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Abstract

We study in this contribution the behavior of two electrons in a lattice
by extending the work of Chen and Mei[1] and Enaibe and Idiodi[2] using the
variational method. The dynamics of the electronic pair is described by the t-

U-J and t-U- J " model. The energy spectra are obtained and criterion for
the transition from an antiferromagnetic phase to a ferromagnetic phase is
discussed.
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1.0 Introduction

Hubbard model [3] and its variants constit@e important research topic in theoreticahdsmsed matter physics,
particularly in the context of strongly coatdd electron systems. Most of the many-boelshniques commonly
used in condensed matter physics can be tléarrithis context. Also there are some thé&oal tools and concepts
which apply to this model only. Most of theffort has been concentrated on one- anotband Hubbard models
where electrons interact through an on-siteul@uab repulsion of strengtl. Experimental results suggest that this
model should be analyzed in the strong dogplregion {/t = 1). In this limit the problem can be further
simplified by replacing the Hubbard model liye t-J model[4], which includes a hopping terinfor holes at
nearest neighbor sites and an antiferromagratfmerexchange interactioh among nearest neighbour spins, while the
possibility of double occupancy is explicidxcluded. The relationship of this model athd two-band Hubbard
model of Emery[5] was also established by ri¢hand Rice[6].

In spite of the relatively simple appeararafethe t-J model, only few properties of the model daveen elucidated
in the past years. There are some rigoraadtee for the one-dimensional system[7,8,%act calculations for small
clusters[10,11,12,13], variational studies ohet phase diagram[14] and studies of the elegitomentum
distribution[15]. In relation to the examirati of cuprates, Neudereét al [16] extended the standard one-band
Hubbard Hamiltonian to study a one-dimensionaddel of the cuprate S0, Cuprates are ceramic materials in
which certain elements (in this example diton) are ‘sandwiched’ between layers of coppend oxygen
atoms[17]. Many cuprates are frequently foundexhibit superconducting properties, which niot predicted by any
single-electron approximation. However, the Harob Model is found to describe these propsrti

There is an obvious interest on this dilliteit thatis related to some results paigtitowards phase separation in
the framework of thet-J model[18, 19]. According to these resulthie thomogeneous phase is unstable after
moderate hole doping; phase separation imo tegions is predicted, one hole-rich phasel a second almost
purely antiferromagnetic region.
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The behavior of electrons in the hole-richage is described by the dilute limit of thé model. In this phase,
electrons can form a low density superfluidsome tendency to electron pairing takeacgl This problem has been
analyzed[20,21] by exactly diagonalizirtgd , t-t"-J, and Hubbard models on small clusters. Thiskvemploys the
variational method to study thdJ-J model in what can be considered an extensionefatbrk of Chen and Mei[1], and
Enaibe and Idiodi[2]. How this is done is discussethe following sections

2.0 Antiferromagnetic Case.

The original t-U-J model[22] is represented by the Hamiltonian:

H=T+0+]
- '.':IF r -
= —tZap(al, a0 +hc) + UL, nomy + J g [5757 = =2 +2(5757 +5757)] 2.1)
where the spin operators are definedspys - (n,. — -:_i_}. 57 =aa;. 5,‘ = a| a;; and{ij} implies only nearest

neighboursg is the electronic spim . (a;. ) creates(annihilates) an electron at siteith spins and »;, (= n;- + 7, ) is

the number operator at sitavith n;+» = a’a;:.

To give a brief illustration of our treatment, let solve a simple two-site problem for the two &tetcase. Here, there are a
total of six states viz:

B )= T11.0), 10)=10.2T24), [©)=[1T.24),|0,)=|U,2T),|05)= |27}, [0g)=]14.24).

The ground state wave function is easily obtaitedugh exact diagopalization as

‘ US4 1605 — [J= 1)
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with corresponding energhi: = —5 ['j' —U+ J+07+ 16*1} (2.3)
The other energy eigenvalues are 0, U—aﬂU —U—J+U)?+16t7 II

As can be seen, the ground state is a spin-singiét.is used in the following sections to constracorrelated variational
ground-state wave function.

