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Abstract

The paper implemented the optimal control problem of higher-order
nondispersive wave. The Extended Conjugate Gradient Method [1], was used
to compute the optimal values of the control and state variables of the model
while the analytical expressions of the state and control variables generated
the analytical values. The corresponding values of the penalty function were
also computed for each pair of the state and control variables.
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1.0 Introduction
The optimal control problem of higher-order nondispersive wavefarazulated in [4]

and was given as minJ(z,u)= j%j%j%(zz (x,y,t)+ u2(x,y,t )
a2

whereas the unconstrained formulation of equation(1.1) was also given as

2
Iz u ) =1§ B 22 +u?)+ u 020~ 5G ‘ (12)

U2 — CyZxx —cozyy
In [5] the explicit expressions for the control variable u(x,gtd the state variable,
Z(x,y,t), were obtained and gives

subject to = —CCZ)D 2z(x, y,t)+u(x,y,t)dxdydt (1.1)

}dxdydt
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u(x, y,t) ={(Su(O)sinizxsinizy - (2Eu, O)siivx sivry - (+ 1 /6Ny (Oysirxsiriny)
((2pCp-&K(p+K)) /47— K P+ P2)- Buy, (O)sivx simy— ¢+ 1 )/ 3

Su (O)sinixsiriny )/[(2@ ¢p— & p+k )/ 467 -2)7+3p%)(dp(-p- 4k (p+K))
~(p+12)/6p)- [(2pEP- & (P+K)) /407 - X P+ D2 Yy (b+ 1R )/B F-
(PV3(p+K)/4(p% - & P+ D2)P Texp((p+ X ) /) +

2 Uy (O)sinzx sinry — (p+ 1R )/@ Xu, (O)simx simy )@-p- kiptrk ).
4(p? - %)%+ 3p2))- Sy (O)sirizx siry— (p+ 1R )/ Ixu (O)simx simy
22pCp-&E+K))/40° - K P+ D)4 tp- 4 O+ )y O+ 12 )6p)]
~[(2p(-p-4k(p+K))/ 4(p% - K P+ D2)?)- (p+ 1K )/ Y- bV 3p+k )/

4(p% - %)%+ 3p2))?lexp(D p- & +k ) /4p%- R Y+ p2))

cos(V3p+ X )/4p% - R F+ BZ Y+

(Zuitt(O)sininxsiriny— (p+ 1:&)/60§Zui (O)siivex simry ))[g (p— Ka+k )/

4(p? =2+ 3p)~ (p+ X)) Cuyy (O)sirizx siivry~ B+ B )/B Ty (O)simx simy)
[(-p-4k((p+K)/ 4(p? - 2K)2+ 3p2)2)~ ((p+ &) /80 )P- (v Ap+K)/ 4(p - )%+ 3p2)2))/
(PV3(p+ )/ 4(p2 - & P+ D2 ) (D £p- & b+k ))/4p%- B P+ §2)[(® tp-
Ak(p+K))- (p+1)/6p)l- [(2p - & (p+k))/40? - X P+ D2 P )

((p+12k)/6pF - (V3(p+k) /402~ X P+ D2)P lexp(® £p- K(p+k))t/

4(p? - )%+ 3p2))sinV 30+ & )/4p2- R P+ B2Y))

(1.3)
and

Z(x, yt)=((p+2k)/6p){(2uit(0)sininx sinzry - (2(>:uitt (0)simzx sivry —
((p+12k)/6p)Ly; (O)sirizx sifzry (B tp— & p+k )/ 46%- B3+ B2
—(Zuitt(O)sininx sinty- (p+ 1% )/ 6 ?Zui (0)sivzx simry )/
[(2(2p(-p- 4k (p+k)))/ 4(p% - & P+ D2))[(4p £ p- 4k p+k ) O+ 1R )/ )
~[((2p(-p-4k(p+K)) [ 4(p? - K )2+ 3p2)?)- ((p+ 1K )/ @ -
(PV3(p+k)/4(p? - )%+ 3p2))? rexp((p+ & )/ 6p ) +
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2(S Uy (O)sinizmx sirimy - (+ 1% )/® Tu, (O)siivex simry )@ -p- Kp+k ).
4(p? - )2 +3p2))- (S (O)sirizx sizzy- (0+ 1R )/ 3xy (O)simx simy |
22pp- 4 (p+K))/4(p% - K P+ D2)[(4 €p- 4 p+k ) o+ 1R )6p)]

[((2p(-p-4k(p+K))/ 4(p% — )P+ 3p2)2)- ((p+ 1K ) /@ F— oy 3p+k )/
4(p? - 24)%+3p2))%lexp(D Ep- & p+k))/4p>- R Y+ 2))
ti((2p(-p—4k(p+Kk)))/ 4(p% - ZK)*+ 3p2))cospy 3p+ B )/40°- R 5+ B2 9)
—(pV3(p+2k) 1 4(p% - K P+ D2) sin(pV3(p+ X) /402 - X P+ D2 |+

