system [12], many hyperchaotic systems have 
been proposed and studied in the last few decades owing to it has more than one positive Lyapunov 
exponent, and has more complex dynamical characteristics than chaos. For example, a hyperchaotic Chen 
system was generated by designing a state feedback controller [13]. By using nonlinear hyperbolic function 
feedback controls, a novel hyperchaotic system was suppressed to an unstable equilibrium [14]. At the 
same time, by adding a nonlinear quadratic controller to the second equation of the three-dimensional 
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autonomous modified Lorenz chaotic system, a new hyperchaotic Lorenz system was generated from the 
original three-dimensional Lorenz system [15].  
  
 

The objective of this paper is to study the generalized function projective synchronization problem of a 
new four – dimensional hyperchaotic system with unknown parameters. Based on the Lyapunov stability 
theory a new sufficient condition is proposed to make the states of two new hyperchaotic systems 
asymptotically synchronized. Numerical simulations are presented to show the effectiveness of the 
proposed schemes. 

This paper has two benefits. The first is that it first introduces the new concept of chaotic 
synchronization: the generalized function projective synchronization(GFPS) and investigates the GFPS of a 
new four-dimensional hyperchaotic system with unknown system parameters. The another is that it has the 

items 1 2 3 4sin sin cos cosy y y y, , ,  which don’t contain the integral power of state variables in its 

synchronization schemes, where 1 2 3 4iy i, = , , , ,  is the state variables of the slave (or response) system. 

The organization of this paper is as follows. In Section 2 the concept of generalized function projective 
synchronization is defined at first, then the generalized function projective synchronization of two identical 
new four-dimensional hyperchaotic systems with unknown parameters is introduced. In Section 3, 
numerical simulation examples are given to verify the effectiveness of our methods. In Section 4, some 
concluding remarks are given. 
 
2.0 GFPS of new 4D chaotic system with known parameters. 
The generalized function projective synchronization is defined like this. Consider the following chaotic 
systems:  

   

( ) drive system,         

( ) response system

dx
F x t

dt
dy

G x y t
dt

 = , ←

 = , , ← ,


                           (2.1) 

where 1 2( )nx x x x= , , ,L , 1 2( )ny y y y= , , ,L  are state variables. If there exists functions 

1 2( )i nf x x x, , ,L , 1 2( ) 1 2i ng y y y i n, , , , = , , ,L L , such 

that 1 2 1 2lim ( ) ( ) 0i n i nt
f x x x g y y y

→+∞
, , , − , , , =L L , then we call them "generalized function projective 

synchronization(GFPS)", and we call 1 2( )i nf x x x, , ,L , 1 2( ) 1 2i ng y y y i n, , , , = , , ,L L  "scaling 

function factors". Obviously, function projective synchronization is the special case of GFPS as 

1 2( )i n if x x x x, , , =L  and 1 2 1 2( ) ( ) 1 2i n i n ig y y y h y y y y i n, , , = , , , , = , , ,L L L , where 

1 2( )i nh y y y, , ,L  is a function.  

The nonlinear differential equations that describe the new four-dimensional hyperchaotic chaotic system 
are  

      

1 2 1

2 1 1 3 2 4

3 1 2 3

4 1

( ),

,

,

,

x a x x

x dx x x cx x

x x x bx

x x h

= −
 = − + −
 = −
 = +

&

&

&

&

                                     (2.2) 

where a b c d h, , , ,  are real constants and 1 2 3 4x x x x, , ,  are state variables.  

When 36 3 28 16a b c d= , = , = , = −  and 0 7 0 7h− . ≤ ≤ . , the system (2.2) is hyperchaotic; and 

0 7 3 5h. < < .  or 3 5 0 7h− . < < − . , the system (2.2) is chaotic; and 4 0 3 5h− . < ≤ − .  or 

3 5 4 0h. ≤ < . , the system (2.2) displays three kind of periodic orbits, whenh varies. The 
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chaot icattractor of system (2.2) with 36 3 28 16 0a b c d h= , = , = , = − , =  is shown in Fig. 1. For 

more detailed analysis of the complex dynamics of the system, please see relative reference [16].  
 

