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Abstract

We provide a short and more direct proof that a commutative
semigroup isfinitely generated if its lattice of congruencesis Noetherian.
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1.0 Introduction

Let R be a unitary commutative ring afch commutative monoid. Gilmer proves in [3]
that the monoid ringj[S is Noetherian if and only iR is Noetherian an&is finitely generated.
The proof consists of three parts:

(1) If RIS is Noetherian, the®R is Noetherian and Corfg the lattice of congruenes §f is
Noetherian.
(i) If CongSis Noetherian, the8is finitely generated (as a semigroup or as a monoid).

(iii) If Ris Noetherian an8is finitely generated theR[S| is Noetherian.

By far, the hardest part of this proof is the pure monoid theorgsepted byii) in this
list.  We will say that a monoid (or semigroup) is Noetherfaitsilattice of congruences is
Noetherian. Theni says that any Noetherian monoid is finitely generated. Tdwa pf this is
due to Budach [1] and fills Chapter 5 of [3]. It depends onragmi decomposition theorem for
congruences on Noetherian semigroups proved by Drbohlav in [2].

The purpose of this paper is to provide a shorter and more piaaft of this result. In
fact, it is just as easy to show that any Noetherian senpgs finitely generated, a result which
Gilmer obtained in [4] by reducing to the monoid case.

2.0 Main results

We obtain with some definitions, notation and basic properties aalpadrdered sets

and semigroups.
Definition 2.1
Let L be a partially ordered set. Then lAidinian if every nonempty subset bfhas
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a minimal element (equivalently, satisfies the descending chain condition, d.c.c.), lansl
Noetherian if every nonempty subset &f has a maximal element (equivalentlysatisfies the
ascending chain condition, a.c.c.).
Definition 2.2

If oK - L is a strictly increasing (decreasing) map betweengtigrtrdered sets and

L is Noetherian, theK is Noetherian (Artinian).
Definition 2.3

A lower set ofL is a subseD [] L such that for allx, y LIL, if x<y and ylID, then
xOD. We write L for the set of lower sets tfordered by inclusion. L embeds {hL via
the mapxa {yOL|y<x,henceifll L is Artinian, then so it . The lower set generated by
a subsetA [IL is {x[L | there exist@[1 A, such thatx< a}.

The proof of the main theorem of this paper proceeds by reducinguéstion about
finite generation of semigroups to the following purely order theoretidtre
Lemma 2.1

Let L be a partially ordered set. Lifis Noetherian and) L is Artinian, therL is finite.
Proof
Suppose to the contrary thiatis infinite. SincelL is Noetherian we can construct an

infinite sequencda, |NN} of distinct elements of L such thagtis maximal inL, and for all
n=2, a,is maximal in Lgiven that{a, a,, a, K ,a,_} . FornON, let D, for all n>1, there
must be soma such thatD, = D, ,,. In particular,a, UUD,,,. This means thaa, < a,, for
somem>n. Buta, =a, is not possible because the elements in the sequencetaretdand
a, < a,, is not possible sinca, is maximal inL given that{a, a,, a,K ,a,_}, a set which also
containsa,. Thus we have a contradiction. B
Remark 2.1

This lemma follows also from the standard result [6], [7], [8, 1.4] that L is Artinian,
then any infinite sequence in L is Noetherian, then no such infitritely increasing sequence,
and so L cannot be infinite.

For the definitions and basic properties of commutative seonigrwe refer the reader to
[3]. If Sis a commutative semigroup, we will write Co8gor the set of congruences &f
ordered in the usual way-<~' if for all x,ydS,x~Yy implies x~"y. If CongS is
Noetherian, we say th&is aNoetherian semigroup The smallest congruence in Co8gs
equality, alsce, theidentity congruence The largest congruence is theiversal congruence
defined byx~y for all X, y[1S. For a fixed congruence ~, Corf§~) is isomorphic to the subset

{~'F'=~} of CongS In particular, ifS is Noetherian then so i¥~. The subsemigroup

generated by an elemembr subse® of Swill be written (a) or (A). In this paper “(finitely)

generated” means “(finitely) generated as a semigroup”.
Define a relatiors onSby X<y if x=yor x+s=y for someslUS. Itis easy to

see thak is reflexive and transitive. Since it is possible to have y < X but x# Yy, the
relation< is not, in general, a partial order 8n

Journal of the Nigerian Association of Mathematical Physics Volume 15 (November, 2009)287 - 290
Commutative Noetherian semigroups, Adewale O. OduwaieNAMP



One important case in which is a partial order or® is when every element is an
idempotent, that ish =2b for all b[JS. In this circumstanceS( <) is a (join-) semilattice in
which + and] coincide. See, for example, [5, 1.3.2].