(Cuy (O)sinizxsiizy— @+ 1% )/® §xu (O)simx simy )ig-p- K+k )/

4(p?- )%+ 3p2)- (p+ )/ @)k Cu, O)sini7x sivry— o+ R )/p Ju (O)simx  siny))
[(-p-4k((p+K))/ 4(p? - )2+ 30%)?)- ((p+ X )/ )* (pV Zp+K)/
ap2-2%)2+3p2)2) 1 (pJ30+ X)/4p%- B Y+ D) £p- K f+k )/

4(p?- %)%+ 32)[Bpp- 4k (p+K))»- P+ 1K)/ )t
[(2P(-p-4k(p+K)))/ 4(p% - K P+ D2 P)- (p+ 1K ) /@ Y- (v 3p+k )/

4(p2 - 22+ 3p2))2lexp(@ £p- K(p+K)/ 4(p? - %)%+ 3p?))
[(2P(-p-4k(p+K))t / 4(p% - K P+ D2))sinpy 3p+ B )/ 4%~ & F+ p2Y))

+ (pV3(p+ )1 4(p% - K P+ D2)) cosp 30+ R )/ 4% R 3+ 3210))] L4

here P = (108+ 12#(—12(3 +8])%) andk = — 200n2712 :

To obtain the optimal values of these variables we employedextended Conjugate
Gradient Algorithm that was developed by Ibiejugba et al in 1988. dljorithm is presented
below:

Algorithm 1.1
Stepl: Guessx ,4

Step2: Computeg

Fori =0
Step3:p, = -g,
Sep4)ﬂ :)(i +a; Ap; U, :u.+a.p'wherea. :M
+1 [ B T/ A B i <p.Ap >
Fori=1, 2,
EP5: 0,4 =0 TAAD G, Oujer =Gy AR Pyiv1™ Pri F B Py Puiv 1= Pi, B Py
Whereﬁ: :M (1.5)
<0.,9 >
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2.0 Computational fundamentals

Implementing equation(1.2) using the Algorithm1.1, we replaced theatopd in the
algorithm with operatoR as was also done by [2] and [3] that characterized the opasiB.
The components of operatBrare Ry;, Ri, Ry1 andRy,. These components were constructed in

[4] and they are summarized below:

_ 4 1t 3 .yt 1
Ri{= 2 2y(% y0) = Zloz(x y,))d —St—ngjoz(x,k,l)dldk —;jgz(x,k,t)dk

oY
~ A Y ax k) dk - x° 11 4t (x,k 0) dkdh - RS 1&z(x, y.0)dn
py 0 aycg T O T acd
X3 X X3 X 4x  .x
+ o 01 z (h k. 1) dkah + —5— [z (h, y.t) dh + (&1 z(h, k.0) dkdh
231000 % 23104 2 10lg
yCOt Cot oY

3
zJo z(h,y,0)dh - 2t2y I j thz k| Yddkdh

cgj fo z(h, k,t)dkdh - th Xty dh

3X .x
-——>-Jozhyt)dn + —foztt (h,y,0)ah
z e

(- 1ZZ+ 2)j0jozt(hk0)dkdh+ %Zjojoztt(hkO)dkdh
3 3
By Oh - (- - 2 K
Cgtz 4t #ycoqz ”Co%z yc(fz
ox X3 xS kS
5 +— ) 2K O)dkch — (-t ot
WG e od® s of
x3 6X 6X | .X 4 x |<><3 X
- h,y,0)dh — 22,y ,0)+—== [Xz(h, y,0)dh - — > Xz(h,y t )dh
C2[2+C2t3 CO%Q.[OZ( y,0) X,y )+,UC(2)IOZ( y,0) ,uyCZISIOZ(hy )
3
k>2‘ 3jozt(h y,t)dh - ij())(zt(h,y,O)dh @2.1)
”Co HCY
R21 = = Hzy + MCZxx T HCyZyy (2.2)
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3
Ry =4u(X, y,t)—?IE)U(X, y,t)dt + B’u(x, y.t)dy

2
+ 23 u(x y.0) dy + [huy (x, y.0) dy +10]¥ ug (x, y.0,) dy

(2.3)
2
t
+ 1 g O 20 dy = 3ty Ibucx, . 1) iy
-yiJutx y,tydy + 4y[du(x, y.0)dy
and Ryp = Uy (1+ 1) (2.4)

The components of the gradiemt are obtained by differentiating equation (1.2jhwi
respect t, the state variable and u, the control variabietie state and control components of
the gradient respectively. Thus we have

