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Abstract

The Extended Conjugate Gradient Method, ECGM, [1] was used to
compute the control and state gradients of the unconstrained optimal control
problem for higher-order nondispersive wave. Also computed are the descent
directions for both the control and the state variables. These functions are the
most important ingredients for implementing the Extended Conjugate

Gradient Algorithm..
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1.0 Introduction
The optimal control problem of higher-order nondispersive wavefarazulated in [5]
and given as

minJ(z,u,u) =min|f| j[z2 (x,y,t)+u2(x,y,t )dxdydt

2 2
ot 15) 4

z(0,y,t)=z(A,yt)=0zk )y ,0Fz ky)z ky ,0Fz Xy

Equation (1.1) is a constrained optimal control problem. For thenBgt Conjugate Gradient
Method [1] to be applied we need a functipry; 0 called the penalty function, in order to convert
equation (1.1) to an unconstrained optimal control problem. Thus we have

Iz uu) =8 it 2 +ud) +u

such that

2
U-z; - cozzxx - Co%yyH } dxdydt (1.2)
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wherez = z(x,y,t), u = u(x,y,t) andp = u(x,y,t). Using a two-dimensional operatét, say we can
express equation (1.2) in the form

min<v,Rv>, = minJ(zu,) (1.3)
wherev = v(z,u) andH is a Hilbert space of continuous functions that are square integrable and of

equivalence classes [4]. With this property endowed on the dmsctiand u through their
association in v equation (1.3) can be expanded in a bilinear form. Thus we have

J(zu,u) = m{zlzz 220+ ZyoZot Ty Py T U Ax dtaxdy (1.4)
wherez, =2, zu=(Hepy = HCpZpyy = HCpZoyy = HUp)

o Moot T HegZoyy ~ MCpZpyy T MUy and

—(_ 2 2
Zox~ (THCZott + HCQZoyy + KO Zoyy + HEQU)
The Extended Conjugate Gradient Algorithm constructed by [1] was given as
Algorithm 1.1

Stepl:Guessg, u,
Step 2:Compute,
Fori=0

Step 3:p, =0,

Step4 x4 =% +a;Ap;

Uit1 =Y *ai B

_ <99~
where a; = ———
< pj.Ap; >

Fori=1,2.L
Steps g><|+l gm ta, ApXI

gu|+l gu|+aApm
px i+1 — px i ﬂl px,i

gi+1’ gi+1 >

<09 >
For us to use Algorithm 1.1 to solve equation (1.2) our opeRatmw replaces the operatarin
the algorithm as demanded by equation (1.3). The components of ofereds constructed in
[5] and they were given as

pXI+1 pXI +18 prWhereﬁ =
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Ry, = 2y (%, y.0) - —joz(x y.dl - St—s;jgjéz(x,k,l)dldk —%jgz(x,k,t)dk

/UCO y

3 3
4 .y X Xy X X
- — 8 z(x,k,0) dk ———— [§]3 zi; (x,k,0)dkdh — —— [§z(x, y,0) dh
Hy 0 2th§ 00 “tt 2tC§ 0

+

3 3
X Xy X X 4X Xy
—2t3 [0l z (h.k,t)dkdh + WJO z;(h,y,t) dnh + > [01g z(h,k,0) dkdh

0 0 HCqy
3
o 210 7 (h, y,0)dh - thyjojgjoz(h K 1 )dldkdh
O
- thz 1813 z(h, k.t) dkah _W i§1bzh,y.didh
0 H
-2 Fahytyoh + 30; 182 (h,y,0)dh
0t LC
—(- 122X2 A SIS 13 % (hk, 0)ckeh + Zjojo 2 (0,k, 0)dkdh
HCot™  HYCq ¥C
3 3
6X .x X 12x kx
+ X Xz (hy,0)dh - (- - + (15)
Cgtzjoztt ,uycgtz ,uC%Z yC%2
3 3 3 3
6X X Xy 12x X kx X
+ )Y z(h, k, 0)dkdh - (- - ,.
yca? e TR 3c(f3 Cdzz(:dz\
6X ..X
- —5)0 zh,y,0)dh -2z(x,y,0)+ Dzby ,Oﬁh— [0zt yt ¥h
cat? ,uC02 2t 3
3
kx 4X  .x
JO z(hy,t)dh - — 5z (h,y,0)dn
— 2.3 2
oWt HCq
R21 ==z + MCoZxx + KCoZyy (1.6)
Ryp =4u(x, v, =2 fhutx, v,k + [ u(x,y,)dy
2
+ £ 3 U y.0) dy + u ( y.0) dy +10/ uyg (x ¥ 0.) dy o
, .
# g (v, dy - 3yid lhucx, v, ey
-yigut v dy + 4y[du(x y.0)dy
and Ryo = Uy (L+ ) (1.8)
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2.0 Computation of the step-length and descent direction

The step-length represented @sin Algorithm 1.1is the most important function to
compute from the point of view of the ECGM and incidentallyldyp an essential role in the
implementation of Algorithm 1.1. The state component of the gradigns obtained by
differentiating equation (1.2) with respect to the state variabéecording to [1], [2], [3] and [6].
Therefore we have

1 el el
9, =3, (zu, 1) :ZJ.O .[0 .[0 z (X, y,t) dxdydt (2.1)
Similarly, the control component of gradientig obtained by differentiating equation (1.2) with

respect to u, the control variable. Thus we have

0y =y (20 1) =28 BB~ 10 ~ Mz ~CoZi ~ Coyy Dbyt (22
The descent directiol;, was defined by [3] as

