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Abstract 
 

We consider the dynamics of share price, that is, upward and 
downward movement of share price at time t. We made use of  binomial 
derivative pricing process of stochastic processes. Our aim is to also 
determine investor’s cash flows valuation generated from the investment. The 
investor invested her short position into N number of investment firms. The 
firms in turn invest the short position of the investor into the stock and bond 
markets in order to hedge out the risks associated with the investor’s 
portfolio. We determine the value of the cash flows at time, t = 0 by finding 
the value of the discounted cash flows using a suitable discount rate. We 
assume that the discount rate is deterministic. We found out that with 
different  values of the investment at the initial time from the investment 
firms over time yield almost the same percentage change (not the same value 
at time t) with the same interest rate. In this paper, we assume that there is no 
transaction costs. 
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1.0 Introduction  
1.1 Problem formulation 

Consider the following problem. An investor invested NiS i ,,2,1,0 Λ= , through 

investment firms at time 0=t . At time 0>t , investor is expected to haveitS  from investment 

firm i. The investment firm invests the amount on behalf of the investor. Let iS0  be the initial 

stock price, dandu be the value of the movement of share price up and down respectively such 

that ud <<< 10 . In the evolution to next period of time, the share price will be either iuS0  

or idS0 . ii dSanduS 00  represent the values when the share price move upward and downward 

respectively at the first move [2] and [4]. 
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At time 0=t , the value of the investor investment is0V . The investor will receive a 

payoff ( )iuS0  from firm i, if the share price goes up and ( )idS0  if the share price goes down. As a 

result of the uncertainty of the share price, the investment firms have to hedge the investor’s short 

position by purchasing i
0σ  share of stocks. If 0V  is greater than what should be used to purchase 

the i
0σ  shares of stock, the firms will invest the remaining amount in bond market at a 

continuously compounded interest rate r  in a short interval of time. Hence, if ∑
=

N

i

ii S
1

00σ  amount 

is invested into the stock market, then ∑
=

−
N

i

ii SV
1

000 σ  is the amount invested in bond market. If 

∑
=

≤−
N

i

ii SV
1

000 0σ , it implies that some amount was borrowed to finance the investment which 

must be paid back at the end of the investment period, (see [1[ [2], [3], [4] and [5]. 
Our aim is to determine the value of the investor’s portfolio over time, which is given by  
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−−−− σσ . 

This portfolio comprises the aggregate amount received from the investment firms at time t. 
1.2 Valuation of the investor’s portfolio 
Definition 1.1 

The portfolio process is ),...,,( 110 += kδδδδ , where 

(i) kδ  is the number of shares in the stock market, 

(ii) Each kδ  is measurableFk − . 

Definition 1.2 
Let V be the value of the portfolio process, then V is said to be self-financing if the 

following are all satisfies 
(i) start with nonrandom initial wealth, V0 >0, 
(ii) )]exp[(]exp[)](exp[ 111 kkkkkkkkkk SrSVrSVrSV −+=−+= +++ δδδ    

(iii) Then each Vk is .measurableFk −  

If the stock price rises, the value of the firm i  portfolio is  

( )iiiriui SVeS 00010 σσ −+  , where ∑
=

=
N

i

iVV
1

00  and the investor’s short portion is not included. 

Firm i  need to have iuV1  by choosing ii andV 00 σ  such that  

( )iiiriuiiu SVeSV 000101 σσ −+=     (1.1) 

Hence, the investor’s portfolio will be  

∑ ∑
= =








 −+
N

i

N

i

iiriui SVeS
1 1

00010 σσ . 