In proving that Noetherian semigroups are finitely generatethiceongruences which
behave well with respect to generating sets are the Aegongruence ~ on a semigro
satisfies * or is &-congruenceif it has the following property: I¥ is a subset o whose image
in §~ is itself, therSis generated by and is finite.

Note that the identity congruence satisfies *, and $iatfinitely generated if and only if
the universal congruence satisfies *.

Lemma 2.2

Let Sbe a Noetherian semigroup. If the identity congruence is the@uggruence on

S< thenSis trivial.
Proof
0) (S =) isa partially ordered set. Since< is reflexive and transitive, it remains only to

show thata b <aimpliesa= bfor a,b0S. If a<b <a, then eithem=bora=Db+t, and
b=a+t, for somet,,t, OS.
In the second case, s&t= <t1,t2> and define the congruence ~ by y if x =y or there

existt,t' 0T suchthatx=y+t andy =x+t'. By construction, we hawe-b, so to provea =

b it suffices to show that ~ is a *-congruence.
Suppose that the image ¥f[] S generate§~, then for any elementJ S we havex~y

for someyD<Y> or X=y+t D(tl,tz,Y> for somet OT. ThusS:<t1,t2,Y> and ~ is a *
congruence.
(i) U(S,<) is Artinian. In particular, (S <) is Artinian. For D OU (S,<), definite the
congruencels by xI5y if either x=y or XxUD and yD. Itis easy to show that the map
Da D from (S,<) to CongSis decreasing.

This map is, infact strictly decreasing when restrictepraper lower sets ofS,<). If
D,EOVU (S,<) with DO E OIS, then for anyx JE\D and yOOS\E we havex~y but

D

not xEy. ThereforeD > E.
Since Congsis Noetherian, this implies that the set of proper lowerafegds Artinian.
It follows immediately thatl} (S,<) is Artinian.
(iii) (S <) isasemilattice, that is, b= 2bfor all bOS. Forb[S define the congruence ~

by x ~yif either x=y or b< x,y and x+mb =y +nb for somem,n0N. By construction
we haveb ~ 2b, so to provéd = 2b it suffices to show that ~ is a *-congruence.

Suppose the image of 0 S generatesS~. We will show thatS=(b,Y). If, to the
contrary S# (b,Y), we havex ~ y for some y(Y). Since x# yO(Y), we must have
b<x,y and x+mb=y+nbfor somem,nON. Sincex#Db, there is somex' such that
Xx=b+x". The elementx’ cannot be i|§b,Y> since that would imply the same far By the
minimality of x we havex' =x, thatx = X + b. From this we gex+mb=y+nb0(b,Y), a
contradiction.
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(iv) (S <) is Noetherian. For an elements S define the congruenc& by XSy if
S+Xx=s+y. ltis easy to check that, sinis a semiattice, the mapa S from (S <) to
CongsSis strictly increasing. Since Coigs Noetherian, so isS(<).

(v) Sistrivial. We now have thaS <) is Noetherian and) (S,=) is Aritinian, so from
Lemma 2.1, we know th&is finite. But in this case, the universal congruencé eatisfies *.
Thus the universal congruence is also the identity congruence, meaniSgsthavial. [ ]
Theorem 2.1

Any Noetherian semigroup is finitely generated.
Proof

Let S be a Noetherian semigroup. Let be a maximal *-congruence o8 and
S =S/ =. We show that the only *-congruence 8nis represented by a congruence ~Son
such that= < ~. If Y [J Sgenerate§~ and ~ satisfies * with respect$ thenY is a finite set

and generateS/ =. But then, since satisfies *\Y is a finite set and also generaBsThus ~ is
a *-congruence with respect By the maximality of, we have= = ~, that is ~ represents the
identify congruence o8. [ ]

3.0 Conclusion
Since § <) is partially ordered, the complement of a proper lower set idesl ofS and

vice versa. Moreover, for a proper lower etthe congruenceD is the Rees congruence
associated to the ide&8ID. Hence we have also proved that the set of idea&avflered by
inclusion is Noetherian, a fact which is true in any Noetherian semigrog33&1].

SinceS is a Noetherian semigroup whose only *congruence is the eotitgruence,
Lemma 2.2 implies tha® is trivial. It follows immediately that is the universal congruence
and hencé&is finitely generated.
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