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Abstract

The investigation of (V,K,A)difference sets involves the

computation of intersection numbers of homomorphic images of the
underlying group. Up to compliments, there are fifteen difference set
parameters with order 49 but only three of these parameter sets, namely, (400,
57, 8), (280, 63, 14) and (220, 73, Z#isfy v=0 mod 20. In this paper, we
demonstrate how to construct difference set images for these parameter sets
in Frobenius group of order 20, Frob(20). We also conclude that if Gis a
group of order 220 with factor group H that is isomorphic to Frob(20) then
Gdoes not admit (220, 73, 24)ifference sets.
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Introduction
Let G be a multiplicative group of order. A k-subsetD of G, is a (v,k,A)

difference set if every non-identity elemeugt, of the group can be reproduced exactlytimes

by the multi-set{g=d,d,™:d,,d, OD,d, #d,,g OD}. The natural numben:=k-A is
called the order of the difference set. Usually, we say Ehais abelian (resp. non abelian or
cyclic) difference set if the underlying groufsis abelian (resp. non abelian or cyclic).
Difference sets are closely associated with many fieldstwdy and its strength lies in the
combination of various technigues ranging from algebraic number theagometry, algebra
and combinatorics [3].

The study of difference sets dates back to Paley [8] an&iSih@], also introduced them

while working on symmetric designs obtained from points and hypeplaf a finite projective
geometry. Singer showed that for any two points (hyperplane® ithe unique element of the
group that maps one of the points (hyperplanes) to the other. Such grosgsl doeact regularly
on points (hyperplanes) and are nowadays known as Singer groups.
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Nowadays, the most popular method of investigating difference isetise use of
characters which were developed by Yamamoto [12] and Turyn [13. rdlationship between
symmetric designs and difference sets is that a symnagsign admitting a grougs, as a
regular automorphism group is isomorphic to the development of theeditfe set (Theorem 4.2,
[4]). Since the development of a difference set yields ansmic design, consequently
difference sets are useful in the construction of symmelsigns. In this paper, we combine
methods in geometry and representation theory to obtain diffeetdmages in a factor group
of groupG, |G |=220 2800r400. Section 2 gives background information required for this
work while Section 3 is an exposition of the gréueb(20). Section 4 explains the

methodology while Section 5 discusses the results. lonin anch&hd& [2], Lander [4] and Pott
[9] give a good background information on difference sets.

2.0  Preliminary work
We discuss the basic information required for this work.
2.1 Difference sets
Suppose thaD is a (v,k,A) difference set in a grop. We sometimes view the

elements of this set as members of the groupZjf, which is a subring of the group
algebraC[G], Z and C are the sets of integers and complex numbers respectively.résult

of this, D represents both subsBx of G and eIementZg of Z[G] . The sum of inverses of
g0G

elements ofD isD™ =" g™ . ConsequentlyD is a difference set if and only if
e

DD =n+AG and DG =kG (2.1)
Let D be a(v,k,A) difference set in a grou@ of orderv and¢:G — H is a homomorphism
with kernelN . The contraction oD (also called the difference set imagéHin with respect to
the kernel N is the multi-seD/N ={dN :dID}. If T ={1=t,,t,t, K, t.} is a left
transversal ofN in G, thenD/N = Zditi N and the integed, =| D nt,N| is known as the

t0G

intersection numberof D with respect tiN . In this work, we shall always use the notafin
forg(D), the difference set image in a homomorphic imageGaind denote the number of
timesd, equalsi bym = 0. The notationQ,,, represents the set of inequivalent difference set

images in the factor gro@/ N . The following result is very useful in the study of difference
sets.
Lemma 2.1

Suppose thaDis a (v,k,A) difference set in a groufs andN , a normal subgroup

of G . Suppose thap : G — G/ Nis a natural epimorphism. Then
() DD =nlg,, +A[N|(G/N)
i  >.d =n+AIN|

