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Abstract

A FORTRAN code to compute the structure of white atwStars
has been written. It is assumed that a good modwml the matter in white
dwarf stars is the free Fermi gas of electrons at@ temperature, treated with
relativistic kinematics. The code written essenlyasolves numerically the two
coupled first-order differential equations that deimined the structure of the
star for the given equation of state. The variatioof mass density with
distance from the center of the star is found to dieectly proportional to the
assigned density at the center of the dwarf and ttadue of the parametes
which characterizes the chemical composition ofetldwarf, but inversely
proportional to the distance from the center of tistar. In general, the density
decreases with increase in the distance. For a gieentral density, the radius
of the hydrogen white dwarf is greater than that tfe helium, carbon, or
oxygen which are equal and greater than that of iroThus the radius
increases with the parameter. The so called Chandrasekhar mass limit has
been found to bd.144x 10* gm for hydrogen white dwarf, 2.861 ¥0** gm
for helium, carbon, and oxygen white dwarf, ar@l464 x 10** gm for iron
white dwarf.
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1.0 Introduction

A white dwarf is a small star made up mainly of electroredegate matter. White
dwarfs are very dense. It is estimated [10] that the aremsmss density of matter in a white
dwarf is approximately fOkg/cn?®. Today there are thousands of known white dwarfs, in fact
they account for roughly 6% of all known stars in the solarhieichood [9]. White dwarfs have
a faint luminosity arising from the emission of stored heat.

At the expiration of the hydrogen-fusing lifetime of a maegwence star of low or
medium mass, it will expand to a red giant which fuses helumatbon and oxygen by the
triple-alpha process. If a red giant has insufficient mass to geneeatere temperatures required
to fuse carbon, an inert mass of carbon and oxygen will build up eg¢rnter. After shedding its
outer layers to form a planetary nebula, it will leave belttirglcore, which forms the remnant of
the white dwarf [15]. Usually, therefore, white dwarfs eoeposed of carbon and oxygen. It is
also possible that core temperatures suffice to fuse carbonttngarg in which case an oxygen-
neon-magnesium white dwarf may be formed [18]. Also, some helium
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white dwarfs appear to have been formed by mass loss in binary systems.

The high mass densities in white dwarf stars are possib&ibeaevhite dwarf material is
not composed of atoms bound by chemical bonds, but rather consaspgagima of unbounded
nuclei and electrons. There is therefore no obstacle to placingi claser to each other than
electron orbital. Compression of a white dwarf by gravitatiéorae will increase the number of
electrons in a given volume. Applying either the Pauli prinogoléhe uncertainty principle, we
can see that this will increase the kinetic energy of tketreins, causing pressure [1]. This
electron degenerate pressure is what supports a white dvanfstagravitational collapse. It
depends only on density and not temperature.

A white dwarf star has no internal source of energy sincemditerial no longer under
goes fusion reactions, thus it is not supported against gravitatigiepse by the heat generated
by fusion. However, it is supported against gravitational collapse mnlelectron degeneracy
pressure, which enables it to be extremely dense. Degenerate pressara giakdmum mass for
non-rotating white dwarf, the Chandrasekhar mass limit — apprceedynat4 solar masses,
beyond which it can not be supported by degeneracy pressure. A carbon-okytgedwarf that
approaches this mass limit, typically by mass transtenfa companion star, may explode as a
Type la supernova via carbon detonation [10].

Although most white dwarfs are thought to be composed of carbon and oxygen,
spectroscopy typically shows that their emitted light comesnfan atmosphere which is
observed to be either hydrogen-dominated or helium dominated. The dopiaraent is usually
at least 1,000 times more abundant than all other elements. Theunfgce gravity is thought to
cause this purity by gravitationally separating the atmospserthat heavier elements are at the
bottom and lighter ones on top [12]. This atmosphere, the only fotm evhite dwarf visible to
us, is thought to be the top of an envelope which is a residue sefaf® envelope in the AGB
phase and may also contain material accreted from the éft@ranedium. The envelope is
believed to consist of a helium-rich layer with mass no morne t#E0d" of the star’s total mass,
which, if the atmosphere is hydrogen-dominated, is overlain bydeoggn-rich layer with mass
approximately 1/10,000f the star’s total mass [7] and [11].

