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Abstract

Methods of collocation and interpolation were adopted to generate a
continuous implicit scheme for the solution of second order ordinary
differential equation. Newton polynomial approximation method was used to
generate the unknown parameter in the corrector. This enables us to solve
both initial and boundary value problems.
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1.0  Introduction
The second order ordinary differential equation of the form

y =f(xy.y) (1.1)
subject toy(a) =7,,y (a) =7,is called initial value problem. When the condition is offtiven

y(a) =1,,y(b) =y, fora< X<b it is called a boundary value problem, wheiga continuous

function. Scientific and technological problems often lead to matheah modeling of real life
applications such as motion of projectiles or orbiting bodies, population growthiceth&inetics
and economic growth. Differential equation is often used to madegbtoblems and most times
these equations do not have analytic solution, hence an approximate numerical snetouead
to solve the problems. Equations (1.1) is conventionally solveddiyréducing it to the system
of first order ordinary differential equation and then one apghievarious methods available for
solving the system of the first order. This approach is extdpgiNgcussed in the literature and
we cite few examples among others, [1], [2], [3], [4], [5], [6]. [ Although this approach has
tremendous success yet it has certain drawback. For instamsputer programs associated with
the method are often complicated especially when the subroutines to supgibrting values for
the methods result in longer computer time and more computational imoskidition Vigo —
Aguiar and Ramos [8], stated that these methods do not utilizéoadtlinformation associated
with a specific ordinary differential equation, such as oscilatature of the solution.

Corresponding author:
e-mail address:_torlarl0@yahoo.com
Telephone: +234-8086049694, +234-0803373199

Journal of the Nigerian Association of Mathematical Physics Volume 15 (November, 2009)71 - 78
Continuous implicit methodA. O. Adesanya, T. A. Anake and G, J. Oghoybof
NAMP




Block methods for numerical solution of the first order ordirdifferential equations
have been proposed by several researchers such as in [18, 20, 21 and 2][1Bsgroduced
the 3- point implicit block method based on integration formulae lwhicbasically Newton’s
cote type. Zanariah et al [26], proposed 3 points implicit block mebiasgd on Newton’s
backward divided difference formula.

Considerable attention has been devoted to development of methsmvée special

second order ordinary differential equation of the type= f (x,y) directly without reducing it

to system of first order. For instance [1],[9], [10], [11] and][&&ong others. Hairer and
Wanner [13] proposed Nystrom type method and stated other conditionletismining the
parameter of the method. Chawla and Sharma [14] proposed a nukthotd Runge kutta
method. Method of linear multistep method have been considered by AwagdrKayode [15],
and Kayode [23]. These methods are predictor corrector methtiaajghn the implementation
of the method in a pc mode yield good accuracy, the procedure is tmsthplement. For
instance, pc subroutine are very complicated to write, sl require special techniques for
supplying the starting values and for varying the step wib&gh lead to longer time and more
human effort. Jator and Li [16], proposed an order 5 method that wasnienmted without the
need for either predictor or starting values from other methiatsr [6] proposed an order 6
method based on the same method. Adesanya et al. [17] proposed apweetitod for the
general solution of second order which is self starting and adopt Newtorrepudyf to generate
the starting value. Awoyemi et al. [24] recently proposedfastating Numerov method. This
method solves both initial and boundary value solution of ordinafgreiftial equation. Yahaya
[12] constructed a Numerov method from a quadratic continuous polynawiistion. This
process led to method applied to both initial and boundary value problems.

In this work, we propose a block method for three steps. Téikad adopt Newton’s
polynomial approximation to generate the starting value and ssdleth initial and boundary
value problems.

2.0  Methodology

We first state the uniqueness theorem for higher order orditifieyential equation with
initial value problem
Theorem 2.1

Let

u" = f(x,u,u....u"?) u*(x,) =c, (2.1)
k=0, 1..n-1, whereu are scalars
Let R be the region defined by the inequalitieg < x< X, +a, ‘Sj -C ‘ <b,
j=01..,n-1, (a>0,b> 0). Supposef (X,s,,...,S,_, )is defined inR and in addition
(a) F is non negative and non decreasing in easy,...s,,in R
(b) f(XCy,..,Chq)> Ofor X, < X< X, +a
(©) c,20,k=12,..n-1

Then the initial value problem (1.1) has a unique solutioR.ifisee Wend [25]) for
details). We consider an approximate solution to (1.1) in power series

y(X) = Zaj(ﬂj (%) (2.2)
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@ = @ ,a;, ] = 0Q)2k —1are constants to be determined. Consider a linear multistep method

of the form

V0O = 3809 Yn +N2 Y@, (9 o @23)

wherex =[x,,X.,,], k = step lengthm = the distinct collocation point, t is the interpolation
point, for our method, the step lendtk 3

i+m-1

@)= 2 @, P (.1 = 012, ,m-1 (2.4)
i=0

h2(x) = 3 hg.., ()P, (X),r=0,1,2..m- 1 (25)

y(xn+r) = Yourol D[0111 2,..1- 1 y(X) = an ,r=0,1m-1 (2.6)

To getg, (X) andg, (x) , According to Yahaya [12], Onumanyi arrived at matrix of the fBi@
= I, where | is an identity matrix of dimensioft + m) x (t + m).