Lemma 2.1 enables us to search for difference sets imdgetan groups of grous by solving
equationi). A counting argument can be used to prove the following lemma.
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Lemma 2.2 (Variance trick)
Suppose thatD is a (v,k,A) difference set in a groufs of order v andH, a

homomorphic image o5 with kernelN . Let D be the difference set image M andT’, a
left transversal ofN in G such thaf{d,} is a sequence of intersection numbers{am$i, the

number of timesd, equals . Then
IN|

Zm =|H| (2.2)
i=0
lZNEim =k (2.3)
i=0

[N|

D i -Dm =A(IN|-1) (2.4)

i=0

2.2 A little about Designs

We briefly explore the connection between difference sadsaaspecial type of design,
called symmetric design. An incidence structure XP:B{) is a system consisting of a set of
points P and a set of block8 with a binary relationl that gives the incidence relation. In
particular, if the size dP isv, |B| =b, where distinct points d? are arranged such that each block
is incident withk points, each point is incident with(known asreplication number) distinct
blocks and every pair of points is incident witbhlocks, then we obtain &,0,r,k,4) -design with
parameterg >1, bbeing positive integers and, k and A are non-negative integers. W>1,

then the order of thevp,r k1) -design isn=r—-A>0. The basic equations of designs
aref,br k). One example of incidence structure is the symmetric desigs.ighi¢,b,r k1) -
design in whichb=vorr =k . Difference sets are known to be related to symmetric mésig
that the development of a difference set yields a symendasign [4]. Another example of
incidence structure is the affine plane. Suppose Rhigt the set of points and, the class of
subsets oP called lines. Then the paiPB) is called an affine plane if the following axioms are
satisfied:
(A1) Two distinct points lie on a unique line.
(A2) For any poinix and any lineN not on this point, there is a unique lil, containingx
and does not intersekit
(A3) There is a set of three points which are not on a common line (existemteangle).

If we perceivePas a vector space of dimension over a fieldfF of gelements then we

denote the affine plane a&G(m, q), otherwise we writeAG(m, F). Furthermore, two lines
Land M are parallel(L [[M) if L=M orLn M =¢. In other words, two lines are parallel if

and only if they have the same slope. The relation on the $isesfof an affine plane is called
“parallelism” and it is an equivalence relation. For any finitenaffilaneAG(m, q) with m=>2,

every line consists of exactly points, every point lies on exactly+1points, every points lies
on exactly n+1lines. Also, AG(m, q) has exactlyn’points, n° + nlines andn+1 parallel
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classes. It has been proved that affine plane of aydexists for every prime powey. An affine
plane of order m is a 2-(m?’,m,1) design and conversely, for>2, any

2—-(m?,m,1) design is an affine plane. The proof of this result can be fomnidrin and
Shrikhande ([2], Prop. 3.2.13, page 63).

2.3 Representation theory

Suppose tha is the field of real or complex numbers. Then a representaf a group
Gis a homomorphismy :G - GL(n,K), where GL(n,K) is the group of invertiblenxn
matrices overK and n, a positive integer, is the degree gf. This is also known as thK -
representation & . A linear representation (also called character) is a septation of degree
one and we denote the group of charactel@ by G". Every group possesses a principal (trivial)
representatioy, . That is, x,(x) = I, for all XUG. In this case, the kernel is the whole group. A

faithful character is the character whose kernel is the iigerthe following orthogonality
relations (Pott, [8], Lemma 1.2.1) or Ledermann ([3], Chaptexp)icitly summarizes a basic
property of characters.
Lemma 2.4 (Orthogonality relations)

Let G be an abelian group of ordeand exponent*. If the fieldK contains a primitive
v*th root of unity and characteristic ¢€ and v are relatively prime, then for all character€xof

Gl it x=Xx, |G| if g=1
X(G) = and »’ x(g) =
0o if xzyx, © 0 if g#1
By this lemma, it easy to show thatifs any non trivial character &, wherey(D) € Z[({], {, is a

primitive root of unity, thery(D) x(D)=n0, + Ax(G) = nd . We extend this fact t& as

follows:
Lemma 2.5
Let ¢ be an epimorphism of a finite grodp with kernel N and D be a difference set in

the group. Then)((lﬁ))((lj) =n0, where y is a non-trivial representation &/ N of order
mwhich does not havgy, as a constituent.