It is simple to derive an approximate relationship betweenmtags and radii of white
dwarfs using an energy minimization argument. It has been sh?dwen{l [8], assuming the
electrons in a white dwarf to be non-relativistic, the misisand radiusR are related by

1
= W ) (1.1)
while in the extreme relativistic approximation (i.e. kinetic ggeaf electrons =p c)
hc
Miimit = NZ(E) (1.2)

whereG is the gravitational constaid,the number of electrons per unit mass of the dwathe
speed of lighth the reduced Planck constant, g, is the limiting mass of a white dwarf. In
this work, a FORTRAN code which numerically solves the equatigtate in a white dwarf is
written. The code was then used to study the structure of whaef dvars. The investigations
carried out include determining the variation of mass density fhencenter to the surface of the
dwarf, the mass and radius of the dwarf, the variation of mass witis etcli

2.0  Theoretical background
2.1 Introduction
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It is assumed that the matter in a white dwarf staplgrically symmetric, that the white
dwarf star is not rotating, and that the effects of magnetic fieédsa very important.

These assumptions are known to be accurate for many purposésg,[8hd [17] and so
are justified. If the star is in mechanical (hydrostatic) éopiuim, the gravitational force on each
bit of matter is balanced by the force due to spatial vanaidf electron degenerate pressite,
The gravitational force acting on a unit volume of matter at a radsus

= Gm

grav = _r—zp, (21)

wherep(r) is the mass density, and m(r) is the mass of the star interlue tadius r:

m(r) = 47TL: orr'%dr'. (2.2)
The force per unit volume of matter due to changing pressurdPiglr—- When the star is in
equilibrium, the net force on each bit of matter is zero, therefore,(®dih we have

% = -Gr:‘z(” (). (2.3)
,(Azc;i)fferential relation between the mass and the density casbta@ned by differentiating Eq.

O|—m:477r2,0(r). (2.4)
dr
Upon using the identityd—P=(d—'0j £ , (2.3) can be transformed to
dr dr )ildp
-1

do dP ) Gm

— == —| —p. 2.5
dr (dpj 7 P (2:9)

Equations (2.4) and (2.5) are two coupled first-order differeetiaations that determined the
structure of the star for a given equation of state. The saitithe dependent variables atr = 0
arep = p., the central density, and m = 0.
2.2 The equation of state

The assumed properties of matter in white dwarf star stéfedeameans that a good
model for the matter in white dwarf stars is the freerfrgas of electrons at zero temperature,
treated with relativistic kinematics. Such a model hanbfelly described [6]; [12]; [13] and
[14], therefore, only a brief outline will given here.

The equation of state for matter in white dwarfs can be written as

m
where, = =5.89x 16° cm™® 2.7
=32 (2.7)
is the number density of electrons at which the Fermi momergwequal to the electron mass,
M,

p nY

== (—J , (2.8)
m. N

Py being the Fermi momentum,
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Ve :?j_lf’ and B(x) :8_‘?(’3{ x(L+ 23)(+ x2 M2 - Iog{x+ (1 x? )”2]} . (2.9)

But x can also be written as

1/3 1/3
X = (1] - (ﬁj , (2.10)
Ny Po

m
0, = M _g.79x 1677 gmem™ (2.11)

n
is the mass density of matter in which the electron numbesitges ny, and /7 is the number of

electrons per nucleom is equal to 0.5 for helium, carbon, and oxygen, 1.0 for hydrogen, and

0.464 for iron.
Differentiating (2.6) yields

where,

(2.12)

where mg is mass of proton (the difference between the masses tdnpemd neutron is

neglected), and
2

_ 1 dyan_ X
0= 5a & XB) = 3maye (2.13
2.3 Scaling the equations

Very often, it is desirable to transform equations describinghygsical system to
dimensionless form, for a better physical insight and for nwaleconvenience. To do this
transformation for the equations of the white dwarf starjmr@duce a dimensionless radius,
density, and mass variables as follows.

r=Rr, p=p,;, m=M/m, (2.14)
where the radius and mass scalesaitl M, are determined so as to get the needed convenience.
Substituting (2.14) into (2.4 and 2.5) and using (2.12) yields after some rearrangement

dm _(47R50, | 2.

