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Abstract

The paper considers the contribution of space-time noise to the
oscillatory behaviour of solutions of a linear neutral stochastic delay
differential equation. It was established that under certain conditions on the
time lags and their speed of adjustments, the presence of noise generates
oscillation in the solution of the equation irrespective of the magnitude of the
time lags. This is contrary to the comparable classical neutral differential
equation which can permit a non-oscillatory solution.

1.0 Introduction

Neutral stochastic delay differential equations form a igpedlass of stochastic
functional differential equations. In recent years, therebegn much activities concerning the
oscillation theory of classical delay differential equatiassvell as neutral differential equations

(see for example[3, 2, 7], [5], [11], [12], [13]. For instance, [9] carsd the first order neutral
differential equation

d (x(t)-R(t)x(t - 1))+ P{t)x(t - r)-Qlt)x(t - o) =0 (1)

dt

It has been established by the authors that the new sharp @esditi the oscillation of
all solutions of (1.1) are as follows:
Suppose that

(i) P.Q,ROC(t, ), 0") r0(0,0) and T,o00*

(i) r>o, P() P(t)-Q(t-r +0)=0 and not identically zero.
(

(

|||) () j_ Q(s)dss],tstlstO
iv) lelnfj s)ds>0

(v) There exists a_positive continuous function Hi(t) suchthat Liminf J' H(s)ds>0
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(i) Aigfzr{R(t I;Et)—rt tt)—r p(/]jt rH ds) E(t)exr(/ij:_rH(s)ds)

+ﬂjt Q(s:r)H(s+0' F(/‘J- H (u dujds>1
H(t)? e P(s-0) so

for P(t)>0,t=T

Then every solution of (1.1) is oscillatory.

Also [8] obtained sufficient conditions for oscillation of alligions of the neutral
system

%[X(t) ~ P (t - )] Z[z G; j ( )} (1-2)

k=1| j=1
In spite of all these efforts, it appears however, tbatmuch work has been done in respect of
the effects of space-time noise of Ito type on the oscijldb@haviour of solutions of neutral
stochastic delay differential equations (NSDDES).
In the present paper, we study the oscillatory propertieslatiens of a first order linear
neutral stochastic delay differential equation of the form

{ x0-3a 0% (t—r)}:—Zb”() X - o—)dt+zuflx()d8k(t) w3

X,[t)=gt), for all tO[-r 0] i=12..., g

where I = ma>{r g. } a; > 0, bIj >0 are continuous functions, r is a positive real number,
I<j<n

o, =0y, 0,,....,0, are non-negative constants aﬁ(t)= (Bl(t), ....... B, (t)) is a standard
Brownian motion on a given probability spa(ﬁé, F, P).

A solution of (1.3) is a random proceXs (t) = X, X,, A, X, which is continuous with
probability 1 and satisfies (1.3) for atl The solution X(t) is adapted to a family of
o —algebras generated by the proceBdd). It is well known that oscillation in first order linear
classical delay differential equations is caused by thepcesof time lags or delays. In our main
result, it is shown that under certain conditions on the tage and their speed of adjustments,
the presence of space-time noise generates oscillatidr isotution in the NSDDE (1.3). This

happens even if the comparable classical neutral differeggightion permits a non-oscillatory
solution.

2.0 Preliminary notes

Throughout this article, we will always compare the oscifatesults of the solution of
the NSDDE (1.3) with the oscillatory results of the correspandlassical differential equation
of neutral type of the form

{ < (0)- Zauxl(t—r)} Sl t-o) iz @y
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which satisfies the same initial function as (1.3). We consftecoefficient of the neutral term
to be a general matrix but not a diagonal one. Also our maift ieseduced to the oscillation of
scalar neutral differential equation so that the effects of lustatent speeds are preserved.

