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Abstract

An exact approach is re-visited in performing a comparative
analysis of the attractive and repulsive 2-D Hubbard model (AHM
and RHM respectively) which is used in describing a simplified 2x1
(Cu-O-Cu) lattice (known to play significant role in HTc
superconductivity in cuprates) with the use of the MATLAB. The
response of the temperature-dependent internal energy, E(KT), to the
simultaneous variation of both the on-site interaction and the nearest-
neighbour hopping integral (U,t) shows that HT.superconducting
materials described by the AHM are not only more stable but sustain
their stable state over a relatively wider temperature range. The
spectrum of the magnetic spin susceptibility, (T, reveal certain
interesting character which are used to account for various observed
phenomena in HTsuperconducting materials (like the coexistence of
charge density wave (CDW) and spin density wave (SDW) in the
semiconducting phase of Ba,_,K,BiO, and BaPb,Bi,_O,.
Furthermore, various correlations are suggested while the outer limits
of the critical values of U for pair formation and associated spin gap,
Uy=-2eV for AHM and 3eV for RHM. Results obtained are also in
strong agreement with results of QMC simulations for more realistic
3-band Hubbard model among others.

1.0 Introduction

One of the salient hindrances in the search faxporopriate Hamiltonian that may adequately remteae
generally acceptable theory of high-temperature Jid@iperconductivity lies with the
mathematical/analytical tool(s) applied in the emtion of these theoretical proposals (which inegaeh
determines the potency of any proposed HamiltoniAnjnajor problem in the numerical simulation of
many-electron systems is the inability to carry caltulations at sufficiently low temperatures [ZBhis is
attributed to the wide range of fermion matrix eigglues which create considerable difficulty in the
numerical evaluation of the determinant or inveo$ehe fermion matrix. Moreover, some algorithms
earlier developed which allow simulation to be @afrout within the grand canonical ensemble at low
temperature tend to be slow at low temperature tdua resulting rapid growth of the computer time
needed.

It is instructive [8] to study simplified modelsahdisplay the essential features of High-Tempeeatu
Superconductors (HTS) in the search for the meshaméesponsible for H¥superconductivity. A model
that had been used most frequently to discuss dsilglity for superconductivity in strongly coragéd
systems is the Hubbard model (HM) [11, 16]. As atenaof fact, it is seen as a good starting paintthe
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theoretical understanding of KF$Superconductivity [13]. However, numerous methdaldat had been
applied for the numerical analysis of the HM ar@agally very complex and many-a-time require some
degree of approximation/assumptions; some of waietfaulty, making difficult the clear understargiof

the physical consequences.

It has been demonstrated [3] that an exact soligian effective prescription for solving model Hitgonian like
the Hubbard, t- J and pseudo-Hubbard models, imadson to perturbation or approximate methods tliee
mean-field (finite-temperature) Gutzwiller variat@d scheme and the Quantum Monte Carlo simulafions
strongly correlated electron gas; where thereralieations that the exact solution has the essehtyaical aspect
of the problem. However, the degree of successartiteattempts at the exact approach was hamjiigréloe
tools employed for analysis (like the FORTRAN), ehapart from an initial mathematical manipulatioat had

to be done rigorously, also involved very complesgpamming. These were compounded by the difficilty
handling equations involving exponential matrix diions, whose computational complexity grows wite t
increase in the matrix dimension, and a furthdicdity in its application at very low temperatures

In this paper, the MATLAB is applied in a studytbg temperature-dependent internal enekgT) and
the magnetic spin susceptibility{T) of HTS using an exact method and fundamental ymies/basic
formulae, thereby eliminating errors that otherwisay be introduced by any form of approximation or
mathematical/computational manipulation. The systdnmterest here is the simplified superconducting
CuG; plane of two sites, a 2x1 (Cu-O-Cu) lattice thiatypvery important role in HFsuperconductivity in
cuprates. Actually, it is generally believed thia¢ tmechanism for H¥superconductivity in cuprates lie
within the CuQ planes [6, 21] where a Cu-O-Cu angle of%i8Favourable for HT superconductivity.