Let mbe the exponent of an abelian gro@,with & the primitive m-th root of unity
andK , a field containingé then K :=Q(¢) is the splitting field fof5. Without loss of

generality, we may replacK withC, the set of complex numbers. Thus, the central primitive
idempotents irC[G] is
_Xx@ I R vy
e, =2 xi(9)9™ =—> x.(9)9 (2.5)
|G | giG |G | gG
where, y; is an irreducible character & and{e, : x; 0G" is a basis foE[G]. LetG be an
abelian group then every eleménit] C[G] can be expressed uniquely by its image under the
character y, 0G”. That is, A= Z)(i(A)ei and consequently,x; (A)e, =Ae, . It then

Xi
x;0GY
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follows that if AOC[G], then A=AD e, = > Ae, = > x(A)e, . This brings us to an
x06" xoe” xoe”

essential instrument, called an alias that is an intetfeteeen the values of group rings and

combinatorial analysis. Aliases are members of group ring. Gdie an abelian group

andQ ={ x,, Xi, X-.K , X,.} , a set of characters & . The elemeni3 1 Z[G] is known asQ -
alias if for AOC[G]and all x; JQ, x,(A) = x,(f). Primitive idempotents give rise to

16

rational idempotents as follows: Kis the Galois overQ, the set of rational numbers, then
central rational idempotentsin Q[G] are obtained by summing over the equivalence classes

X, on thee, 's under the action of the Galois groupkobver Q. That is, [eXi] = Ze .
e;; OX;

i =1K ,s<h. This yields the general formula employed in the search of differenf&.set
Theorem 2.1

Let G be an abelian group and a field of characteristic 0. Suppose ti&t/ ~ is the
set of equivalence classes of characters Wi, X1, X-.K, X} @ system of distinct

representatives for the equivalence classeA[lf K[G], then
S
A=Y ajle,] (2.6)
i=0
where a; is any y; -alias for A (2.6) is known as theational idempotent decompositionof
A For example, ifGis a cyclic group of the fornCpm =<x: xP" =1> (p is prime) whose

characters are of the forgy;, = Ei ,i= 0,LK ,m-1 then the rational idempotents are

le,.] :im<x>, and0<j<m-1 (2.7)
p
1 m-j m-j-1
e, 1= o™ )= ) @8)
The following lemma gives information about the character valye DY) .

Lemma 2.6
Suppose thaG is group of orden with normal subgrougN such thatG/ N is abelian.

If DOZ[G/N] and yO(G/N)” then
- K, if x isprincipalcharacteof G/ N
| x(D)| = .
k—A otherwise

A nice way to study difference sets is to use representdtamrdtic method made popular by
Leibler [7] . This approach entails obtaining the comprehensiv@ lis} , of difference set image
distribution in homomorphic images Gf, of least order. We garner information ab&itas we
gradually increase the size of the homomorphic image. If atna the distribution listQ, is
empty then this signifies non-existence. In obtaining this}gt,, , we use Lemmas 2.5, 2.6 and
the difference set equation (2.6). In some situation, computatidiffe@fence set image requires
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the knowledge of the alias which involves knowing how to factordbaligenerated by(ﬁ) in
the cyclotomic ringZ[£,,], €, is them-th root of unity andmis the exponent 066/ N . In this

paper, if y is not a principal character of Frob(20) th|e,\n(|5) |=7. We need to know how the
ideal generated by 7 factors 4f¢,]. Interestingly, the ideal generated by 7 is prime
inZ[¢,,],m= 2,4. By a theorem due to Kronecker that states that any algéhieger all whose

conjugates have absolute value 1 must be a root of unity, weudentﬂlap((lﬁ) =+7&),

] = 01,2,3. We use this information to obtain the difference set imagwydtic group C, for
the difference sets with parameters (400, 57, 8).