I ( M, jr 0, (2.15)
da__ GM, m_pz . (2.16)
dr Ry1(m. /M) )y

Now if My and R are chosen so that the coefficients in the parentheses fgRdl2.16) are
unity, then

/ M 1/2
_|1(m/M,) =7.72x168 n cm (2.17)
4nGp,
M, =4mR}p,=5.67 x 187> gn (2.18)
and the dimensionless coupled differential equations for the white dvearf
dp__mp, (2.19)
ar nr
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and

I
|
)

(2.20)

(5

3.0  The programme
Essentially, the program written constructs a series ofewdwarf models for a given
electron fraction/; with central densities ranging in equal logarithmic stegisveen the values

of DEN1 and DENZ2 specified. For each model, the dimensionless equé2id®g,and (2.20) for
the mass and density are integrated by the fourth order Rungeatgatithm. An empirically
scaled radial step is used for each model, and initial condftortbe integration are determined
by a Taylor expansion of the differential equations about the rcehtthe star (i.er = 0 ).
Integration proceeds until the density has fallen belotgdtom?.

For each run of the program, the inputs are the electron fragtitime central density for

the first model, DEN1, the central density for the last model, DEN2thendumber of models to
construct. As each model is calculated, the radial stepratel@nsity, number of steps, total
radius, and total mass are given as output. Also given for eadél s the density as function of
distance from the center of the star.

4.0 Results and discussion
In the graphs shown below, the parameteii.e. The number of electrons per nucleon is

given as ye. It should be noted thratequals to 1.0 for hydrogen, 0.5 for helim, carbon, and

oxygen, 0.464 for iron, and 0.4 for a hypothetical dwarf composed of mareotteatype of
element.
4.1 Variation of mass density within the white dwarf star

The variation of mass density with distance from the ceoitdhe star are shown in
Figures 4.1, 4.2, and 4.3. In each of these figures, (a) representsyfiothetical white dwarf
while (b) represents a hydrogen white dwarf, also the disfamwethe center of the star is in the
unit of radius of the earthe. 6,400 km. It can be seen from the figures that the density &ldire
proportional to the assigned density at the center of the dwdrfttee value of, i.e the

composition of the dwarf but inversely proportional to the distéraee the center of the star. In
general, the density decreases with increase in the distance.
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Figure 4.1: Variation of mass density with distance from teater of the star for a central density o} gt cm®
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Figure 4.2 Variation of mass density with distance from tleater of the star for a central density ot i cm® .
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Figure 4.3 Variation of mass density with distance from tle@ter of the star for a central density of?din cm®.

In order to quantitatively describe the variation of mass demsth distance from the
center of the star, the author finds it convenient to introdbeefollowing four parameters,
namelyr,, ry, e, andro. These parameters are respectively the distance fronelber of the star
to the point where its density reduces to 95%, 50%, and 5%, wdlite at the center, whilgis
the distance from the center to the point where the densiggusl to 1000gm cm®. The
computations for the integration of the two coupled equations af atat stopped at.rThe
values of these parameters are given in Table 4.1.

Table 4.1: The Values of the Parametegsry, rc, andry for Hydrogen and a hypothetical white dwarf.

7 =10 N =04
Central Density (gm cmiy _, | 10° 10° 10 16 [ 10 107
la 0.188 | 0.0484 0.00262 0.102 0.0263 0.00142
I 0.778 | 0.199 0.00962 0.382 0.108 0.00%22
re 1.55 0.469 0.0225 0.742 0.246 0.0132
ro 1.92 0.731 0.0513 1.02 0.362 0.0274

Table 4.2:The ratios of the parametersk, r., and g for hydrogen and a hypothetical white dwarf

=10 N =04
Central Density @m cm®, _, | 10° 10° 10* 10° 10° 10"
ralro 0.0979| 0.0662 0.0510] 0.1 0.07265 0.05182
ry/fo 0.405 0.2722 0.1875| 0.3745 0.2983 0.1905
rdro 0.8072| 0.6415 0.4385| 0.7274 0.679b 0.4452
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It can be seen from Figures 4.1, 4.2 and 4.3, that the density decréhsesngasing
distance from the center of the star. Near the center armvear from it, the rate of decrease in
density is much less than elsewhere. The values/f r./ro, and r ro given in Table 4.2
guantify the rate of decrease in density with distance ft@origin. The values of these ratios
are dependent mainly on the density at the center. The higheentral density, the lower these
ratios are. These ratios are virtually independent of thepesition of the star. For a given
central density, the ratios far = 1.0 and = 0.4 are almost the same even though thosg fer

1.0 are slightly less than those fpr= 0.4.