Definition 2.1
A solution X = (Xl,Xz,/\ ,xn) of (2.1) is said to be oscillatory if at least one of the

components of the solution is oscillatory. This holds if it contanétrarlily large zeros; i.e. if
there exists a sequerfte: x(t,) = O} of x(t) such that Limt, = +co, otherwise, it is said to be
[N

non-oscillatory. Hence(t) is non-oscillatory if there existsta> 0 such thatx(t)] > 0 for all
t>t, i =12A ,n If Xi(t) > 0 for all t=t, then the solution is said to be eventually
positive. If X (t) < 0 for allt =t;, then the solution is said to be eventually negative. A solution
which is either eventually positive or eventually negativesagl to be non-oscillatory. For
random processes, we have the following:

Definition 2.2[1]

A non-trivial continuous functionf :[tO,OO) - [ is said to be oscillatory if the
collectiolW, ={t >t,: f(t) =0} satisfies SupW, = . A function which is not oscillatory is
said to be non-oscillatory. This is extended to random processes as follows:

A stochastic processX (t, w)},., defined on the probabilty triple (Q, F, P)and with
continuous sample paths is said to be oscillatory almost sifralyere exists a subset
Q" 0 Q with PlQ*J =1 such that for alwO Q" the pathX(.w) is oscillatory. Otherwise it is

said to be non-oscillatory.

The first step towards achieving our result is to write dblaition X(t) of the NSDDE
(2.3), a random process (which though continuous, is nowhere differentialieyms of the
differentiable solutiorZ(t) of a random neutral differential equation

Z'(t)=-> P )z, (t-0,)+cZ't-r), t>0 (2.2)
=1
whereP(t) is a positive continuous function defined on some suBsefl Q by

Pl))= -be{ {12 | et ol - s - 1>+
_bex;{—(l —%ZDt—pB(t), t<t

wheret =inf{t=0:t -0}, I is the identity matrix of appropriate order.

We note that P as in (2.3) depends on the increments of a standaxtdBr motion. The
large deviations in these increments ensureRhatsufficiently large to stimulate oscillation in
(2.2).

(23)

We now tap from many existing and extensive oscillatory amdogoillatory results in
the deterministic theory of oscillation (covering differenéiguations of neutral types) for use on
a path-wise basis, that is, for alllL]1Q , which apply directly to (2.2). The following concerning
oscillation of solutions is a special case of the result found in [6].

Proposition 2.1

Assume that
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G, :c,r,o are positive numbers0<c<l, 02r =0
G,:P,0(0,0,), P t+r)=P(t),t00, j=12A ,n

1- n
G,:P, >TC’ J':_rZPj (s)ds="P,

j=1

Then all non-trivial solutions of

n
x'(t)-—Z; P (t)x(t-c,)+xt-r) (2.4)
=
are oscillatory.

We can also have results pertaining to non-oscillatory solutibms. following is a

special case of the result found in Gopalsamy [4] (Theorem 5.2.12).
Proposition 2.2
Let c,r,o be non-negative numbers, 0< ¢ <r1> 0, o > 0.Let Pj DC(D,DJ and

n
z P, (t) - Py >0ast - . If there exists a positive numbgr satisfying

j=1

Lo
ce’’ +POL <1 (2.5)
7]

Then (2.4) has a non-oscillatory solution.

In the remaining part of the paper, we apply a method of proaf inséppleby and
Buckwar [1], [11] and a result concerning solution transformation (3gdq10]) to create a
conjugation relation which enables us to obtain oscillatoryramition about the solution of the
NSDDE (1.3). This is done by analyzing the oscillatory behaviour ofdlaéian of (2.2) through
appropriate choice of deterministic results as in propositibmd proposition 2.2, which apply
directly to (2.2).

3.0  Solution transformations
In this section, we introduce a stationary random bijectivedouate change{/\(t,.)}tZO

which satisfies the following properties:
H, {A(t,.)},,, is a continuous C***” semi — martingale with (with 0 << &) such that
for all wOQ, 0% Ov — Aft,v)00¢ is a C** diffeomorphism of 0
H,: There exists a continuous semi-martingdlé, )}, with (0 <O< o) such that the
process{/\(t,.)}tDD and {F(t,.)}tDD are perfectly stationary, that is
Alt,v,w) = A(0,v,8(t,w)) and (t,v,w)=T(0,v,68(t,w)) for all t00¢,wOQ
H,:For all t>s vOO“ and aewQ