If the stock price falls, the value of the portfolio is ( )iiiridi SVeS 00010 σσ −+ .  Similarly,  
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     ( )iiiridiid SVeSV 000101 σσ −+=     (1.2) 

 
 

Hence, the investor’s portfolio will be ∑ ∑
= =








 −+
N
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N
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iiridi SVS e
1 1

00010 σσ .  We now solve for the 

unknown, ii andV 00 σ  as follows:  For ,0
iσ  we subtract (1.2) from (1.1) to have  

( ) ( )idiuidiui SSVV 11110 / −−=σ     (1.3) 

For iV0 , we substitute (1.3) into either (1.1) or (1.2) as follows:  

 ( )iiiriuiiu SVSV e 000101 σσ −+= iiririui SVS ee 00010 σσ −+=
( ) irriiui VSS ee 0010 +−= σ  
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This is the arbitrage price with payoff iV1  at time period 1 for i  firm.  

Setting    *** 1, p
du

u
q

du

d
p

rr ee −=
−
−=

−
−=    (1.5) 

Equation (1.4) now becomes   [ ]idiuri VqVpV e 1
*

1
*

0 += − ,    (1.6) 

where, ** qandp  are risk-neutral probabilities.  Therefore, 

    [ ]∑∑
=
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=

− =
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ir VEVEV ee
1

1*
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1*0 .   (1.7) 

We now consider the arbitrage price with payoff iV2  at time period 2 for firmi . At time period 1, 
the firm i  has a portfolio that excludes the investor’s short portion, valued at  

    ( )iiiriii SVeSV 000101 σσ −+=     (1.8)  

From equation (1.8), we obtain ( )iiiriuiiu SVSV e 000101 σσ −+=    (1.9) 

( )iiiridiid SVSV e 000101 σσ −+=  

At time period 1, firm i  has iV1  and can readjust her hedges. Suppose that firm i  decides to hold 
i
1σ  shares of stock, they invest the remaining of her wealth, ( )iii SV 111 σ−  in the bond market. At 

time period 2, her wealth will be 

    ( )iiiriii SVSV e 111212 σσ −+= ,                   (1.10) 
from equation (1.10), we obtain 

( )iuiiuriuiiu SuVSuV e 111212 )()(
22

σσ −+=  (i)  

   ( )iuiiuriudiiud SuVSuV e 111212 )()( σσ −+=  (ii)              (1.11) 
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   ( )idiidriduiidu SdVSdV e 111212 )()( σσ −+=  (iii) 
 
 
 
 

   ( )idiidridiid SdVSdV e 111212 )()(
22

σσ −+=  (iv) 

We now solve for the arbitrage price 0V  at time period 0=t  and hedging portfolio 

)(),(, 110 du iii σσσ  as well as the values at time period 1, idiu VandV 11 . 

Subtracting 1.11(ii) from 1.11(i), we obtain  

   ( ) ( )iudiuiudiui SSVVu 11221

22

/)( −−=σ                 (1.12) 

To obtain the value of 
2

2
iuV , we substitute (1.12) into 1.11(i) or 1.11(ii). 

( )iuiiuriudiiud SuVeSuV 111112 )()( σσ −+= iuiriuriudi SuVSu ee 11111 )()( σσ −+=   
idiriudiiudriu SueSuVV e 111121 )()( σσ +−=∴ ( )idriudiiud SSuV e 1112 )( −−= σ  
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We deduce idV1  from (1.13) as follows:  
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*−=                (1.14) 

We obtain 0V  by substituting (1.14) into (1.6),  
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Therefore, at timet , we deduce that  
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Hence,    
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This is the binomial derivative pricing formula, (see [4], [8],and [9]. 
Theorem 1.1 

The discounted cash stock pricing process { }n

ttt FSrt 0|]exp[ =−  is a martingale under the 

risk-neutral probability measure *P . 
Proof 

{ } ttt SdquptrFStrE )**)(1(exp[|)]1(exp[* 1 ++−=+− +  
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The Theorem 1.2 below, shows that our portfolio is indeed self-financing. 
Theorem 1.2 