17
Suppose thdtG/N) OC, :<x:x4 :1> . Let the group ring elemebx= Zdjxl . We view

j=0
this group ring elements as x4 matrix with columns indexed by powers of and the
characters ofG/N are of the forny; 254" :ij,j: 0,1, 2, 3. The primitive idempotents are

listed below:

e, :%(1+ X+ X2 +x3):%<x>; e, =%(1—x+x2 —x3)

e, :%(1—ix—x2 +ix3); e, :%(1+ix—x2 +ix3)

The idempotentse, ande, are algebraic conjugates, so they belong to the same equivalence

class anc[e)(l] =e, te, =%(1— xz). Hence using (2.7) and (2.8) the rational idempotents are:

e, ] =%<x>, [e,] =%<x2>(1— x) and le,] =%(1—X2)’ The difference set equation, using
(2.3.2) is

D= a,lel+ra,.le]l+a,le,] (2.9)
We know that x,(D)x, (D) =49, xo(D), x,(D)OZ and x,(D), x,(D)0Zi]. In fact,
Xo(D) =57, x,(D) =+7and x,(D), x,(D){7,+7i'}, j = 0123. By  choosing
representatives of the solution sets(o(f)) =57, XZ(f)) =+7 and )(1([3) ={7,7i}.

Consequently, the aliases amg, =57, a, = 7 ,] =023 and a, = +7. Therefore, (2.9)

become® = %7<X> i£<x>(1— X) +%Xi (1- x?). By translating (if necessary), the difference

image inC, is [9,16,16,16] or —7+16<x>. Similarly, theC, image for the other parameters

are: (a) (220, 73, 24)=7+20(x) (b) (280, 63, 14)7 +14(x) . This information will be useful
in sections 4 and 5.

3.0  The Frobenius group of order 20, Frob(20)
3.1 Preamble
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We assume that some groups of order 400 have (400, 57, 8) differescanset
consequently, we look at their quotient group that is isomorphld tBrobenius group of order

20. The Frobenius groups are finite groups with non trivial nosnagroup N (known as
Frobenius kernel) and a non trivial subgréupcalled Frobenius complement such that for each

tOH /N there is a uniquesdN with t00sKs™ and gcd(|N || K |)=1. The presentation of
H =<x,y: X>=y*=1 yxy" = x2>and its derived groupH’, is a Sylow 5-subgroup. Notice

that H'OC, and H/H'OC, with centreC(H)={1}. Let D= >"d,x'y“be the
j=0 k=0

difference set image id . We perceive this group ringZ[H] element as & x5matrix with

rows indexed by powers of and columns indexed by powersxfor

18
dOO le d 20 d30 d40
[3 — dOl dll d21 d31 d41
d02 d12 d 22 d32 d42
d03 d13 d23 d33 d43

The coefficients ofx! y*are integers withO< d, <20 and subscripts @, indicate the
exponents of xand yand also the rogk+1), k=01 2 3and columrj+1),
j=0,1 2 340f theD . TakeK =<y>. SinceH /H' OC,, H has four linear representations

(characters) and one irreducible representation of degreeTioe representation of degree four
is induced by the faithful characters Géfx> The linear representations are defined by

X;(0=1 x,(y)=i ’,7=10,1, 2, 3 while the degree four representation is:

& 0 0 O 0100
, 0 & 0 O 0010
X Xa 4 ya

0 0 & O 0 001

0O 0 0 & 1000

and &; is the fifth root of unity.

Unlike the usual case, we shall avoid carrying out our compntat Q(¢;), the
minimal splitting field of X', by creating integral representations which are not unitary but
equivalent to xY'. The Frobenius complemen¢y> is a Sylow 2-subgroup &f. Let
{Lx, x*, x*,x"} be a left transversal of Sylow 2-subgroupHof then we induce the trivial

representation of this Sylow 2-subgroup to get integral-valym@sentation. This representation
is equivalent tox, U ' and defined explicitly as:
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00001 10000
10000 00010