3.0 ONE-DIMENSIONAL RING

Defining the variational ground-state wave functimn

W= Ei i { i Ti O =i i DY+ (o) iti 4) (3.1)
where thex(i. j) are variational parameters[1], we obtain for twex&ons on the two-site ring,
(wly) =2x% + 23 (3.29
(| Hlyy = 2843, ) + 2UE — 2%
= —8txx, + 2Uxg — 2]x (3.2
E, = 2Ee (3.3

By minimizing Eq. (3.3) Wit?w respect tall the variational parameters, the grouratestenergy Eq. (2.3) is
recovered. We can now extend this variatiomagthod to a two-dimensional lattice with ipdic boundary
conditions.

4.0 Two-dimensional torus of 4 x 4 square latte

The first step in the variational study ofyatem of two electrons ondax 4 square lattice is to classify the structufe o
the correlated ground-state wave function as @id in Eq. (3.1). For further details, theader is referred to
Reference [1]. Hence:

(y :‘u 163G + 6415 +64¢ + 326 + 64g + 163 (+1)
(WlH ) = 16UxE — 256tx,x, — 5124, Xz — 25640, Xz — 312t0,x, — 2566 X, — 64/%F
5_3 E'jré—:ﬁ‘.r_,._;-_’,. — 3L, A~ 16, — TN - :513;1‘—4:'53

PP o (4.2
Minimization of Eq. (4. 2) with respect to th/arlanonal parameters and granted tEatt = E. we have,
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:—E -8 0 0 0 0 7% 0
2 —i—E-4-20 0 ||% 0
0 -4 —E 0 —4 0 [|[%[|_]|O (4.3)
0 —4 0 —E—-4 0 || % 0
0 0 —4-2-E-2||X 0
L 0 0 0 0 —8-—F JLX 0

Results obtained from the numerical solution of @¢3) will be discussed in Section 8.
5.0 FERROMAGNETIC CASE

The relevance of theJ model with a negative exchange paramdtdies on the investigations of spin-splitting
states with non-zero spin currents. Let usier a Hamiltonian similar to that of Eq.1(R.but with the exchange
term slightly modified[22] to be

J'= 1) (505745757, (5.1)

With this-modification, thet = U = J' model becomes

3 =—t ) (aha, +hec) +U Y mom, =] ) (5757 +5757). 5.2)
L} I ]

Assuminé there are only two electrons in system, we can classify basis states intgletinand triplet states as
was done in Section 3.0 . Hence, the full dateel ground wave state function is

|;-r-}:$\;u:.::._,r“_|-:|: il —idjThl+ y;{-::.:) itily+ Z‘&'{t.;:|{|;'._,|'..=+'; L.j '}}-e—ZE{:.,-":uli‘.; T

ix] 1 12 12

)
tw

The ¥ (i,j) in Eq. (5.3) are variational parameters patdd after Chen and Mei[1] but with the leipstatesY and Z
added. While the variational wave function of Cler Mei[1l] contained only singlet states, the wéawaction used by
Enaibe and Idiodi[2] included the Z-triplet stateut not the Y-triplet state.

6.0 ONE-DIMENSIONAL CASE ( TWO ELECTRONS ON TWO SITES)

For a system of two electrons on two sites, Eq(®r#Jen out explicitly becomes
N

|a;;':}=xrz iTid) =x(11.14)+21.21) (6.1)
1=1

Where here and henceforth, we shall adopt the simitation of replacing(i. ;). Y(i.j) andZ(i.j) respectively by ;s
Y, ;andZ,_;. Hence,

W) =x (11,28 =114L21) (6.2)

=Y (12441021 (6.3)
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s =Z, (1 1.2 . (6.4)
W =it i+ 212+ (112 — 1 L21) +

Y1 t20+1L2THD+Z,(11.2M1H. (6.5)
(I3 ly) = 2UnG — Brox, + 26 — Y7 — JZ (6.6)
{wly) =203 + 26 + 2YF + 7} (6.7)
But the variational ground state energy is
E ii:.-]ﬁ ¥, -:':| (Wl |uh
g : vZy) _ 115'|. !w (6.8)
: L (viv) L
Hence F o+ 0+ 2V +2] ) = 220 — Bl + 25X — 23V, - {zf (6.9)

The solution of Eq. (6.9) after minimizatiomdasubject to the normalization constraint
BGHG+Y +Ii=11s