2.0 THE EXACT METHOD
The 2-D Hubbard Hamiltonian at Y2-fillingi£0), Hy, which has been shown “Enugu group”, [1, 4] to be

equivalent to a transformed BCS Hamiltonian in WanrepresentationtH gcs, is given by:
—_ T — + +
Hy =His=-t > (cigcl.g +cjgcig)+UZniTnil (2.1)

<i,j>o i(j)
wheret is the strength of the nearest-neighbor (nn) happihich is determined by the overlapping
integral between the two sited;is the intra-atomic Coulomb interactiom; the number operatoc:(j)ﬂ
andC;,
This equivalence promises the use of modified vessiof the standard BCS model [5] for the study of
high-temperature superconductors (HTS) in ordendqalain not only the coexistence of supercondugtivi
and antiferromagnetism, but the rich variety of pheperties of the H¥materials [4]. The interest in the 2-
D Hubbard model is based on the possibility tiat ¢competition between the kinetic energy and the
Coulomb energy gives rise to strong electron cati@h which may be relevant to iFSuperconductivity.
Due to the proximity of antiferromagnetic and swoeducting phases, Coulomb correlations can be
considered as a possible non-phononic mechanistT géuperconductivity [22].
Following the lead introduced originally by [22]high was later adapted by [1] and [3], the creatad
annihilation operators in a 4-fermion system apresented by“X2* (i.e. 16x16) matrices extracted from
the 16 many-electron states that form the basith®representation of the system (Table 1; a&pr [

are the creation and annihilation operators respeiy.
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Table 2.1: The 16 basis many-electron states of a 4-fermion system

INDEX STATE REMARK
0 Vacuum O-particle state
1 ‘i =11 > 1-particle state
7 =)
o lfi=2t

i=11 ‘i =11 >) 2-particle state

)
0 i=21)fi=21))
= faien)
12 Qi=lT,'
3 =1

14 i=11)]i

i=11 > i=21 >) 3-particle state

15 i=11)]i =2 >) 4-particle state

Journal of the Nigerian Association of Mathematical Physics Volume 16 (May, 2010) 7 — 16
A Study Of The Internal Energy And Magnetic Spin Susceptibility ... P.O.Akusu

of NAMP



(2.3)

2.2)
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and ¢’ can be deduced. Off-course, these operators satisfyusual anticommutation
{Ci

(2.4)
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operatorsG;lT ,C, ,C,, and C, from which the corresponding creation operators

Shown below are 4 explicit 16x16 matrix represeotet of the annihilation

c

P.O.Akusu
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(29

0
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0

0-1 0

0
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(2.6)
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The MATLAB is now programmed to obtain the matrepresentation oH ;CS =H,, in equation (2.1)
by the substitution of expressions (2.3) to (2.6):

0

Uu 0 -t t 0 0
0 0 0 O 0 O
Hecs = tt g g 8 g tt (27)

0 0 0 O 0 O
0 0 -t t 0 U

Uu 0 t o0

0 U o0 t

t 0 U o0

0t 0 U

2U
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This is a symmetric diagonal matrix in “Jordan’snGaical form” [9] with three identifiable “Blocks™All
off-Block entries are zeros. The matrix diagondl@ais automatically done by MATLAB.

3.0 Internal Energy And Magnetic Spin Susceptibility

The Hamiltonian

Hees =Hy =H

obtained in equation (2.7) as a symmetric diagd6all6é matrix in “Jordan’s Canonical form” represent
an excellent testing ground for the exact methoth whe use MATLAB. Not only are the physical
properties of this model of great interest [23grthare also a variety of results available for garson.

The grand quantum patrtition function, z, is givern2b]

z=Tr(e™) (3.1)
where g = %T , with k being the Boltzmman constant ahthe absolute temperature.

The temperature-dependent internal enelegiT) is derived frone:
olF
E(KT) =-1° 6% (3.2)
T

where
F(T)=-rlog@@ (3.3)
is the temperature-dependent Helmholtz free energy,

and
= },/B; (34)

while the temperature-dependent magnetic spin ptibdity, )((T) is calculated from

(v, )] (3.5)

x(1)= =

with N being the number of fermions.