X:xa |01 00O ,ya|0 1 00O (3.1)
00 0 00001
00010 00100

3.2 The Backgrouna Work on Frob(_20)
Let | denote a 5 by 5 identity matrix ant the corresponding matrix whose entries are

one. Suppose that a (400, 57, 8) differencdXetxist in groupG of order 400 then
DD =490, +8[G (3.2)
Thus, the image of this difference sethhsatisfies (y is permutation representation (3.1) idf)
X(D)x(D) =490 +80X(G)
=490 +8[20Cy(H) (3.3)
=490 +640J]

19

where, x¥(G) # Osince his representation has the trivial representation toitstituent. Notice
that y(H)=4J and )(([3)J =57J. Set M =)(([3)—aJ, a is an integer. As (3.3) does not
satisfy orthogonality relations (see Lemma 2.4), we need to findvahee of a such that
()(([3) - aJ)()((ES) —alJ) =490 + u[] with xa small integer, possibly zero. To achieve this,
we multiply out the left hand side of the last equation, to get
¥ (D) x(D) -ax(D)J -al x(D) -a2J? =490 +(640-114a+5a2)J.Since we needy as
small as possible, we choose = 0, so that640-114a+5a” = 0. Using the quadratic formula,
114+14

we geta = . Buta must be an integer and we choasel0. Thus,M = )(([3) -10J

and MM =490 . Consequently, MJ :)(([3)J -10J°=7J. Since MM'=49l then

1 1
&MI;MJ:I : andGMj and (:—;Mt] are inverses of each other. Using the results thaisstat

that matrices A and B are inverses if and only iAB = 1 andBA = 1, we conclude

thatM ‘"M =490 In this situation, the columns & also preserves the properties of the rows
andJM = 7J. By a similar approach, we obtain information about the other anampeter sets as
follows:

(220, 73, 24): IfG is a group of order 220 anDis the difference image set inl
then)((f)))((f)) =490 +1056LJ. In this case,)((lﬁ)J =7300,a=16 andJM = MJ = -7J.
(280, 63, 14): If Gis a group of order 280 andis the difference image set in

H theny(D) x(D) = 490 + 784D . In this case,y(D)J =630, a=14andIM = MJ = -7J.
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For each of these parameter sets, supgoge X, X, X; X,)is a row(column)
vector in M then the above conditions indicate that inner product of this row(columrgetifyist
Xo + X7 X5+ X5+ X, =49, (3.4)
and row(column)sumZxi =7 or —7. However, if row (column) sum is 7 we only need to

multiply the entries of the row (column) bylto make the row (column) sum/ . Hence we
shall concentrate OE X, =7 . A careful consideration of the constraints shows that the row
i

(column) of M will be generated by vectors (up to permutation)

&=(7 0 0 0 0,48=6 3 -2 0 0),

=6 2 2 -2 -1),&4=@4 4 3 -2 -2, &8=@4 -4 3 2 2.

Since there are five distinct vectors, then there 2te1= 3lways to use these vectors to
constructM . Thus,

Lemma 3.1
Let Mbe a 5 by 5 matrix with integer entries such tist = MJ =

MM " =490 . Then up to permutation of rows and coluniviss one of the following:

7J and

20
(7 0 0 0 O] -1 6 2 -2 2
07 0 0 O 6 -1 2 -2 2
M,=7I,M,=|0 0 3 -2 6| M,=|2 2 3 4 -4
00 6 3 -2 -2 -2 4 3 4
00 -2 6 3 2 2 -4 4 3
Proof i i i i

We split the five vectors into two categories. Categorgofisists ofgl and %While

category B contains the remaining vectors. It is easy tths¢¢he vectors in these categories are
not orthogonal. This implies that any combination of at least ontorvémom each of the

categories will not yield a viable mati4 . Also, only %can by itself produce a viable matrix.
Thus, out of the 31 combinations, only the following could generatebéeih: %only, 51 and
52 only, %and 54 only, 53 andgsonly, 54 and 550nly andgy 54 andgsonly. It turns out that
%only yieldsM ,, 51 and ionly generaté/ ,; 5; 54 and 550nly yield M, while others
could not produce any viable matrix.