E;=E =—1 (6.10)
the other energy eigenvalues &e= 5(— + — - \‘ (’; - ?II‘ + 16) 6)
. .=
£ =L 8, ((I_EY
zg_:(r+:+\(r—r} +1+5). (6.12)
The ground state wave function is either
Ped=0 0 1 0O =112 +14217) (6.13)
or
Y d=00 0 0 1T = 1121}, (6.14)

The energy is assumed to be ordered suahEth< E, < E; The ground state energy is thEs= —]/t, with
eigen function|y- ). For ferromagnetic interactiah> 0. In the absence aof, E, is the ground state. Numerical
solution of Eq. (6.9) reveals that the grousthte is actually a triplet state and isderagnetic in nature as
discussed further in Section 8.
7 Two-dimensional case (two electrons orda= 4 square lattice)
Having constructed the correlated ground-stasere function using Eq. (5.3), it is easy sioow that
(wly) = 16x% + 6433 + 642 + 325 + 645 + 1622 + 64Y7 + 64YF +
32Y7 + 64Y] +16YZ + 3227 + 327 + 1675 + 32Z; + 822, (7.1)
With the modified Hamiltonian (see Eq.(5.2))eogting on Eq. (5.3), we get
(wlHlw) = 16UxE — 256ty — 512t 0 — 256t 1z — 312601, — 256t X, — 296t s + 6435 — 264, Y,
—128tY, Y; — 382tY, Y, — 128tY, Y, — 192tY, Y, — 64) Y7 — 64Z, 2, — #Z,Z, — 6412, Z, — 32tZ,Z,
— 641,72, — 32/Z{. (7.2)

From Eq. (7.1) and Eq. (7.2) the ground statergy can easily be calculated. The detailedlt®obtained are discussed
in Section 8.
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8.0 Results

8.1 Antiferromagnetic Case
We setj = 4t* /U in Eq. (3) and obtained the plot in Fig. 1a beld®bserve that forl7 /¢ = 1, E, approaches zero. But as

Ujt« 1, E, = —].At U/t = 0, there is a discontinuity.

0

m“lO' .

E /t

290 5 0 5
U/t

Fig. 1a  Plot off/r against /¢ for a 1D lattice of two electrons on  two site§ = o).

If Jt = 0 inEqg. (9), the Hubbard model [3] recovered and numerical solutions at @ gives the eigenvalues as
Eo=-8,E;1=-4,E,=E; = 0, E; = 4, Es = 8. The ground state energy value-& was also obtained by Petukhetval
[22]. Numerical result of the Hubbard{) model and the t-U-J model are presented in Table 1 and plottdeign

1(b).
We looked at the solution of th&J-J' model in one-dimension and present the resulf@bie 2, Table 3 and Fig. 2.
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Table 1: Table o//t and the corresponding energies (
] = 4t*/U) for the t-U-J and Hubbard t{U) models for
two electrons on a#4 = 4square lattice with periodic 76 -
boundary conditions considered everywhere.

—_—

=
g f"
-8 ;
E=E_ft i
H Hubbard
Uft  t1-U-j t-U R L
0 - —B.00000000 8.4 -H ;
1.00 —%9.37290031 —7.944%95434 0 50 100
1.25 —8.99507127 —7.93320535 LAt
2.00 —85.48192560 —7.90180152
.00 —8.00802510 —7.B1542522 Figure 1b: Comparison between Hubbard &hdJ models
6.00 —7.95128202 —7.79560960 for two electrons on & = 4 cluster. Observe that the two
7.00 —7.50886406 —7.77869214 models are quite different at small valuestift but agree
10.00 —7.B2655032 —7.72018237 greatly at very large values.
15.00 —7.75447323 —7.69993150
2000 —7.714532877 —7.67496762
25.00 —7.68893279 —7.65799873
30.00 —-7.67107621 —7.64572309 8.21D FERROMAGNETIC CASE
40.00 —7.64775000 —7.62916062
50.00 -7.63316291 —7.61850823 Table 2(a): Table of the Transition from ferromatigma
60.00 —7.62317066 —7.61108363 (FM) to antiferromagnetism (AFM) for 1D lattice &ivo
75.00 —7.61295148 —7.60336325 electrons. Observe that pit = 0.2400, E,/t = —j/t. At
g0.0C —7.61035986 —7.60141625 this point there is transition to antiferromagneti€q.(21b)
70-00  —7.60800683 —7.59609358 becomes the ground state with't = 8.0
100,00 =7.60249359 =7.5853%201 e
I/t Egjt
8.0500  -8.05000
8.0250  -8.02500
Observe the agreement between the results in Bign the 8.0125 -8.01250
large U/t (= 30) limit. While the result in [22] seems to 5.0000 -5.00000
contradict what is available in literature in thegion 3.0000 -3.00000
U/t < 50, our result is in better agreement in this region 1.0000  -1.00000