The discounted self-financing portfolio value process { }n

ttt FVrt 0|]exp[ =−  is a 

martingale under the risk-neutral probability measure .*P  
Proof 

[ ]ttttt SrtStrVrtVtr ]exp[)1(exp[]exp[)1(exp[ 11 −−+−+−=+− ++ δ  

Hence,  [ ]ttttt SrtStrVrtVtr ]exp[)1(exp[]exp[)1(exp[ 11 −−+−+−=+− ++ δ  
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[ ]tttttt SrtFStrEVrt δδ ]exp[]|)1(exp[*]exp[ 1 −−+−+−= + .]exp[ tVrt−=  

 
2.0 Valuation of cash flows generated from the  investment 

Let ( ) 1≥Φ tt  be the cash flows process generated from the investment. Then, at time 
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where ∑
=

=Φ
N

i

i
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, t = 1,2,...,N. 

To make this into a dynamic model, we introduce the value at time 0≥t  as  
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where [ ]⋅*
tE  is the expectation given information up to and including time t . By multiplying 

this expectation with rte−  and splitting the expectation into two parts, we have  
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If ∞<Φ∑
∞

=

−

1k

rk
keE , then the first term on the left-hand side is a martingale and the value of 

the second one is known at time t .  Equation (2.2) gives the following iterating equation 

    ( )[ ]r
tttt eVEV −
++ +Φ= 11 [ ]11 ++

− +Φ= ttt
r VEe .  (2.4) 

Equation (2.4) implies that the value today is the expected discounted value of what we get 
tomorrow 1+Φ t  plus the expected discounted value of having the right to the cash flow stream 
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from the investment Λ,, 32 ++ ΦΦ tt  (which is the definition of 1+tV ). When we continue 

iterations, we get for any tT > , addition of a martingale and an adapted process, i.e. 
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Definition 2.1 

Let ( )PFF tt ,)(,, ℵ∈Ω  be a complete filtered probability space, and 0F  a trivial 

−σ algebra augmented with all null sets of F , then FF =∞  where .1 tt FVF ≥∞ =  

Definition 2.2 
A cash flows process generated from the investment ℵ∈Φ tt )(  is a process that is adapted 

to the filtration ℵ∈ttF )(  and such that for each ∞<Φℵ∈ ||, tt  almost surely. 

Definition 2.3 
A cash flows process generated from the investment ℵ∈Φ tt )(  that is, non-negative almost 

surely is referred to as a dividend (or payoff ) process. 
Definition 2.4 

A discount process is a process ,: ℜ→Ω×ℵ×ℵg  which satisfies: 

(i) ∞<< ),(0 tsg  almost surely for every ., ℵ∈ts  

(ii) −),max(),( tsFistsg measurable for every ., ℵ∈ts  

(iii) ),(),(),( tugusgtsg =  almost surely for every .,, ℵ∈tus  
Remark 2.1 

In this paper, we consider ),( tsg  as a normal discount process, that is .0≥r  Hence, we 

express .,,,)],(exp[),( ℵ∈>ℜ∈−−= ststrstrtsg   
The Lemma 2.1 below, gives us a sufficient condition for the value process to be finite almost 
surely. 
Lemma 2.1 

Let ℵ∈Φ tt )(  be a cash flows process generated from the investment and 
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We then obtain the corollary 2.1 below for a dividend process. 
Corollary 2.1 

Let ℵ∈Φ tt )(  be a dividend process generated from the investment such that 0V  is finite, 

then  tV is finite almost surely, for every ℵ∈t . 

Proof 
Since 0≥Φ t  almost surely for every ℵ∈t  and 0F  is the trivial −σ algebra 

augmented with the null sets. 
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Remarks 2.2 
(i) Since ℵ∈−− tallformeasurableFisrt t]exp[ , we have 
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Multiplying bothsides by ],exp[ rt−  we have 
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(ii) ]exp[ rtVt −  is the value at time t discounted back to time 0. 

