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Abstract 
 

The Extended Conjugate Gradient Method, ECGM, [1] was used to 
compute the control and state gradients of the unconstrained optimal control 
problem for higher-order nondispersive wave. Also computed are the descent 
directions for both the control and the state variables. These functions are the 
most important ingredients for implementing the Extended Conjugate 

Gradient Algorithm.. 
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1.0 Introduction 

The optimal control problem of higher-order nondispersive wave was formulated in [5] 
and given as 

2 2min ( , , ) min [ ( , , ) ( , , )]J z u z x y t u x y t dxdydtµ = +∫ ∫ ∫  

such that   
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Equation (1.1) is a constrained optimal control problem. For the Extended Conjugate Gradient 
Method [1] to be applied we need a function, µ > 0 called the penalty function, in order to convert 
equation (1.1) to an unconstrained optimal control problem. Thus we have 
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where z = z(x,y,t), u = u(x,y,t) and µ = µ(x,y,t).  Using a two-dimensional operator, R, say we can 
express equation (1.2) in the form 

),,(min,min µuzJHRvv =><
    

(1.3) 

where v = v(z,u) and H is a Hilbert space of continuous functions that are square integrable and of 
equivalence classes [4]. With this property endowed on the functions z and u through their 
association in v equation (1.3) can be expanded in a bilinear form. Thus we have 

{ }( , , ) 1 1 1 1 1 22 22 2
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 The Extended Conjugate Gradient Algorithm constructed by [1] was given as 
Algorithm 1.1 
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For us to use Algorithm 1.1 to solve equation (1.2) our operator R now replaces the operator A in 
the algorithm as demanded by equation (1.3). The components of operator R was constructed in 
[5] and they were given as    
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and    )1(222 µ+= uR      (1.8) 
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2.0 Computation of the step-length and descent direction` 
The step-length represented as α, in Algorithm 1.1 is the most important function to 

compute from the point of view of the ECGM and incidentally it plays an essential role in the 
implementation of  Algorithm 1.1. The state component of the gradient, gi is obtained by 
differentiating equation (1.2) with respect to the state variable, z, according to [1], [2], [3] and [6]. 
Therefore we have 

∫ ∫ ∫==
1

0

1

0

1

0,, ),,(2),,( dxdydttyxzuzJg iiziz µ      (2.1) 

 
Similarly, the control component of gradient gi, is obtained by differentiating equation (1.2) with 
respect to u, the control variable. Thus we have 
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The descent direction, Pi, was defined by [3] as 
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The second component of Pi, is the direction of the control variable, Pu,i . This was also defined 

by [3] as   ( , , ) ( , , )0 0, 0
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Therefore, using equation (2.2) in equation (2.5), we have 

( )∫ ∫ ∫ ∫ ∫ ∫ −−−−== 1
0

1
0

1
0 0 0 0 )00()1(),,(

,
x y t dtdxdydtdxdyiyyzCixxzCittz

i
uuz

u
P

iu
P µµµ

   
(2.6) 

On the other hand, the inner product of the operator, R and the direction vector, Pi = {Pz,i, Pu,i }  is 

 iuPRizPRiuPRizPRiRP ,22,12,,21,11
++=    (2.7) 

Using equation (2.4), equation (2.6) and the components of R  [equation (1.5), equation (1.6), 
equation (1.7) and equation (1.8)], in equation (2.7) and simplifying as far as possible , we have 
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3.0 Determination of the penalty function 

We shall employ the symmetric nature of the operator R [1], to construct an expression 
for the penalty cost function, ),,( tyxµ . From equation (1.9) we have that: 

     )1(21 µ+=R      (3.1) 

Also, from equation (1.7) we have: 
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Since by definition the penalty function µ, is always positive therefore 

      µ = 
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z
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2       (3,4) 

We employed bilinear expansion to obtain equation(1.4) therefore 
21 zzz ==  and hence 

equation(3.4) becomes    µ= 
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4.0 Conclusion 

With the result of equation (2.8) the Extended Conjugate Gradient Algorithm, ECGM can 
be implemented for the unconstrained optimal control problem of higher-order nondispersive 
wave, equation (1.2). More so, the experience gained here makes the computation of the second 
step length, β trivial, because the computation of β depends on the gradient, gi , equation (2.1) 
and equation (2.2). Also the exact value of the penalty function µ(x,y,t) for each value of the state 
and the corresponding value of the control variables can be obtained from equation 3.5).  
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