0.5000 -0.50000
0.3000 -0.30000
0.2500 -0.25000
0.2450 -0.24500
0.2400 -0.24510
0.2000 -0.28290
0.1500 -0.33020
0.1300 -0.34910
0.1000 -0.37750
0.0000 -0.47210
-8.000 -8.24621

(i.e. Hubbard-U andt-U-J models are non-equivalent).
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Table 2: (b) Table of the ground state energy anWariational parameters for 1D (N = 2) lattice &4 U/t = 8 with
¥; setto zero in Eq. (11).

jft Eg_.-': Xo X1 ¥y I
B.6000 —B.6000 0 0 01
§.5500 -g.3s00 O o o1
B.5000 —B.5000 0 o 01
§.4500 —B8.4300 0 0 01
B.4000  —B.4000 o o o1
g.3000 —8.3000 0 0 01
§.2500 -g.2s00 0 0 01
g.2000 -s8.2000 O 0 01
§.1500 —g.1500 O 01
8.1000 —8.1000 0 1] 01
B.0500 —B.0S00 o 0 01
B.0250 -g.0250 O 0 01
B.0125 —B.0125 0 0 01
0.2500 —0.2500 © o001
0.2450 —0.2450 0 0 01
0.2400 —p.2451 0.23573 057162 0 0O
0.0000 —0.4721 0.22973 0.57324 0 0
—8.0000 —8.2462 0.12215 0.992531 0 O
=10.0000 —=10.0436 0.02172 099976 0 0
-sf
8.5
g < -9
& B
o 5}
lﬁ [E =9.5]
=10k,
Y & <4 =2 o0 2 4 6 8 =0 ] = 2 2 0
I Fig.2( U/t
a): Transition from ferromagnetism (FM) to Figure 2(b): Transition from ferromagnetism to
antiferromagnetism (AFM) for 1D lattice of two eled¢rons antiferromagnetism for 1D lattice with two electrors (N =
as J/tis reduced from to -8 andlf /t = 8. The transition 2) as U/t is gradually decreased af/t= & . Observe
occurred at J/t = 0.24. that the transition occurred atl//t = —7.75.
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Analysis of the-U-J’ model for two electrons on two sites problem ie plositive] region reveals that the
ground state is purely ferromagnetic but a tramsito antiferromagnetism was observed when .24t
andli = &t.

Table 2 (c): Table of the ground state energy andariational parameters for 1D (N = 2)
lattice with U/t = 8 and bbt¥; and Z; present in Eq. (11).

=
=)

5]
-

e Eglt
8.6000 —B.8000
8.5500 —B.5500
g8.5000 —g.5000
8.4500 —B.4500
§.4000 —B.4000
8.32000 —8.3000
8§.2500 —B.2500
g.2000 —=g.2000
8.1500 —B.1500
g.1000 —B.1000
8.0500 —8.0500
8.0250 —B.0250
8.0125 -—B.0125%
5.0000 —5.0000
3.0000 —3.0000
1.0000 —1.0000
0.5000 —0.5000
C.2000 —0.3000
0.2500 —0.2500
0.2450  —=0.2450

GDDGEDDDDEDDDDDDEDDDﬁ

WM W WS o oo o000 00000000000

G.2400 —0.7451 0.23573 0.97182
G.2000 —0.2879 0.23472 0.97206
1500 —0.3302 0.23346 0.97237
C.1300 —0.3491 0.23296 0.97249
c1000 —=0.377s 023221 097287

