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Abstract 
 

We  study  in  this  contribution  the  behavior  of  two  electrons  in  a  lattice  
by extending the work of Chen and Mei[1] and Enaibe and Idiodi[2] using  the  
variational  method.  The dynamics of the electronic pair is described by the t-

U-J and t-U- J  model. The energy  spectra  are  obtained and  criterion  for  
the  transition  from  an antiferromagnetic  phase  to a ferromagnetic  phase  is  
discussed. 
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1.0 Introduction  
 
Hubbard  model [3]  and  its  variants  constitute  an  important  research  topic  in theoretical  condensed  matter  physics,  
particularly  in  the  context  of  strongly correlated  electron  systems.  Most  of  the  many-body  techniques  commonly  
used in  condensed  matter  physics  can  be  learnt  in  this  context.  Also  there  are  some theoretical  tools  and  concepts  
which  apply  to  this  model  only.  Most  of  the  effort has  been  concentrated  on  one-  and  two-band  Hubbard  models  
where  electrons interact  through  an  on-site  Coulomb  repulsion of strength U.  Experimental  results  suggest that  this  
model  should  be  analyzed  in  the  strong  coupling  region  ( ). In  this  limit  the  problem  can  be  further  
simplified  by  replacing  the  Hubbard model  by  the  t-J  model[4],  which  includes  a  hopping  term  t  for  holes  at  
nearest neighbor sites  and  an  antiferromagnetic  superexchange  interaction  J  among nearest  neighbour  spins,  while  the  
possibility  of  double  occupancy  is  explicitly excluded.  The  relationship  of  this  model  and  the  two-band  Hubbard  
model  of Emery[5]  was  also  established  by  Zhang  and  Rice[6]. 
In spite  of  the  relatively  simple  appearance  of  the  t-J  model,  only  few  properties of  the  model  have  been  elucidated  
in  the past  years.  There  are  some  rigorous results  for  the  one-dimensional  system[7,8,9],  exact  calculations  for small  
clusters[10,11,12,13],  variational  studies  of  the  phase  diagram[14]  and studies of the electron-momentum  
distribution[15].  In  relation  to  the  examination  of  cuprates, Neudert  et  al  [16]  extended  the  standard  one-band  
Hubbard  Hamiltonian  to  study a  one-dimensional  model  of  the  cuprate  Sr2CuO3.  Cuprates  are  ceramic materials  in  
which  certain  elements  (in  this  example  strontium)  are  ‘sandwiched’ between  layers  of  copper  and  oxygen  
atoms[17].  Many  cuprates  are  frequently found  to  exhibit  superconducting  properties,  which  is  not  predicted  by  any 
single-electron  approximation.  However, the  Hubbard  Model  is  found  to  describe these  properties.  
There  is  an  obvious  interest  on  this  dilute  limit  that is  related  to  some  results  pointing  towards  phase  separation  in  
the  framework of  the  t-J  model[18,  19].  According to  these  results,  the  homogeneous  phase is  unstable  after  
moderate  hole  doping;  phase  separation  into  two  regions  is predicted,  one  hole-rich  phase  and  a  second  almost  
purely  antiferromagnetic region. 
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The  behavior  of  electrons  in  the  hole-rich  phase  is  described  by  the dilute  limit  of  the  t-J  model.  In  this  phase,  
electrons  can  form  a  low  density superfluid  if  some  tendency  to  electron  pairing  takes  place.  This problem  has been  
analyzed[20,21]  by  exactly  diagonalizing  t-J  ,  t-t´-J,  and  Hubbard  models on  small  clusters. This work employs the 
variational method to study the t-U-J model in what can be considered an extension of the work of Chen and Mei[1], and 
Enaibe and Idiodi[2]. How this is done is discussed in the following sections 
2.0 Antiferromagnetic Case. 
  
The  original  t-U-J  model[22]  is  represented  by  the  Hamiltonian: 
                        

               (2.1) 

where the  spin  operators  are  defined  by  and implies only nearest 

neighbours,  is the electronic spin,  creates(annihilates) an electron at site i  with spin  and   ) is 
the number operator at site  with . 
To give a brief illustration of our treatment, let us solve a simple two-site problem for the two electron-case. Here, there are a 
total of six states viz: 

 = | ,   = | ,   = | ,  = |1↓,2 ,  = |1 2 ,  = . 
The ground state wave function is easily obtained through exact diagonalization as 

      (2.2)                                        

with corresponding  energy .                                                         (2.3)                 

The other energy eigenvalues are 0, U and . 

As can be seen, the ground state is a spin-singlet. This is used in the following sections to construct a correlated variational 
ground-state wave function. 
 
3.0 ONE-DIMENSIONAL  RING 
 
Defining the variational ground-state wave function as 
                                   (3.1) 
where the  are variational parameters[1], we obtain for two electrons on the two-site ring, 
                                (3.2a)             
          

                                          (3.2b) 
                            (3.3) 

       By  minimizing Eq. (3.3)  with  respect  to  all  the  variational  parameters,  the  ground state  energy Eq. (2.3) is  
recovered.  We  can  now  extend  this  variational  method to  a  two-dimensional  lattice  with  periodic  boundary  
conditions. 
 