The thermal average of an operafor is defined if O is expressed in terms of fermion creation and
annihilation operators, and can be calculated from <é> :Tr[éeBH ]

z
(3.6)
4.0 Comparative Analysis

The MATLAB is applied in numerically studying theesponses of the above defined temperature-
dependent internal energi(kT), and the magnetic spin susceptibiligyr), to various values ofUt)
involving exponential functions of the 16x16 matrepresentations of the creation/annihilation ofpesa
and the Hubbard Hamiltonian for both the AttractR«) Hubbard model (AHM) i.e with U<0, and the
Repulsive 2-D Hubbard model (RHM) with>0 (for u=0), over the range 0.1&\KT <5.0eV at intervals of
0.02eV (which ensures high resolution of the reseiten at low temperatures). In this work we tkeké
whereF(T) had earlier been evaluated [1, 2]. The range —%Q&10eV is chosen while the corresponding
t is either 1eV or 0.43eV so as to be within theeordf known experimental values at half-filling 12
Table 4.1:

Table 4.1 : Pair-values of J,t):
[UeV [-100 | -50 | 40 [ -0137 | 0.0] 0.137] 40 50/ 10p
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[ttev | 10 043 ] 10 [ 043 [ 10] 043] 1.0 o043 10

Internal Energy, E(KT)

Two distinct sets of curves distinguishing those AtiM from those belonging to RHM, for the internal
energy,E(kT), as a function of temperature and in responseatmws values ofl,t) are displayed in
Figure (1).

(1) U=10. =1

(2): U=-5_4, 1=0.43

(3 U—4,_ =1

(4): U=-0_137, t=0.43 =

(5¥: U=0, t=1.

5 (6): U=0_137, ==0.43_
() U=4, t=1.

(8): U=5_4, t=0.43_

(5): U—10, t=1.

o 0.2 0.4 0.6 0.8 1.0
KT

Figure 1: The effect of both the on-site interaction, L/, and the nearest-neighbour
hopping integral, 7z, on the internal energy., E(kT). Insert shows the relatively Fast
drop in ErkT) at very low temperature in the repulsive Hubbard model

The curves for AHM curves show marked variatiorE@T) with (U.t);while those for the RHM form a
much more closely packed set of curves which ceash other. Generally, the AHM curves have lower
internal energy; suggesting a higher stable stédevever,E(kT) has negative values for both aspects of the
model.
Furthermore, for all Y,t), as T increases from ®, E(KT) decreases to a minimurk,,, then rises
smoothly to approximately its initial value at heghtemperatures. Thg,,,, for the RHM, has a smaller
half-width (see insert of
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Figure (1)) than those of the AHM whoEg;, are spread over a wider temperature range. Tlggests
that HT.-

superconducting materials described by the AHM matyonly be more stable but may sustain their stabl
state over a wider temperature range.

Magnetic Spin Susceptibility, y(T)
The curves (see figure 2) for the RHM has excellagreement with those of undoped
Lal.sssro,lscul—xMxo4—y' which exhibits Pauli as well as Van Vleck parameti@ contribution; and at

higher temperatures, a Curie-Weiss type of behasimoticed, which is similar to the behavior indd¢
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with both Ni and Zn doping ofa, , Sr
to fit

015(:ul_xl\/lxo‘t_y , Where the effective moments may be determined

__C (4.1)
/Y(T) (—I— + 3) +/Yo
whereC and@are the Curie constant and Curie temperature casply [14].
This may show a slight positive temperature coeffitof x which may be interpreted as a tail of a broad
maximum at a higher temperature resulting from artstanged antiferromagnetic correlation in the 2-

dimensional sheets of Cy(8, 10, 14, 18, 19, 20].

1r (1): U=-10, t=1
(2): U==54, t=0.43
(3): U=—4, t=1
0.9r o #): U=-0.137, ==0.43
(5) 11=0, =1
08r- (6): [1=0.137, 1=0 43
(M: U=4, =1
L (8): U=5.4, =043,
o7 9: U=10, =1,
0.6
2(T)

0 02 0.4 0.6 08 1.0
T

Figure 2: The temperature-dependent uniform magnetic spin susceptibility, ¥(T)
for different values of the on-site interaction, U, and the nearest-neighbor hopping
inteeral. L.