Now, we have good information aboutM and of course, )((Iﬁ). Thus,

X(6)=Mi +10J,i =1, 2 3. Also, for the other parameter sets whose row sum7is
x(D)=-M, +14J or =M, +16J,i =1, 2, 3.

4.0 The search for difference set images in HFob(20)
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We now describe the technique for finding the intersection numbeks. oFrob(20)
could be viewed in many ways but our chosen representgti@uggests that we think of this
group as a permutation grou, B) with =(0 1 2 3 4) andB=(@1 2 4 3).We
can now view this group as a subgroufgfthe permutation group on five symbols. In this case,
X represents elements &ob(20)as 5x5 permutation matrices in four parallel (non horizontal
nor vertical) classes,

W =(a), WB, WB? andWp°.

Each of these parallel classes have slopes 1, 2, 4 and 3 inespentthe affine plane
with 30 lines, 25 points, 6 parallel classes, 5 points on eaclatides lines on a point. This

characterization of elements éﬁ ,B> as permutation matrices can easily be extended to the
permutations ofS, acting naturally on the s¢d, 1,2,3, 4} [10]. In view of the problem at hand,
we consider a left transversal of this subgro(tm,,8> of S;:

T={n,=1 m =01, m, =(234), I, = 01)(234), m, = (243, 71, = (01)(243}
The advantages of choosing this transvers&.iare:

* T=T"

* Most of the permutation matrices of elementslafommute wittM j 1 2, 3.
Therefore, a matrix equivalent pp(f)) (under the row and column permutations) has the form
)((nk))((gf)h))((ﬂl), whereg andh are elements dfFrob(20)while 77, and 7, are inT .

21

With this correspondence,

X(@Dh) = X(77IM x(71), i = 1,2.3. (4.1)
We know that ifo is an automorphism of a groug then gf)” is an equivalent difference set
of D forg U G. But conjugation is an automorphism, thDs s a difference set if and only if

gﬁh is a difference set. Therefore, we assume, without losererglity that the difference set
image is of the form

X(D)=x(7IM; x(7), 1= 123 (4.2)
where x(71.)is a permutation matrix corresponding 1 in T, a representative of coset of

<a, ,3> . This shows that, for eath(4.2) has 36 choices of matrices Orand we attempt to
reduce these possibilities as far as we can.
Notice that the matrikl, =71, a scalar matrix, is at the centre of S, ] so it commutes with
all the permutation matrices. Thus, the difference set imagen&draned as

x(D)=10J+M _x(77),1= 0,1 2, 345.

To obtain the coset representative that commutes With we partition M, along the
columns/rows that have similar entries. Thus,
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(70|10 0 O]
07 0 00
M,=/00] 3-2 6
00 6 3-2
0 0-2 6 3

This partition suggests that we can permute rows (col_umaa)jCl or rows (columns) 2, 3, and
4. So, we consid&,,, X S, 3, - This shows that some elements of this subgroup of
S, commute withM ,. For instance, the permutation matrices of (1), (01), (234), (01)(e3%)
and (01)(243) commute witM ,. Therefore, the 36 choices of matrices reduce to

X(D)=10J +M,x(77),1 = 0,1, 2, 34,5.
Notice that the structure of entries of matriM,is similar to those ofM, but only the
permutation matrices of (1), (01)(24), (24) and (01) commute Mith Furthermore, (1) and
(01)(24) are in the same coset while (01) and (24) are in the seeeaf~rob(20). In this case,
we have to multiply on the left by permutation matrices of efesnan T that do not commute
withM,. Thus, the 36 choices of matrices reduced)((ilﬁ) =10J + M x(m7),
k=02 345;1=0,1 2 345.We worked through the 6 + 6 + 30 = 42 matrices by
computing the respective line sums for the four out of the siwalgnce classes (the other two
are assigned zero value). We quickly look at individual céseeach of these three parameter

sets:
Case 1:For (400, 57, 8)

OnlyM, X(7% ), Mox(77) , XUTB)MoX(TT) , X(TE)M X (77,) , X(T )M X (7). XUTT)MoX(7)

and their transpose have desirable pattern and could potentially yagjdsras we shall see later.