It is interesting to note thaf, m, r,, and g depend both on the composition and central
density of the star. Table 4.1, and other data obtained by therashow that each of these
parameters decrease with increase in central density, antbthatgiven central density they
increase with increase m.

4.2 The radius of a white dwarf star

The variation of radius of the white dwarf star with its calndensity is shown in Figure
4.4a,b. The radius depends on the composition and central density of thelwdntestar. For a
given central density, the radius of the hydrogen white dwanfeiatgr than that of the helium,
carbon, or oxygen which are equal and greater than that of iron. Adnuadius increases with
the parametery. For example, for a central density ofdi cm® the radius of hydrogeny( =

1.0) white dwarf is 7.312 x f@m, that of helium, carbon, and oxygen (= 0.5) is 4.306 x
10°cm, while that of iron = 0.64 ) is 4.097 x fom. However, for a given white dwarf, &
the parameter) constant) the radius decreases with increase in centrsitydé=or example, the

radius of the hydrogen white dwarf decreases from 1.92 %sml€or a central density of
10°gmem™® to 5.126 x 1Gem for a central density of Hymem®.
4.3 The mass of a white dwarf star

The graphs for the variation of mass of a white dwarf stér 8 central density are
shown in Figure 4.5a,b. The mass depends on both the composition and desgityl of the
white dwarf star. For a given central density, the masshyfleogen white dwarf is greater than
the mass of a helium, carbon, or oxygen which are equal and akgergthan that of iron. Thus
the mass increases with the parameterFor instance, for a central density of ffn cm® the

mass of hydrogen white dwarf is 6.1414 times greater than tee afdaron white dwarf, and
5.1387 greater than the mass of helium, carbon, and oxygen white dwarf.
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Starting from a central density of*1§m cm®, the mass of a white dwarf stae(for a givens)

initially increases on increasing the central density bubteradly becomes constant on attaining
its limiting mass. In the case of the hydrogen white dwarkkample, its mass increases from
1.60 x 16° gmto 4.04 x 18 gm on increasing its central density fronT tncm® to 1¢ gm cm®
and increases from 7.39 x*(@mto 9.86 x 16’ gm on increasing its central density from’ fn
cm® to 10 gm cm®. Thus the rate of increase of mass decreases with inéneeesetral density,
so that as the density is increased the rate eventually becare and the mass of the dwarf
constant. The central density at which the mass becomes corestastwith the composition of
the dwarf and is referred to by the author as the charactelgstisity. Table 4.3 below shows the
maximum mass and the characteristic density of some whitefs. The results in Table 4.3
show that as the parametgr is increased, the limiting mass of the star decreasds wWig

characteristic density increases.
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5.0

Table 4.3.Maximum mass and characteristic central density.

Type of white dwarf Maximum Characteristic
Mass @m) | Density @m cm?®)
Hydrogen § = 1.0) 1.144 x 19 | 6.95 x 16"
Helium, Carbon, and Oxygen € 0.5) | 2.861 x 1§ | 2.64 x 16°
Iron ( = 0.464) 2.464 x 19 | 8.86 x 16°
Hypothetical § = 0.4 ) 1.831x 18 | 2.64 x 16°
Conclusion

The structure of hydrogen, helium, carbon, oxygen, iron, and a hypothetitaldwrarf

stars are investigated computationally. It has been foundhbadttucture of white dwarf stars
depend on their chemical composition and the value of the reasgydat their centeiChe most
outstanding findings in this work are given in Table 3 . Itéseagally known that there is a
limiting mass for white dwarfs, the so-called Chandrasekhas firag, it is now found that each
elemental type dwarf has its own limiting mass.
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