Alt,v) = A(s,v) + J'St,u(du,/\(u,v))du + J'Stl'(u,v)du
For details of the properties of the bijective random coordiclla:laﬂnge,{/\(t,.)}tDD we refer to
[10] and the references therein. Now as before, W{e)(e(t)}tzo be the solution of the NSDDE
(1.3), {Z(t)}tZO be the solution of the random neutral differential equation (2.2) and le
{/\(t,.)}tDD be the stationary bijective coordinate change with the propadiebove. We define

forallt >0, wllQ, the following conjugation relation
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X (t,w) = A(0,6(t, w)oZ(t,w)) oA (0,w) (3.1)
Hence the solution of the NSDDE(t) is expressed as the conjugation relation of the random

bijective coordinate change or proceée(t,.) and the solutionZ(t) of the random neutral

differential equation (2.2). By this conjugation relation, theogesf the procesg correspond
w.p.1 to the zeros of the solutiohof the SNDDE (1.3). We can now obtain information about
the oscillatory behaviour of the proceXson a path-wise basis by analyzing the oscillatory
properties ofZ.

4.0  The main result:
4.1 Assumptions
We need the following assumptions on the time lags and their speed of adjadBhe

G:: g,,0,,/\ ,0, are positive numbers amds a non-negative number.
G, bij, (i =12 ,n) are bounded continuous functions definedtfarO.

Gs: a;, (i =12\ ,n) are bounded continuous functions with bounded derivatives such that

a= maxSUpZn:‘aji (t)‘ <1 (4.1)

kisnt=0 =1 G

A=mininf a, (t) = maxSupfa, (t} > 0 (42)

I<i<n,t=0 1<i<n, t=0
4. All non-trivial solutions of the scalar neutral differential eqormti

%[u(t)_cU(t-r)p puult-o,)=0 (43)

are oscillatory, where

o, =minfo},  u= min{aii -y ﬂji}

I<i<n I<i<n —
j=1

a :it';‘g a; (t) B = Sjp‘aji (t)‘ j=i
= t=>0

In the main result below, we establish that whendygr = t-r satisfies the hypothesis of
proposition 2.1 and assumptions-6G, hold, then the solution of the SNDDE (1.3), where noise
is present, oscillates with probability 1 for any given initial datum.

Theorem 4.1

Assume that the time lags and their speed of adjustments, C;, a; satisfy the

assumptions G- G, and h(t) = t — r is non-decreasing. Then the NSDDE (1.3) has diatosgi
solutionw. p. 1 on [0,00) for every given initial datung .
Proof

By the conjugation relatiorX (t, W) = /\(O, H(t, W)oZ(t, W)) 0/\‘1(0, W) , the class
W = {t =20: X(t) = O} satisfies the conditio®UpW = o if and only if the collection
W ={t=0:Z2(t) = 0} satisfies SupW =0, w.p.1
Now for allt > 0 andw Q, we define

P(t,w) = —aA(t - r,w)oA™(t,w) (4.4)
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We observe that P(.) is a non-negative continuous function on thinteaval [0,00). Also Z
satisfies

2t w)=-> P LWzl -o,w) t>0 (4.5)

j=1

Let the subsef)” [0 Q exists such that for alv[1Q ,
* . t n _ 1_ C
Q _{wDQ .jh(t); P (S,W)ds—T}, w.p.l (4.6)

Then asP(.) andh(t) = t-r satisfy the hypothesis of proposition 2.1 on a path-wise basis. It
follows that the pattz(.,w) is oscillatory. If not, we assume on the contrary that te&ists a
non-oscillatory solutiorZ(t) which is eventually positive, that is, there exists 10 such that

Z(t)>0 for all t>t,. We have that
%[Z(t)—cz(t—r)]so, for all t>t, +o =T (4.7)

From (4.7), we have two possible options:
iy  z{t)-cz(t-r)<o, for t>T
Gy  z(t)-czt-r)>0, for t>T
Now consideri): Supposeif holds, then there exists a constant0 such thatZ(t)—cZ(t—r)
<-9,t>T resulting in
Z(t)<-6+cz(t-r)s -6+~ d+cz{t-2r)| < olc +c? +A +c"|+c™z(t - (n+1)c)
We let ] = ESup ]|(//|. Then fort =T and a large enough we have

t

Z(t)<-olc+c? +......+¢c") +c™ W[, 0<c<1 (4.8)

which implies that Z(t) < 0. This is a contradiction showing thas(impossible.
Consider i():

Suppose (2) holds, defina(t)