1 x, X2 . Xt
2 t+i-1
1 Xn+1 Xn+1 . n+|1
2 t+m-1
D - 1 Xn+t—l Xn+t—l ' Xn+rt11rl (27)
0 0 2
0 O 2 : (t+m-2(t+m-2)x"7?
2 2
al,O al,l : al,t—l h ¢l,0 : h ¢l,m—l
2 2
aZ,O a2,l ' a2,t—1 h ¢2,0 : h ¢2,m—1
c=| . L . . . (2.8)
a a a h*g h*g
t+m,0 t+ml " t+m,t-1 t+mO0  * t+m,m-1

3.0 Development value for the unknown
Theorem 3.1
Assuming thaf Cc"'[a,b] and x, O[a,b] for k=0, 1, n are distinct values, then

f(x) = y(x)+ R, (x) , wherey(x)is a polynomial that can be used to approximb{e)
For Newton’s polynomial

Y(X) =a, +a,(X—X;,) + a,(X— X ) (X=X +...+a, (X=X )(X—X)...x—x,_,) (3.1)
f(X) C y(x), R,(X)is the remainder and has the form

R() =1

(Xn)!
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(See Awoyemi et al. [24]) for details.

4.0 Development of three steps method

In developing the method with step length k=3, we consider
B 2 3 4 5 ]

1 Xn+1 Xn+1 Xn+1 Xn+l Xn+l
1 Xn+2 Xr?+2 X§+2 Xr:'f+2 Xr?+2
2 3
p=|0 O 2 6Xx,  12X; 20x; (4.1)
0O O 26X, 12x2, 20x3,
0 O 2 6Xx,, 12x%, 20x3,,
0 0 2 6X,, 12x%, 20x:, |
This gives
a,=-t a,=t+1
h2
t)=——(-3t° +10° - 7t
7o) =< )
h?
3> +5t% -20° + 22
¢ = e )
h2
8, = 2c( A% +10t* +106° +60° + 43
b, = (30 +15 + 200 - ) (4.2)
 36C '

a=-1a, =1
&t )_—( 15 +30t2 - 7)

h?
= [15%+20t° -60t% +22
7.0 =05 )
h

2

#,(t) —7( 15t +40t° +30t7 +120t +43
2

#,(t) = —— (15" + 60t° + 60t% - 8) 4.3)
36C
X_
wheret = "2 Evaluating (4.2) awx,,i.e. whent = 1 and substituting the result in (2.3)
gives 12yn+3 - 24yn+2 +12yn+1 = hz(fn+3 +10fn+2 + fn+1) (44)
1

(4.4) has order p=4 and error constapt® = - 24

Evaluating (4.2) aix,i.e. whent = -2 and substituting the result in (2.3) gives
12yn+2 - 24yn+1 +12yn = hz(f + 1Ofn+1 + fn) (45)

n+2

1
240
Evaluating (4.3) at=-2 and substituting the result in (2.3) gives
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360hy. - 360y, ., + 360y, ., = h*(-24f, ., +9f,, —414f  -127f)  (4.6)

Evaluating (4.3) at=-1 and substituting the result in (2.3) gives
360hy ., — 360y, ., +360y,,, =h*(127f ,, —546f ., +471f ., —952f ) 4.7)
Evaluating (4.3) at t = 0 and substituting the result in (2.3) gives

360hy,,, —360y,., +360y,,, =h*(7f ., -66f ,, —129f . +8f ) (4.8)
Evaluating (4.3) at= 1, and substituting the result in (2.3) gives

3600y, —360y,,,, +360y,,, =h*(-8f . +129f , +66f,, —7f)) (4.9)
Solving (4.3), (4.4) and (4.5) using matrix inversion method, we obtain the block

19 -13 1] _0 0 97]
10 0[y,] [00 -1y_ 60 120 15[f., 360 .
Yoa Yoa J22 2 2™ w 28| ™
010|y,|+H0 0 -1]y, ==X = =|f_ |+—0 0 =]|f
15 15 15 36( 45
00 1]yw] [00 -1y, 27 27 17|t 0o 2Lh
110 40 60 i 40 | (4.10)
00 -1y,
-ho 0 -2|y,,
00 -3y