4.0 Two-dimensional torus  of  4  ×  4 square lattice 
 
  The  first  step  in the variational study of a system of two electrons on a  square lattice is  to  classify  the  structure  of  
the  correlated  ground-state  wave function  as  we  did  in Eq. (3.1).  For further  details,  the  reader  is  referred to 
Reference [1].  Hence: 

 
 

                (4.2) 

Minimization of Eq. (4.2)  with  respect  to  the  variational  parameters and granted that   we  have,  
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              (4.3) 

Results obtained from the numerical solution of Eq. (4.3) will be discussed in Section 8. 
 
5.0 FERROMAGNETIC CASE   
 
The  relevance  of  the  t-J  model  with  a  negative  exchange  parameter  J  lies  on  the investigations  of  spin-splitting  
states  with  non-zero  spin  currents.  Let us consider  a Hamiltonian  similar  to  that  of Eq. (2.1)  but  with  the  exchange  
term  slightly  modified[22] to be  

 
With this modification, the  model becomes 

 
Assuming  there  are only two  electrons  in  our  system,  we  can  classify  basis  states into  singlet  and  triplet  states  as  
was  done  in  Section  3.0 . Hence, the full correlated ground wave state function is   
              

 
 
The   (i,j)  in Eq. (5.3) are  variational  parameters  patterned  after  Chen  and Mei[1]  but  with  the  triplet  states  Y  and  Z  
added. While the variational wave function of Chen and Mei[1] contained only singlet states, the wave function used by 
Enaibe and Idiodi[2] included the Z-triplet state   but not the Y-triplet state. 
 
6.0 ONE-DIMENSIONAL  CASE ( TWO ELECTRONS ON TW O SITES ) 

For a system of two electrons on two sites, Eq(5.3) written out explicitly becomes 

 
Where here and henceforth, we shall adopt the simpler notation of replacing   and  respectively by , 

 and . Hence, 
 

                     

 

       (6.3) 
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But  the  variational  ground  state  energy  is 

 
Hence       

The  solution  of Eq. (6.9)  after  minimization  and subject to the normalization constraint 
                            is 
                                            

 

the  other  energy  eigenvalues  are                                                   (6.11) 

 .                         (6.12)          

The ground state wave function is either 
         
or 
      
The  energy  is  assumed  to  be  ordered  such  that EG  <  E2  <  E3. The  ground  state  energy  is  thus ,  with  
eigen function .  For ferromagnetic interaction J > 0.  In  the  absence  of  J,  E2  is  the  ground  state. Numerical  
solution  of Eq. (6.9)  reveals  that  the  ground  state  is  actually  a  triplet state  and is ferromagnetic  in  nature  as  
discussed further in Section 8.   
 
7    Two-dimensional  case ( two electrons on a  square lattice) 

Having  constructed  the  correlated  ground-state  wave  function  using Eq. (5.3),  it  is  easy  to  show  that 
 

 
 

 
 
With  the  modified  Hamiltonian (see Eq.(5.2))  operating  on Eq. (5.3),  we  get 
 

 
 
From  Eq. (7.1)  and  Eq. (7.2)  the  ground  state  energy can easily be  calculated. The detailed results obtained are discussed 
in Section 8. 
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8.0 Results 
 
8.1 Antiferromagnetic Case 
We set  in Eq. (3) and obtained the plot in Fig. 1a below.  Observe that for  ,  approaches zero. But as 

,  . At  there is a discontinuity. 
 

                            
                     
 Fig. 1a     Plot of  against  for a 1D lattice of two electrons on    two sites ( ). 

 
If  J/t  =  0  in Eq. (9),  the Hubbard  model [3]  is  recovered  and  numerical  solutions  at  U = 0  gives  the  eigenvalues  as  
E0 = −8,  E1 = −4,  E2 = E3  =  0,  E4  =  4,  E5  =  8. The ground state energy value of 8 was also obtained by Petukhov et al 
[22]. Numerical  result  of  the   Hubbard (t-U)  model and the    t-U-J  model  are presented  in  Table  1 and plotted in Fig. 
1(b).   
We looked  at  the  solution  of  the t-U-J’ model in  one-dimension and present the results in Table 2, Table 3 and Fig. 2. 
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Table 1: Table of   and the corresponding energies E    ( 

) for  the  t-U-J  and  Hubbard  (t-U)  models for 
two electrons on a square lattice with periodic 
boundary conditions considered everywhere. 
 

                                

 

 
Observe the agreement between the results in Fig. 1b in the 
large  ( ) limit. While the result in [22] seems to 
contradict what is available in literature in the region 

, our result is in better agreement in this region 
(i.e. Hubbard t-U and t-U-J models are non-equivalent). 
 
 
 

 

 

 

 
 
Figure 1b: Comparison between Hubbard and t-U-J models 
for two electrons on a  cluster. Observe that the two 
models are quite different at small values of  but agree 
greatly at very large values. 
 