C.0000 —p.4721 0.22975 0.97324
—8.0000 —g.7a5z 0.12218 0.99251
—10.0000 —1p.0436 0.02172 0.99974

== N N N = N e e e e e e i i ]
== =N - == - R T - N

Table 3(a): Table of the ground state energy and \fational parameters for 1D (N = 2)
lattice showing the degeneracy ai//t = —7.750 and J/r = 8.000. E,. E; andE;, are
respectively the singlet, triplet 1 and triplet 2 eergies.

ujt Es Ers Er:
—7.000 —7.262087 —&.00000 —3.00000C
=7.300 =7.753505 —8.00000 —&.00000
—7.700 —7.250772 —8.00000 —3.0000C
—7.750 —B.000000 —B.00000 —8&.00000
—7.7531 —8.000585 —B.00000 —2.00000
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Table 3(a) shows the three-fold degeneracy thatUtt = -7.750, the ground state became tfokke
degenerate with an energy;/t = —8.00.

Table 3(b): Table of the ground state energy ah Variational parameters for 1D (N = 2)
lattice. Here we gradually reduce the interaébn strength U/t and kept the exchange
term constant atf/t = 8.0. This is plotted in fig.2(b).

Uft Eft Xp X Y &
0500 —£.00000 0 0 o1
0200 —B.00000 0 o o1
0100 —B.00000 0 0 01
0.000 —B.00000 0 0 o1
—0.100 —8.00000 0 o c 1
-0.200 —§.00000 0 0 o1
—0.500 —8.00000 0 0 c 1
—1.000 —B.00000 0 0 C 1
—5.000 —8.00000 0 o o1
—7.750 —B.00000 o 0 c 1
-7.751 -—g.00098 0.59228 0.12403 ¢ 0
—8.000 —g8.24521 0.99251 0.12218 0 0
—10.000 —10.271954 0.99402 0.10511 ¢ 0

8.3 2D FERROMAGNETICCASE

Lastly, Table 4 illustrates the situation where @&t all the state functiong's to zero in Eq. (11) and
obtained a transition from antiferromagnetic phtaséerromagnetic phase jpit = £.803. Table 5, on the
other hand, shows the result when all the statepm@sent. A transition from an antiferromagnetiage to
ferromagnetic phase is clearly seen to occui/at= 6.32 Fig. 3 shows the result of the plot of all the
energies. Observe that as the singlet stagrgg increases, the triplet energies decredtbe both
tending towards the same value as the exehasmergy [/t becomes very large. The ftriplet 2
transition was obtained when thg, state was switched off in Eq. (11). Meanwhile,ewtall the three
states are present in Eq. (11), the observed grstatd is the statéi(T j 1} + i 4 j T)). This is shown in
Table 5.
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Table 4: J/t and corresponding E ,/t evaluated at U/t = 8.0 ona
4 = 4 square lattice with periodic boundary conditions casidered everywhere and
state ¥; set to zero in Eq. (11).

It
5.000
500
000
500
600
700
800
802
803
BO5
810
820
00
000
500
000
500
000
500
10.000
15.000

PRV NN RPERERISRE OO AN

E,/t

=7.0732
=7.0393
—=T7.0082
—7.0022
—6.9964
—6.9906
—6.9905
—6.9907
—6.9926
—6.9973
—T.00659
—7.0835
=T7.1793
—7.6617
—B.1476
—8.6359
—9.1262
—9.6179
—10.1107
—15.0698

X
=7.4101 0.11904 0.22483 0. 41411 0. 41411 0.51126 D.57525
0.11395 0.21471 0.41194 0.4119%4 0.51373 D.58104
0.10923 0.20534 0.40985 0.40985 0.51592 0.58633
0.10483 0.19667 0.40784 0.40784 0.51787 0.59117
0.10399 0.19502 0.40744 0.40744 0.51824 0.59208
0.10316 0.19338 0.40705 0.40705 0.51860 0.59298
0.10234 0.19177 0.40667 0.40667 0.51894 0.59387
0.10232 0.19174 0. 40666 0.40666 0.51895 0.59389

=T -~ I~~~ I~ -~ -~ i~ )

X1

(=T - - - - - - - -~

Xz

(== === = I = R = == = = =

Xz

(== == ==l =R =l =l = = =l =

Xa

(=R =R == == =l = N =l = = =]