 

 

   
Fig.1. The chaotic attractor of system (2) with 36 3 28 16 0a b c d h= , = , = , = − , =  

We assume system (2.2) is the master (or drive) system, then the controlled slave (or response) system can 
be defined below  

 

1 1 2 1 1

2 1 1 1 3 1 2 4 2

3 1 2 1 3 3

4 1 1 4

( )y a y y u

y d y y y c y y u

y y y b y u

y y h u

= − + ,
 = − + − + ,
 = − + ,
 = + + ,

&

&

&

&

                                   (2.3) 

where 1 1 1 1a b c d, , ,  and 1h  are parameters of the slave system which needs to be estimated, and 1 2 3u u u, ,  

and 4u  are the nonlinear controller such that two hyperchaotic systems can be synchronized in the sense 

that  

 

1 1 2 3 4 1 1 2 3 4

2 1 2 3 4 2 1 2 3 4

3 1 2 3 4 3 1 2 3 4

4 1 2 3 4 4 1 2 3 4

lim ( ) ( ) 0

lim ( ) ( ) 0

lim ( ) ( ) 0

lim ( ) ( ) 0

t

t

t

t

f x x x x g y y y y

f x x x x g y y y y

f x x x x g y y y y

f x x x x g y y y y

→∞

→∞

→∞

→∞

 , , , − , , , = ,


, , , − , , , = ,
 , , , − , , , = ,
 , , , − , , , = .

                    (2.4) 

In our synchronization scheme we assume1 2 3 4 1 2( ) (α α ) 1 2 3 4i i i i if x x x x x x i, , , = + , = , , , , where 
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1 1 2 3 4 11 1 12 1 2 1 2 3 4 21 2 22 2

3 1 2 3 4 31 3 32 3 4 1 2 3 4 41 4 42 4

( ) β sin β ( ) β sin β ,

( ) β cos β ( ) β cos β

g y y y y y y g y y y y y y

g y y y y y y g y y y y y y

, , , = + , , , , = +
, , , = + , , , , = + ,

  

2 2 2 2
1 2 1 2α α 0 β β 0( 1 2 3 4)i i i i i+ ≠ , + ≠ = , , , .

 
 

 
By subtracting Eq. (2.2) from Eq. (2.3) we have  

 

1 111 1 12 11 1 12 1

1 1 11 1 12 2 1 1 11 1 12 2 1 1

11 1 12 2 1 1 1 1 11 1 12 1

2 221 2 22 21 2 22 2

2 2 21 2 22 1

(2α α ) (β cos β )

(2α α )( )( ) [(2α α )( )

(β cos β )( ) (β cos β ) ]

(2α α ) (β cos β )

(2α α ) (

x y ye x

k e x x x a a x x x a

y y y a k e y u

x y ye x

k e x x d

= + − +
= − + + − − + + − −

+ − + − + ,
= + − +
= − + +

&& &

&& &

1 21 2 22 2 1 21 2 22

1 1 1 3 1 2 4 21 2 22 1 1 1 3 1 2 4 2 2

21 2 22 2

3 331 3 32 31 3 32 3

3 3 31 3 32 3 1 31 3 32 1 2

) (2α α ) ( ) [(2α α )

( ) (β cos β )( )

(β cos β ) ]

(2α α ) ( β sin β )

(2α α ) ( ) [(2α α )(

d x x c c x

d x x x c x x y d y y y c y y k e

y u

x y ye x

k e x x b b x x x

− + + − + +
− + − − + − + − + −

+ ,
= + − − +
= − − + − + +

&& &

1 3 31 3 32

1 2 1 3 3 3 31 3 32 3

4 441 4 42 41 4 42 4

4 4 41 4 42 1 41 4 42 1 1 41 4 42

1 1 4 4 41 4 42 4

) ( β sin β )

( ) ( β sin β ) ]

(2α α ) ( β sin β )

(2α α )( ) [(2α α )( ) ( β sin β )

( ) ( β sin β ) ],

b x y

y y b y k e y u

x y ye x

k e x h h x x h y

y h k e y u

− − − +
− + − − + ,

= + − − +
= − + + − + + + − − +

+ + − − +

&& &

 

where  

1 11 1 12 1 11 1 12 1

2 21 2 22 2 21 2 22 2

3 31 3 32 3 31 3 32 3

4 41 4 42 4 41 4 42 4

(α α ) (β sin β )

(α α ) (β sin β )

(α α ) (β cos β )

(α α ) (β cos β ).

e x x y y

e x x y y

e x x y y

e x x y y

= + − + ,
 = + − + ,
 = + − + ,
 = + − +

                          (2.5) 

Thus we have the error dynamical system between Eqs. (2.2) and (2.3)  