8.2 1D FERROMAGNETIC CASE   

Table 2(a): Table of the Transition from ferromagnetism 
(FM) to antiferromagnetism (AFM) for 1D lattice of two 
electrons. Observe that at ,  . At 
this point there is transition to antiferromagnetism, Eq.(21b) 
becomes the ground state with .0. 
 
 
 
 
 
 
 
 
 
 
 
 

  

 

               

8.0500    -8.05000 
8.0250    -8.02500 
8.0125    -8.01250 
5.0000    -5.00000 
3.0000    -3.00000 
1.0000    -1.00000 
0.5000    -0.50000 
0.3000    -0.30000 
0.2500    -0.25000 
0.2450    -0.24500 
0.2400    -0.24510 
0.2000    -0.28290 
0.1500    -0.33020 
0.1300    -0.34910 
0.1000    -0.37750 
0.0000    -0.47210 
-8.000    -8.24621 
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Table  2:  (b) Table of the ground state energy and Variational  parameters for  1D (N = 2)  lattice at U/t = 8 with 
 set to zero in Eq. (11). 

 
 
      

 

 

 

 

 

 

 

 

 

Fig.2(
a): Transition from ferromagnetism (FM) to 
antiferromagnetism (AFM) for 1D lattice of two electrons 
as  is reduced from  to -8 and . The transition 
occurred at .                         

 
Figure  2(b):  Transition  from  ferromagnetism  to 
antiferromagnetism for 1D lattice with two electrons (N = 
2) as    is  gradually decreased  at  .  Observe 
that the  transition  occurred  at . 
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Analysis of the t-U-Jʹ model for two electrons on two sites problem in the positive J region reveals that the 
ground state is purely ferromagnetic but a transition to antiferromagnetism was observed when  
and  
       
Table  2 (c): Table of the  ground state energy and Variational  parameters for  1D (N = 2)   
                      lattice  with U/t = 8 and both  and   present in Eq. (11). 

 

 

 
Table 3(a): Table of the ground state energy and Variational parameters for 1D (N = 2)    
lattice showing the degeneracy at  and   and  are 
respectively the singlet, triplet 1 and triplet 2 energies. 
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Table 3(a) shows the three-fold degeneracy that  at  U/t  =  −7.750, the  ground  state  became  three-fold  
degenerate  with an energy    
 

 
Table  3(b):  Table of the ground state  energy  and  Variational  parameters  for  1D  (N  =  2)  

lattice.  Here we  gradually  reduce  the  interaction  strength U/t  and  kept the exchange  
term  constant  at . This  is  plotted  in  fig.2(b). 

 
 

 

 

 

8.3      2D FERROMAGNETIC CASE 

Lastly, Table 4 illustrates the situation where  we  set  all  the  state  functions  Yi‘s  to  zero in Eq. (11) and  
obtained a transition from antiferromagnetic phase to ferromagnetic phase at . Table 5, on the 
other hand, shows the result when all the states are present. A transition from an antiferromagnetic phase to 
ferromagnetic phase is clearly seen to occur at   Fig. 3 shows the result of the plot of all the 
energies. Observe  that  as  the  singlet  state  energy  increases, the  triplet  energies  decrease with  both  
tending  towards  the  same  value  as  the exchange  energy    becomes  very  large. The   triplet 2 
transition was obtained when the   state was switched off in  Eq. (11). Meanwhile, when all the three 
states are present in Eq. (11), the observed ground state is the state ( ). This is shown in 
Table 5. 
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Table  4:   and  corresponding    evaluated  at    on a 
square lattice with periodic boundary conditions considered everywhere and 

state  set to zero in Eq. (11). 
 

 
 

Table  5:   and  corresponding    evaluated  at   on a square 
lattice with periodic boundary conditions considered everywhere. 
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Figure  3:  Plot  of  the  ground  state  energies  of  the  three  states  showing  the  singlet 
and the triplet  states; triplet 1 is the  state while triplet 2 is the 

 state. Observe that for , the ground state is purely antiferromagnetic. 
 
9.0   Conclusion 
 
 We  have  looked  at  the  solution  of  the  t-U-J  model  for  two  electrons  both  in  the positive and  
negative J cases.  It has  also  been  shown  that  on-site  s  wave  pairing is  strongly suppressed  by  the  
positive  U  and  that  in  the  dilute  limit,  t-U-J  and Hubbard  models  are only  equivalent  for  very  
large  U  values  (U > 50) as observed in Table  1 and Fig. 1(b). Our result agrees with the result of 
Reference [22] in the large U limit but slightly disagrees in the U < 50 limit. 
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 It has been shown  that  the  ground state of  the t-U-J model in the 1D case  is a ferromagnetic 
degenerate triplet state. But for the 2D   square lattice, the triplet state ( ) was found 
to be the ground state rather than the triplet state ( ). This study can also be viewed as a 
generalization of the variational technique employed in [2].  
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