Xz

=l -N-N-N--N-N-N - -N-l-N - - - - - -l - - -]

-

"

coocoocoocooM

0.97504
0.97507
0.97515
0.97530
0.97645
0.9777T7
0.98289
0.98634
0.98878
0.99059
0.99196
0.99304
0.99744

(5]

coocoocooccoa N

18045 0
18037 0
18017 0
17978 0
176710
17303 0
15691 0
14380 0
13290 0
12367 0
11574 0.
10883 0
06907 0.

cooocoococoa M

04072 0
04069 0
04062 0
04047 0
03932 0
03796 0
03Z31 0
OZBD& O
OZ477 0.
02217 0
OZ0D05 0.
01831 0
00991 0.

cooooocooM

09648
09640
09620
09580
09272
08508
07387
D6241
05353
04650
04082
03616
D1465

coocoocoo M

0.07590
0.07582
0.07561
0.07520
0.07199
0.D&824
0.05303
0.04213
0.03409
0.02802
0.0Z2334
0.01967
0.00535

Table 5: J/t and corresponding E,/t evaluated atlU/¢t = 8.0 on a4 x 4 square
lattice with periodic boundary conditions considere everywhere.
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Jit Byt L L £z f s Is Yy Y Y; Y, Yo Z3—3s
5.00 -7.1101 0.11904 0.224B83 0.41411 0.41411 0.51128 0.57525 ] ] ] ] ] ]
850 =7.0732 0.11393 0.21471 0.41194 0.41194 0.51373 0.58104 0 0 0 0 0 0
5.58 -—T7.0492 0.11061 0.20808 0.41047 0.41047 0.51529 0.58479 ] ] ] ] ] ]
5.59 —7.0540 0 1 1] 0 0 0 0.85133 0.33054 0.30073 0.20936 0.17808 0O
600 —7.9323 D o 0 0 0 0  0.85697 0.32628 (.29737 0.20350 0.17120 0
6.50 —7.5345 0 0 0 0 0 0 0.B8116 0.30579 0.2B087 0.17694 0.14090 ]
6.60 =7.6169 o ¢ ] 0 0 0 0.88530 0.30187 0.27766 0.17214 0.13360 0
6.90 -—-7.8675 0 0 0 ] ] ] 0.B9655 0.29051 0.26826 0.15871 0.12104 ]
7.00 —7.8521 0 1 1 0 0 0 0.699%94 0.2866860 0.26521 0.15455 0.11661 0
7.20 —B.3820 ] i} ] ] ] ] 0.91467 0.26960 0.25064 0.13574 0.09716 ]
8.00 —B.8215 ] 0 0 0 0 0 0.92638 0.25398 0.23722 0.11993 D.0B158 ]
830 -—9,2890 1] ¢ 0 0 0 0 0.93582 0.23%66 0.224%2 0.10860 0.06500 0
0.00 —9.,7229 ] 0 1] 1] ] ] 0.94352 0.22710 0.21368 0.09528 D.058B0 ]
.50 =-10.1820 0 1 0 0 0 0 0.94%89 0.21553 0.20240 0.08562 0.05045 0
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Figure 3: Plot of the ground state energiéshe three states showing the singlet
and the triplet states; triplet 1 is thg 1.j 4} + li L.j 1) } state while triplet 2 is the
|iT.j 1) state. Observe that f/t = 6.00, the ground state is purely antiferromagnetic.

9.0

Conclusion

We have looked at the solution of th&)-J model for two electrons both in the postand

negativel cases. It has also been shown that onssiil®ave pairing is strongly suppressed by the
positive U and that in the dilute limit;-U-J and Hubbard models are only equivalent faryv
large U values { > 50) as observed in Table 1 and Fig. 1(b). Our reagiees with the result of
Reference [22] in the larde limit but slightly disagrees in thd < 50 limit.
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It has been shown that the ground state of t-thel model in the 1D case is a ferromagnetic
degenerate triplet state. But for the 2Dx 4 square lattice, the triplet statg ¢.;7 4} + | 4. T)) was found
to be the ground state rather than the tripletestit?.j T}). This study can also be viewed as a
generalization of the variational technique emptbiye[2].
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