Hence, from (4.10)
2

Yna = Yn +%(ll4fn+l -39f,, +24f ., +97f )+ hy,

(4.11)
h2

yn+2 = yn +4_5(66fn+1+ 6.I:n+2+ 6.I:n+3+ 28:n )+ 2]yn (412)
h2

Yniz = Y +1_20(324fn+1 + 8:Ifn+2 + 34fn+3+ 117n )— Byn (413)

4.1 Development of the unknown fork = 3
Evaluate the first derivative of (3.1), and neglexfand higher values of a i.e. Newton’s
polynomial of order 4, we obtain

12hy, = =25y, + 48y, —36Y,., +16Y,.5 = 3Y,., (4.14)
12hy,., = =3y, =10Y,,; +18Y,., = 6Y,s + Ypus (4.15)
120y, = Y, = 8Ynt *8Yns ~ Yiua (4.16)
12hy,.s = =Y, + 6Y,., —18y,,, +10y,.5 +3Y,,, (4.17)

Makingy,,, the subject in (4.14) and substituting into (4.15)-(4.16) and solving

fOf yn+1, yn+2 a'ndyn+3 gives

h . . . .
Yo = Yo t =5 G7Y,, —10y,,, +3Y,.5 + 27Y,) (4.18)

h . . .
Yorz = Yo 5(127yn+1 +2Y.., +3Y,) (4.19)
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Yoia =Y + g (9Yne1 * 6Ynez + Yz + 3Ynin) (4.20)
Makey,,, the subject in (4.5) and then substitute in (4.6)-(4.8) to solvd for ., andf ..,
give
foa =—1, +%(_73 You +§y},+2 +%y},+3 —%y;j (4.21)
fie =31, +%(3y'n+1 =6Y,. +§y'n+3 +§y'nj (4.22)
fous = 25, +%(§ Yo —%’ym +1—27y},+3 +%3y;j (4.23)
Comparing (4.20)-(4.23) with the second derivative of (3.1) gives
Yia = 1_4?1? Yo = 1451?1117 s, (4.24)
15T 50
2, S

5.0 Numerical example
We test the efficiency of our scheme on linear and non lirexmsl order differential
equation.

Problem 5.1:;
y —x(y)*=0
y@0) =1y (0) = %,h = 0.1/40

Exact solutiony(x) =1+ %In(i i Xj

- X
Grid point Expected result Calculated result Error
0.0025 1.00125000065104 1.001250000141165.09882D-10
0.0050 1.00250000520835 1.00250000032398 4.88542D10
0.0075 1.00375001757828 1.00375001139519 6.183@8D+0
0.0100 1.00500004166729 1.0050000177943p 2.3872D+0
0.0125 1.00625008138212 1.00625002292868 5.84584D10
0.0150 1.00750014062974 1.00750005100468 8.962%80D10
0.0175 1.00875022331755 1.00875020629768 1.60840D+0
0.0200 1.01000033335333 1.0100000723181¢4 2.61035D+0
0.0225 1.01125047464542 1.011250411882883 3.55817D10
0.0250 1.01250065110271 0.01250061353733 3.75663D
Problem 5.2
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y

ooy

y(0) =1y (0)=-Lh= 01/40

Exact solutiony(x) = 1
X

Grid point | Expected result Calculated result Error
0.0025 0.997506234413965| 0.997506800724006  -4.560D-07
0.0050 0.995024875621891| 0.995029339533017  1.941D-06
0.0075 0.992555831265509|  0.992564223860174  -8.397D-06
0.0100 0.99009900990099 | 0.990070873966239  2.814D-05
0.0125 0.98765432098754 0.98759291299131 6.140D-05
0.0150 0.985221674876847| 0.985127023087557  9.465D-05
0.0175 0.982800982800983| 0.982633524787924  1.675D-04
0.0200 0.980392156862745| 0.980155071394184  2.371D-04
0.0225 0.97799511002445 | 0.977688418640018  3.067D-04
0.0250 0.975609756097561| 0.975194774137825  4.149D-04

Problem 5.3

y =y+e”

yO0)==2 v (0)==2 h= 01/40

32 32
Exact solutiony(x) = 4X—_3
32exp(=3x)

Grid point | Expected result Calculated result Error
0.0025 -0.094140915761848 -0.094140939393182 2.34D{08
00050 | 0,094532404142338 -0.094532599228254 1.95D}07
0.0075 -0.094924451608388 -0.094924817272551  3.65D{07
00100 | 0,095317044390700 -0.095317760663383 7.16D}07
0.0125 -0.095710168480980 -0.095710743379670 5.74D{07
0.0150 -0.096103809629118 -0.096109967248178 6.16D{06
00175 | 9.09649533403163| -0.096494619870395 7.14D{07
0.0200 -0.096892584872264 -0.096896306302397 3.72D{07
0.0225 |  097280689232184 -0.097285656289237 4.03D}06
0.0250 -0.097683251173919 -0.097685517015441 2.26D{06
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