Another inference [19] of the Curie-like paramagmetontribution is that, inBa,_ K ,BiO, and

BanX Bil_XOs, this could be a spin density wave (SDW) domaili ixetween the charge density wave
(CDW) domain with discontinuing phases by consiagri- or 2-dimensional models i.e. the coexistence
of the CDW and SDW is suggested in their semicotidgghase.

The trend ofx(T) for RHM is also similar to that which demons#s the temperature-dependence of the
higher critical field,H., [14, 15], pointing to a possible correlationfandH.,. On the other hand, there
seem to be a correlation between dop&m@ndU for U<0 (i.e AHM) whenx(T) in Figure (2) is compared
with the temperature-dependencexoin a constant field of 1T of BBr,Y;,CaCuwOg.s (Which is very
similar to those of other HIsuperconductors (HTS) with pyramidal Cu@yers such as B$nCa.
«YxCWOg.5 (Where these pyramidal CyO
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layers may control almost all the properties osthelT.-materials including their transition temperature,
To). This correlation between dopiny,andU, and the general trends of our results, are angtr
agreement with results of QMC simulations for therenrealistic 3-band Hubbard model [7, 8].
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While the peaks in Figure (2) are a clear signatfirdne antiferromagnetic ordering of €spins in HTS
as is clearly detected in $Ba,CuQ, [14, 18, 24], the suppressionyn

for the AHM is generally below some temperatuf§U). This suppression can be understood in the
strong-coupling regime by noticing that local pare being formed, and that spin excitations necegs
imply pair breaking with an energy cost (gap) o t;trrder‘u‘. The formation of local pairs and the

associated spin gap should be reflected in the aetagproperties (this line of reasoning could belipl

for intermediate coupling)l*(U) may thus represent a crossover temperature sggatao normal-state
regions: metallic and spin gap. It could be infdrreherefore, that pair formation can only occulobea
critical value ofU=U,. For AHM, U,0(-2eV, -1eV] which begins at the temperature whefg=0) =
X(U=-1); while for RHM,U,0[2eV, 3eV) beginning at the temperature whgfg=0.137) =x(U=2). Our
range ofU, for RHM is smaller than the value predicted by][1@. U,~7.8eV, within a low-density
approximation; while our result for AHM agrees wittat obtained by [8]U,0[-2, -1] through Quantum
Monte Carlo (QMC) simulation in his work on 3-dingonal attractive Hubbard model. Our results may
be taken as the outer limits for all HTS.

SUMMARY AND CONCLUSION

The 2-D Hubbard model is used to represent the @u@attice which is known to play important rofe i
HT.-superconductivity in cuprates where a Cu-O-Cu engf 180 had been established as being
favourable for HT-superconductivity. An exact approach which leétb6x16 matrix representation of the
2-D Hubbard Hamiltonian in Jordan’s canonical fasmused (with the application of MATLAB) to study
the effects of simultaneously varying,f) on the temperature depend&gT) andy(T). This comparative
study is done for both the AHM and RHM which inchddtheir respective intermediate and strong
coupling limits.

The response dE(kT) with changes inl,t) suggests that Hisuperconducting materials described by the
AHM may not only be more stable but may sustaiir thiable state over a wider temperature range.

The analysis ofy(T) further confirms earlier reports of paramagneind antiferomagnetic signatures
obtained in an exact broad-spectrum analysis oH#lenholzt free energy(T), and the entropy of 2-D
Hubbard Hamiltonian representation of HTS [2]. Theults obtained are used in accounting for various
separately observed properties/phenomena qfddperconducting materials. Furthermore, a coioglat
between U and Hcin RHM and betwee® andU in AHM are suggested. Finally, outer limits foreth
critical values ofU below which the formation of local pairs and tresaciated spin gap occud,, are
deduced as -2eV for AHM and 3eV for RHM.

The results obtained well account for various expental observations and compare favorably withemor
sophisticated and realistic models and known aigalymethods. This work, as in an earlier analysis,
further suggests that the inadequacies of knownenigal methods/tools might have greatly inhibited t
inability to achieve a desired model that would cqadsely account for HTS. The success of this exact
method, with the use of MATLAB, encourages the vahgation of some theories that were hitherto
supported by approximate analysis.
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