1 1 1 11 1 12 2 1 1 11 1 12 2 1 1

11 1 12 2 1 1 1 1 11 1 12 1

2 2 2 21 2 22 1 1 21 2 22 2 1

21 2 22 1 1 1 3 1 2 4 21 2

(2α α )( )( ) [(2α α )( )

(β cos β )( ) (β cos β ) ]

(2α α ) ( ) (2α α ) ( )

[(2α α )( ) (β cos

k e x x x a a x x x ae

y y y a k e y u

k e x x d d x x c ce

x d x x x c x x y

= − + + − − + + − −
+ − + − + ,

= − + + − + + − +
+ − + − −

&

&

22

1 1 1 3 1 2 4 2 2 21 2 22 2

3 3 3 31 3 32 3 1 31 3 32 1 2 1 3

31 3 32 1 2 1 3 3 3 31 3 32 3

4 4 4 41 4 42 1 41 4 42 1

β )

( ) (β cos β ) ]

(2α α ) ( ) [(2α α )( )

( β sin β )( ) ( β sin β ) ]

(2α α )( ) [(2α α )(

d y y y c y y k e y u

k e x x b b x x x b xe

y y y b y k e y u

k e x h h x xe

+
− + − + − + ,

= − − + − + + − −
− + − + − − + ,

= − + + − + +

&

& 1 41 4 42

1 1 4 4 41 4 42 4

) ( β sin β )

( ) ( β sin β ) ]

h y

y h k e y u












 + − − +
 + + − − + .

    (2.6) 
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Our aim is to find control laws ( 1 2 3 4)iu i = , , ,  for stabilizing the error variables of system (2.6) at the 

origin. For this end, we propose the following control law and update rule for system (2.3):  

1 11 1 12 2 1 1 11 1 12 2 1 1 1 1 11 1 12

2 21 2 22 1 1 1 3 1 2 4 21 2 22 1 1 1 3 1 2 4

2 2 21 2 22

3 31 3 32 1 2 1 3 31 3

[(2α α )( ) (β cos β )( ) ] (β cos β )

[(2α α )( ) (β cos β )( )

] (β cos β )

[(2α α )( ) ( β sin

u x x x a y y y a k e y

u x d x x x c x x y d y y y c y y

k e y

u x x x b x y

= + − − + − + / + ,
= + − + − − + − + −

+ / + ,
= + − − − 32 1 2 1 3 3 3 31 3 32

4 41 4 42 1 1 41 4 42 1 1 4 4 41 4 42

β )( ) ] ( β sin β )

[(2α α )( ) ( β sin β )( ) ] ( β sin β )

y y b y k e y

u x x h y y h k e y





 + − + / − + ,

 = + + − − + + + / − + ,

                                                                                    

  (2.7) 
where 0( 1 4)ik i> = , ,L , and the update rule for five unknown parameters 1 1 1 1 1a b c d h, , , ,  is  

1 11 1 12 2 1 1

31 3 32 3 31

1 21 2 22 2 2

21 2 22 1 21

41 4 42 41

(2α α )( )

(2α α )

(2α α )

(2α α )

(2α α )

x x x ea

x x eb
x x ec

x x ed
x eh

= + − ,
 = − + , = + ,
 = + ,

 = + .

&
&

&
&

&

                                         (2.8) 

 
Thus, we can establish the following theorem.  

Theorem. For given nonzero scaling function factors ( 1 2 3 4)i if g i, = , , , , the generalized function 

projective synchronization between drive systems (2.2) and response system (2.3) will occur by the control 
law (2.7) and the update rule (2.8).  
Proof. Choose the following Lyapunov function  

 2 2 2 2 2 2 2 2 2
1 2 3 4

1
( )

2 a b c d hV e e e e e e e e e= + + + + + + + + ,  

where 1 1 1 1 1a b c d he a a e b b e c c e d d e h h= − , = − , = − , = − , = − . The time derivative of V  along 

the trajectory of error system (2.6) is   

1 2 3 41 2 3 4 a b c d ha b c d h

dV
e e e e e e e e ee e e e e e e e e

dt
= + + + + + + + +& & & & & & & & &  

1 1 1 11 1 12 2 1 1 11 1 12 2 1 1[ (2α α )( )( ) (2α α )( )e k e x x x a a x x x a= − + + − − + + − −  

11 1 12 2 1 1 1 1 11 1 12 1 2 2 2 21 2 22(β cos β )( ) (β cos β ) ] [ (2α α )y y y a k e y u e k e x+ − + − + + − + +  