0., =3, (2u,1)=2[ [ 17, (x, 1) chelyt (2.5)

and g, =J,i(zU.4) =2 B16((L- DY ~ Mz, ~CZiny - CozyyDdclydt (26)

We also note that the direction of descénhas two component, andP;, These components
were computed in [3] and given as

P,i =Pz(7.y; ,ﬂ)=I6(13'IBJz(Zi U ) dxdydt (2.7)

and Rui =R 1. i0=[3 14 J03u (7 Uy 4)dxdlyet (2.8)

Next is to comput&P; that replace#\P; in Algorithm 1.1. The function R the
inner product of the direction of descéht and the operatoR. This function is one of
the major functions involved in the computatiortlee first steplengthy described in the
Algorithm 1.1 above. SindR is of order 2, this product gives

RPI = I:\):Lll:?.z + R.LZPi,u’ I:\>21Pi,z-'-R2,2Pi.u (2-9)

The inner product of;gvith itself is used to compute the second stepleifyin the second part
of the algorithm. That is

ﬁ - < gi+1’ gi+1 > (210)
<09 >

The code was run on MATLAB version 6.5. The contstarD, uit0O anduittO are the variable
names of the constants in equation(1.3) and eaqati¥). The values of these constants were
taken agii0 = uit0 = uitt0 = 0.005 as was also the case in [6]. We tookritial values of x, y
andt as 0.1 for each of the variabbesy andt respectively in order to avoid division by zero in
each iteration. The mesh sizexply andt is taken a$ = 0.001 for each of the directions. Finally,
N, the total number of iterations, was taken as Il outputs are summarized in the Tables 2.1
and 2.2.

Table 2.1The analytical state and control variables
ui0 = uit0 = uitt0 = 0.005,N = 100

N State Control Penalty
Constant
10 | 3.492%10™ | 2.0376x10** | 0.01685
20 | 3.477410" | 1.78976&c10* | 0.01905
30 | 3.4626<10"° | 1.571x10™ 0.02156
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40 | 3.537410%° | 1.379%10M 0.02500
50 | 3.5223%10" | 1.211410" 0.02025
60 | 3.507310%° | 1.379&10 0.02479
70 | 3.4923%10% | 3.2610¢x10 0.01059
80 | 3.477410% | 4.6400¢10 0.00743
90 | 3.492410" | 1.4611&10% 0.02234
100 | 3.492410%° | 2.784&10 0.01238

Table 2.2 The optimal state and optimal control from ECGlgloaithm

N Optimal State Optimal Control Penalty
Constant
10 2.514663x1D | 1.505872x10 0.9940
20 | 2.522323x10 5.54362x10 0.9784
30 | 2.531926x1 1.060551x18 0.9958
40 | 2.539506x10 1.460085x18 0.9942
50 | 2.54162x19 1.571508x10 0.9938
60 | 2.537016x10 1.328871x10 0.9947
70 | 2.527521x10 8.2836x10 0.9682
80 | 2.517521x1® 3.012034x10 0.98817
90 | 2.512036x1D 1.207691x10 0.9952
100 | 2.514146x10 1.233005x10 0.99512

3.0

Discussion of results

The analytical expressions for both the control ted state variables for higher-order nondispersive
wave are given in equation (1.3) and equation (fe$pectively. These two functions have three major
components each carrying the sine funct®n(rx)sin(ry). The amplitudes of two of these three functions
indicate that they are nondispersive while the neimg component is dispersive. It is possible thateffect of
the two nondispersive components can overshadowlispersive component, because we are dealingawith
small horizon {, t] where t is finite. In such interval the effe€the dispersion is negligible, [7].

Table 2.2 shows the optimal values of the state and theot@atiables. On the other hand the
output in Table 2.1 shows the corresponding analytical vadfigbe state and the control variables.
Comparing these values as summarized in Table 2.2 and Taldeadlthat they are similar. One can see
from these two tables the performance of the Extended Cairju@radient Algorithm. This indicates a
useful characteristic of the Extended Conjugate Gradierdrifthgn especially as used for the control of
higher-order nondispersive wave.

4.0 Conclusion

The research shows that the signals representtt [syate variable and the control variable have ve
small amplitudes. This is suggesting that theseatgmight be present in the electro- magnetictapac The
phenomenon will make the research to have poteifaications in areas such as communication angbgter
networking. In these two areas, information isqpamted via a wave system. Nondispersive wave earety
useful in communication and computer networkingalise they can retain the salient features of tiginak
signals with a little distortion. They also hawanstant phase speed,[7], therefore they are oftea stable than
the dispersive wave system.

The optimal values in Table 2.2 were obtained from the applicati the Extended Conjugate
Gradient Algorithm. The algorithm appears to have tried ikimgathe amplitudes more stable than those
computed analytically as shown in Table 2.1. This expl#iasalmost constant value of the penalty
function in Table 2.2.
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