(iii) If  X is a random variable with ∞<|| XE , then ,...2,1],|[ =tFXE t  is a uniformly 

integrable martingale (UIM), (see [6] and [8[). Thus, if ,|]exp[|
0
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0
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k
tk FrkE is a UIM.  This leads to the Theorem below. 

Theorem 2.1 
Let ℵ∈Φ tt )(  be a cash flows process generated from the investment and exp[-r] a 

discount process. If thenrkE
k

k ,|]exp[|
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∞

=

 the discounted value process ]exp[ rtVt −  

can be expressed as follows: 
,,]exp[ ℵ∈−=− tAMrtV ttt  

where M is UIM and A is an adapted process (AP). 
Proof 

Given that ,|]exp[|
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is finite almost surely. 
Theorem 2.2 below, characterizes the relation between Vandr],exp[, −Φ  in terms of 

their values and differences. This gives three equivalent forms of defining the value process 
generated from the investment. 
Theorem 2.2 

Let ℵ∈Φ tt )(  be a cash flows process generated from the investment and exp[-r] a 

discount process.  If thenrkErkE
kk

k ,]exp[|||]exp[|
11

∞<






 −Φ≤






 −Φ ∑∑
∞

=

∞

=

 the following three 

statements are equiavlent. 
(i) For every ,Nt ∈  








 −Φ=






 −−Φ= ∑∑
∞

+=

∞

+= 11

|]exp[]exp[|)(exp[
tk

tk
tk

tkt FrkErtFtkrEV  

(ii) For every ,Nt ∈  

∑
=

−Φ+−=
t

k
ktt rkrtVM

1

]exp[]exp[   

is a UIM. 
(iii) For every ,Nt ∈  

(a) ( )[ ].|]exp[ 11 tttt FVrEV ++ +Φ−=  

(b) [ ] .0|)(exp[lim =−−
∞→ tT

T
FVtTrE  

Proof 

Given ∞<






 −Φ≤






 −Φ ∑∑
∞

=

∞

= 11

]exp[|||]exp[|
kk

k rkErkE .  So ∑
∞

=

−Φ
1

]exp[
k

k rk  < ∞ 

almost surely.  We are to show that (i) ⇔ (ii) and (i) ⇔ (iii). 
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(i) ⇔ (ii): 
The ‘only if’ part: This follows from the theorem above.  For the ‘if’ part: From (ii) 

above, we have the following  
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Let ∞→T  the term surelyalmostrTVT 0]exp[ →−  and surelyalmostMM T ∞→  from 
the convergence result of UIMs (see [9]). 
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(i) ⇔ (iii): 
‘only if’ part: for ,Nt ∈  we obtain the following 
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Now let .tT ≥  From  
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We obtain,  
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Now, the ‘if’ part: we establish this by iterating (iii)(a) above. By doing that, we obtain the 
following 
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As ,∞→T  the last term tends to 0 almost surely. 
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From (iiib), given that ,]exp[|||]exp[|
11
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Convergence Theorem, we obtain 
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2.1 Numerical result 
Table 2.1 shows the values of the parameters and payoffs as well as the percentage 

increase from the investor’s investment in N = 10 numbers of investment firms. The amounts 
represent the values of the investment per stock in 5 years. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 2.1: The values of the parameters, stock and payoff in 5 years 
 

 
i 
 

iS0 (jn 

Naira) 

iV0 (jn 

Naira) 

 
r(%) 

 
u(%) 

 
d(%) 

 
p* 

 
q* 

i
tV (jn 

Naira) 

Payoff 
amount 
(in Naira) 