P, = Pa(z. i) = 1815 1632(7 u w)dxdydt (2.3)
Therefore using equation(2.1) in equation (2. 3) we have
Pz,i = Pz(z, 4, )= —2j0j0jojojo joz (X, y,t) dxdydtdxdy dt (2.4)
The second component of B the direction of the control variable,;P This was also defined
by [3] as Pu,i =Ri(z.y ,y):f())(fng)Ju(zi U 4 )dxdydt (2.5)

Therefore, using equation (2.2) in equation (2.5), we have
- _ 11Xyt
Rui= Pu(z,u,ﬂ)—fofofofofg Io((l—ﬂ)ui ~ (74t ~ CoZixy ~ CoFyy)|dxdydtdxdyit (2.6)

On the other hand, the inner product of the operRtand the direction vectol; = {P,;, Py;} is

RR =R Pz +RoqRyis RioPzi + RooRyj (2.7)

Using equation (2.4), equation (2.6) and the componeni® ¢équation (1.5), equation (1.6),
equation (1.7) and equation (1.8)], in equation (2.7) and simplifying as fassiblpg we have

4 0 1t 3 gyt
RP = pc—gya_yp”’(x’ ¥~ [ P06y, tyd -— jo [ P Ok, tydkd

4.y
P, (xk,t)dk —Ejo P, o(xk0)dk -

1
=¥ PSP (h, k,0)dhdk
y 0 2ytc2 0’0 at3 "0
3
- X .x t
7_{0 PZ,O(h’y’O)dh + 5C2
0 o
X3

3j0jy 9 P, ; (h.k,t)dhdk

(h,y,t)dh + (h, k 0) dkdh

4x X
IOa Z| CZIOIO I:)z,O

0
6X Xy
hyOydh - ——(X¥tp 5 (k1) dhokdl
2I P20( 2 210/5/0P2
2tC ICh
—ZIOIO Py (hk,t) dhdk - [0 P, ; (h, v, 1) dhd
0 H=Cq
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x 02

3
MCZI R, (h, y,t)dh+ﬂt|éy_[ 2 Pua(h.y0)dh
2
(|25 -2 )jojo Pyo(hiko)dndk + —> [ %P (hkO)dkeh
,Uyco MCO 2 yt C(Z) ot
+ gx 10 022 P, ; (h,k,0)dh —izl 3(k+12)+6x X32 12(2)15‘ 1d P,; bk, Oxkdn
t Cg ot 1) yt Hyt ’

i(x3—6x+kx3+6x 12 x3
gt t2 2

3)10 P, o(h.k, 0)h

4X X kX3 X
2Pz,o(x,y,0)+Pj P, o(h.k0O)dh+—2—[" P, (hk,t)dh

0 MCq

3
o x @ X 9 p (hyt)h+ @+ uP,; 6y 1)

| P -(h,k,t)dh— )

a2 ot ug
62 2 62

a 2 Ul(th)+’UCO( 2 (th)+ay2 u|(th)+ (XayI)

2
?jg Ry Ouk,tydk + 3 S Pl (xk0)dk +t[d o2 Fui (kO
y 2y t? 1y 02
g Ry (% y,t)dy+?j o, Oxty + fo 2PuI <,y t Xy (2.8)

t
-3ty J‘Oy J’O P, (x,y,t)dtdy - yj’z P (XY, t)dy+4yJ'O P, (X, y.0)dy

3.0 Determination of the penalty function
We shall employ the symmetric nature of the operBtfit], to construct an expression
for the penalty cost functiony(x, y,t) . From equation (1.9) we have that:

R21 =@+ (3.1)
Also, from equation (1.7) we have:
_ 2
T Hzpy 1 (Zoyy t Zo )
Rio= .
2
Therefore combining equation (3.1) and equation (3.2) yields
2
~ Mgy + 10 (Zoyy + Zo )
Vi

(3.2)

1+u=
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2
1+p_ "%’ %0 (Zoxx + Zoyy)

U z
_ 2
1,="%u" 0 (Zoyx * Zont)
Z
AL 2 7%t (2t Zy)
U z

2
1_ ~ Dot +CO(22xx+22yy)_22
z
2

Therefore, U= 5 2 (3.3)
~Zo +Co(Zoex F Zopy) T2

. _ 2 o
But from equation (1.4), we ha\EZtt =% (22xx+z2yy)+u thereforez2tt u_(‘o(zzo(ﬂ&/)

Hence, equation (3.3) becomes

M= %
Tty U
u=—2
Z,+ U
Since by definition the penalty function p, is always positive thezef
w=2 34)
pu
We employed bilinear expansion to obtain equation(1.4) thereforez =z, and hence
z
equation(3.4) becomes = (3.5)
Z+Uu

4.0 Conclusion

With the result of equation (2.8) the Extended Conjugate Gradient AlgorithmyEQ26
be implemented for the unconstrained optimal control problem of higter-eondispersive
wave, equation (1.2). More so, the experience gained here makes {hatation of the second
step lengthf trivial, because the computation [@fdepends on the gradient,,gequation (2.1)
and equation (2.2). Also the exact value of the penalty funpipopt) for each value of the state
and the corresponding value of the control variables can be obtained froinre§uzit
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