_Z(t-r)-cz(t-2r)
Z(t)-cz(t-r)
2'(t)-cz(t-r)+ 3 P )z, (- 0,)=0 (4.9)
Dividing through by Z(t) —c Z(t-r)] then intje_grating gives
Zn: Pj(s)Zj(s—aj)
Log [w(t)]=[ =

tr Z(s)-cz(s-r)

>1. Now rewriting (2.2) as

ds

t jZr:iPj(s)Zj(s—aj)—ch(s—aj—r)chs—aj—r (4.10)

=] z(s)-cz(s-)
¢ t jZi:le(s)czj(s—Uj—f)
zjt_er:le(S)W(S)dsJ’jt-r Z(s)-cz(s-r) -

Taking advantage of the periodicityBfs) in (4.10), we obtain

ds
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Log[wit)] = I ZP s)w(s)ds - cj )-Z!(s- 2r)ds

cZ(s r)
(4.11)
J't rZP s)w(s)ds - cj W(s Iog[Z(s r)-cz(s-2r)}ds
Lett be a number such thatr < t <tand'[ ZP s-— '[ z We
prove thatn(t) is bounded above. Integrating (4 9) ouertl we have
z(t)-czft-r)-[z{t)- ezl -1 )]+ ] ZP (s-0,)ds=0

which follows that
ot )-czlt —r)zjttéﬂ(s)zj (s-0, )ds>’|';[J’Zﬂ:‘F’J(s)Zj (s-0,)-cz,(s-a, -r)ds

(4.12)

Z[Zj (t—aj)—ch (t_aj —r)]fttil:%(S)dF (Xj (t—aj)—ch (t—aj —r))%
J_
Again integrating (4.9) ovet-, t'], we get
Z(t*)— cZ(t* - r)— [z(t-r)-cz(t-2r) +j:r Zn: P (s)Zj (s— o, )ds =0 which implies
=1

Z(t-r)-czft —2r)2j:rjz:Pj (3)2,(s-0,)-cz,(s- 0, ~r)jds

Z[Zj(* —Jj)—cZ(t* -T _Jj)]
Combining (4.12) and (4.13) and consequent ofadlbethat Z{) —cZ(t-r) is non-increasing, we
have

z(t')-czlt -r)=2[z(t-r)-cz(t - 2r)(2j 2zl -1)-z t - -—f)](%jz

(4.13)

>zl -r)-czl -2 )
Therefore W(t*)= Z(tz(_a) _C;Z(t(}*—_rir) S% forallt' =T (4.14)
We define Liminf w(t) = a (4.15)

to o0

Sincea < oo, it follows from (4.11) that
Log(a)= Pa + Liminf (— Cj:—r W(S)dis[logz(s— r)-cz(s- 2r)]dsj (4.16)

From (4.13), we have
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Log(a) Poa—vv(e(t))cj':_rdis llog(z(s-r)-cz(s-2r))ds &) Oft r.1]
> Rar-+u(efd)oLode ) r

> P.a +aclLoga) (417)
> P +cLoga) (419

he implication of (4.18) is thdl. - c) 'Oifa) > P, leading to 1_TC 2P =" P (s)ds
=

which contradicts condition {of proposition 2.1. Thereforg is oscillatoryw. p.1. So the
trajectory X(.,w) is oscillatory. By (3.1). It follows that the ssdt Q" 0 Q is an almost sure
event. Hence the solutiofiof the NSDDE (1.3) is oscillatory w. p.1 ({)ﬁoo)

Integrating the deviation (2.3) far> t, over [t-r,t], (See [1]), we have

b o1 -2 st sttt

t-r

>-h ma{l ex{— (I - %ZBrJ [ exd- 1(B(s)- B(s-r))ks (419 !

he crucial factor which generates oscillation i MSDDE (1.3) is the large enough deviation in
the increments of the Brownian motion. This hofds i

Limsupf exe(- 4(B(s)-Bls- is= (420

In the classical equation (2.1) (where noise &eal), if the time lags are small enough,
the integral in (4.20) is made so small that theddmn of proposition 2.2 holds and at that
ssssmoment the classical neutral differential égoat2.1) has a non-oscillatory solution.
However, the presence of multiplicative noise iea 8BNDDE ensures that the integral in (4.20)
holds irrespective of the magnitude of the timeslagithough the noise has not completely
replaced the time lags as the cause of oscillati@mote that the time lags are no longer the sole
cause of oscillation in the SNDDE.
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