 
%  
increase 

1 50 080 15 18.0 07.0 0.93 0.07 169.36 089.36 111.70 
2 47 075 15 20.0 05.0 0.85 0.15 158.78 083.78 111.71 
3 62 095 15 20.0 11.0 0.88 0.12 201.12 106.12 111.71 
4 69 102 15 24.0 10.0 0.77 0.23 215.93 113.93 111.70 
5 45 063 15 21.0 09.0 0.84 0.16 133.37 070.37 111.70 
6 48 068 15 20.5 10.2 0.86 0.14 143.96 075.95 111.69 
7 70 105 15 18.9 06.5 0.89 0.11 222.29 117.29 111.70 
8 41 059 15 27.0 05.0 0.66 0.34 124.90 065.90 111.69 
9 38 055 15 25.0 04.0 0.70 0.30 116.44 061.44 111.70 
10 43 062 15 29.0 06.0 0.63 0.37 131.25 069.25 111.69 
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Figure 2.1: Value of investment for Firm 1 
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Figure 2.6: Value of investment for Firm 6 
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Figure 2.2: Value of investment for Firm 2 
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Figure 2.7: Value of investment for Firm 7 
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3.0 Discussion 

The first column in Table 2.1, contained information arising from the past records of firm 

1 and the value of the cash flows as well as the payoff from firm 1 in 5 years. The value 10S is 

the value of a stock at the initial time of firm 1. 10V is the value assigned to both stock and bond 

at the initial time. It implies that 50 naira goes to a stock and the remaining 30 naira goes to a 
bond in firm 1. The interest rate r is the proportion received for investing into the bond market. 
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Figure 2.3: Value of investment for Firm 3 
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Figure 2.8: Value of investment for Firm 8 

V
a

lu
e

 p
e

r 
in

ve
st

m
e

nt
 (

in N
ai

ra
) 

2 3 4 5

140

160

180

200

 
Time (in year) 

Figure 2.4: Value of investment for Firm 4 
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Figure 2.5: Value of investment for Firm 5 
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Figure 2.9: Value of investment for Firm 9 
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Figure 2.10: Value of investment for Firm 10 
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The value u is the proportion of the investment received if the stock goes up with risk-neutral 
probability p* . The value d is the proportion of the investment received if the stock 

 
 

goes down with risk-neutral probability q*. The values u, d, p*, and q*, in Table 1.1 are obtained 
from the past records of the firms. As time evolved, the value Vt per investment in 5 years is 
169.36 naira. With this, we have a payoff of 89.36 naira and percentage increase of 111.70. 
Column 2 to 10 represent the information and payoff amounts for firm 2 to 10. The similar 
analysis  also go to column 2 to 10.    

Figure 2.1 represents the value of the investor’s investment in firm 1 in 5 years, figure 2 
represents the value of the investor’s investment in firm 2 in 5 years and so on. In the Table 2.1, 
we observed that all the firms are having almost the same percentage increase in their investment. 
This shows that the firms operate within the same environment and with competent management. 
Firm 1 which has initial value of a portfolio of 80 naira, after 5 years the value of the portfolio 
rises to 169.36 naira, that is about  111.70% increment. Firm 2 with initial value of 75 naira has 
percentage increase after 5 years of 111.71. Firm 6, 8 and 10 have percentage increase of 111.69 
each while firm 4, 5, 7 and 9 have almost the same percentage but different initial values 
portfolios. Also, firms 2 and 3 have almost the same percentage increase but different initial 
values portfolios. The aggregate of the investor’s portfolio is obtained by adding up the cash 
flows generated from all the firms. 

 
4.0 Conclusion 

Investors are advised to maintain their investment with the firms since they are doing 
relatively well. Also, the cash flows from the firms in 5 years are given in table 2.1. The 
difference between the value at time t = 5 and the initial value of the portfolio gives the payoff 
from the investment. The sum of the payoffs from all the firms gives the gross total value of the 
investor’s portfolio in 5 years of investment. We discovered that with different values per 
investment at the initial time from the investment firms over time yield almost the same 
percentage change after 5 years (not the same value) with the same interest rate, as we can see in 
Table 2.1 and Figures 2.1 – 2.10. This shows that the firms operate within the same environment. 
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