1 1 21 2 22 2 1 21 2 22 1 1 1 3 1 2 4( ) (2α α ) ( ) (2α α )( )x d d x x c c x d x x x c x x− + + − + + − + − −  

21 2 22 1 1 1 3 1 2 4 2 2 21 2 22 2 3 3 3(β cos β )( ) (β cos β ) ] [y d y y y c y y k e y u e k e+ − + − + − + + − −  

     31 3 32 3 1 31 3 32 1 2 1 3 31 3 32 1 2 1 3(2α α ) ( ) (2α α )( ) ( β sin β )( )x x b b x x x b x y y y b y+ − + + − − − + −  

3 3 31 3 32 3 4 4 4 41 4 42 1 41 4 42( β sin β ) ] [ (2α α )( ) (2α α )k e y u e k e x h h x+ − − + + − + + − + +  

11 1 41 4 42 1 1 4 4 41 4 42 4 1( ) ( β sin β )( ) ( β sin β ) ] ( )x h y y h k e y u a aa+ − − + + + − − + + − +&  

11 1 1 11 11
( ) ( ) ( ) ( )b b c c d d h hb c d h− + − + − + − .& & &&                                (2.9) 

By substituting the control input (2.7) and the update rule (2.8) into Eq. (2.9), we have  
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2 2 2 2
1 1 2 2 3 3 4 4

TdV
k e k e k e k e e Ke

dt
= − − − − = − ,                               (2.10) 

 
 
 

where 1 2 3 4( )Te e e e e= , , , , and 1 2 3 4( )TK diag k k k k= , , , .   

Since 0V ≤ ,&  we have 1 2 3 4 0e e e e, , , →  as t → ∞,  i.e., lim 0
t

e
→∞

= .  This completes the proof.  

 
3.0 Numerical simulation 
Numerical simulations results are presented to demonstrate the effectiveness of the proposed 
synchronization methods. Fourth-order Runge-Kutta method is used to solve the systems of differential 
equations (2.2) and (2.3). In addition, a time step of size 0.001 is employed. The parameters are chosen to 
be 36 3 28 16a b c d= , = , = , = −  and 0h =  in all simulations so that the new hyperchaotic system 

exhibits a hyperchaotic behavior if no control is applied. The initial states of the drive system are 

1 2 3(0) 11 (0) 12 (0) 13x x x= , = , =  and 4(0) 14x =  and initial states of the response system are 

1 2 3(0) 5 (0) 6 (0) 7y y y= , = , =  and 4(0) 8y = .  Suppose the function factors are 

1 2 3 4( ) ( 2) 1 2 3 4i i if x x x x x x i, , , = + , = , , , , and   

1 1 2 3 4 1 1 2 1 2 3 4 2 2( ) sin 2 ( ) sin 2g y y y y y y g y y y y y y, , , = + , , , , = + ,   

3 1 2 3 4 3 3 4 1 2 3 4 4 4( ) cos 2 ( ) cos 2g y y y y y y g y y y y y y, , , = + , , , , = + , so that 

1 2 3 4cos 2 0 cos 2 0 sin 2 0 sin 2 0y y y y+ ≠ , + ≠ ,− + ≠ ,− + ≠ .  Furthermore, the initial values of 

estimated parameters are chosen as 1 1 1 1 1(0) (0) (0) (0) 0 (0) 1a b c d h= = = = , =  and the control gains 

are 1 2 3 4( ) (100 100 100 100)k k k k, , , = , , , . Synchronization of systems (2.2) and (2.3) via adaptive 

control law (2.7) and (2.8) are shown in Figs. 2 and 3. Fig. 2 displays the synchronization errors between 
systems (2.2) and (2.3). Obviously, they tend to zero after a  
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sufficiently long time. Fig. 3 indicates that the identified parameters 1 1 1 1 1( ) ( ) ( ) ( ) ( )a t b t c t d t h t, , , ,  

approach the desired values: 36 3 28 16 0a b c d h= , = , = , = − , =  as t → ∞ .  

 
 

Figure 2: Error signals between drive and response systems. 
  

 
Figure 3: Estimated values for unknown parameters. 

 
 

 
4.0 Conclusions 
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This paper has investigated the generalized function projective synchronization problem of a new 
hyperchaotic system. A novel synchronization method has been proposed for this new hyperchaotic system 
with all the system parameters unknown based upon adaptive control. By this method, one can achieve 
hyperchaotic synchronization and identify the unknown parameters simultaneously. Numerical simulation 
are used to verify the effectiveness of the proposed chaos synchronization scheme.  
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