22
Case 2 For (280, 63, 14)

Only (=M,)X(75) . (=M3) ¥(7) . X(75,) (M) X(7%) , X(7%) (M) X(77.) . X7B) EMOX(7D).
X()(-M,) x(71,) and their transpose have desirable pattern and could potenyield
images.

Case 3 For (220, 73, 24)
OnlyM and its transpose have desirable pattern and could potentially yig/dsma

The question now is how do we construct the corresponding eleméffrimb(20)] for any
choice of)((ﬁ) ? To answer this question, note that the rows and columns ofpiteseatation

X are indexed byZ. = {0,1,2,3, 4} with the coordinates of thBx5matrix viewed as points
of the affine plan&G(2,5). For instance, y(a)is the characteristic function of the line
y=x+1while x(p) is the characteristic function of the lige= 2x. In general, x(a*f3') is
the characteristic function of the ling=2'x+sin AG(2,5)and is an injection from the 20
members ofFrob(20)into the 30 lines ofAG(2,5) missing the horizontal and vertical lines. By
this correspondence, each membeZpFrob(20)] is associated with a member of the collection
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of functions from the 30 lines AAG(2,5)to Z which assign zero to the horizontal and vertical

lines. Thus, the(y, X) coordinates of)(([S) = x( ZGQ g) is the sum of thexfor all lines
gFrob (20)

gon the point(y, X). Next, we give some vital definitions that depend on Mobius iforers
The purpose is to enable us to invert the mgmand reconstructD in the group
ringZ[Frob(20)]. Define f to be a function from the lines of an affine plane of orgento
the set of integer& and another functiorf on the points and lines bj;(p) = Z f(L) and

Lonp

f (L) = z f (p) respectively. Furthermore we extentito parallel classes of the plane by
pOL

defining f (M) := z f (L), wherelis a parallel class with slopgand Lis a line in it. Thus,

Lon
for any fixed lineL in a parallel clas$1,

f(L=> SHL)=qFL-fM)+ S (L)

pOLLonp all lines on L"

With k = Z f (L"), we can findf (L) using the formula

all lines L'

f(L)-k+f(M))

f(L)= (4.3)

if fA(L) andf (I;) are known.

In considering our specific case, the membersFodb(20)are the non- vertical nor
horizontal lines and the six parallel classes are thedusets ofW = <a> along with the 5-rows
and 5-columns of the matrix. In the case of (400, 57, 8) , the size of our differeizwe set

23

57 and k = 2 f (L") =57. From sub-section 2.3,(I1) = {9,16,16,16 and the order of the

all lines L'
plane iy =5. Thus, for any pointp with coordinates(y, X) in the affine plane,f(p) is the

(Y, X) coordinate of the matri>9((|5i), I =1, 2,3 while fA(L) is the sum of the coordinates

corresponding to the points &f. Therefore,

f(L)-57+f(N)) _ f(L)+ fm)+3_
5 5

Furthermore, sincé(L)is the cardinality of the intersection ® and any coset ol and it

f(L) = (4.4)
must be non-negative integer not more than 20, thé(]L)+ f(M,;)+3)=0mod5 and

—-10< f(L)+ f(1,)+3<90. This constraint severely restricts the possible valus o
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f (L) and the 42 choices of matrices reduced to six (as stated)esiriee the linesL of the
affine plane such thatf (L) is negative integer or fraction is discarded. In summdry, i

f(M)={916,16,16 then only the matricdd ,x(77;), M, x(7z), x(75,)M x(7z),
X(m)M  x (), x(, )M, x (1), x(75, )M, x(77,) and their transposes can possibly generate
homomorphic images of difference set irFrob(20). For (280, 63, 14), if
f(M)={21,14,14,14 then only the matrice$-M,)X(7Z), (-MX(7D). X(7B)(-M)X(T),
X)) M) (), () (M) x(rg) . XUg)(-M,) X(75) matrices and their transposes can
possibly generate homomorphic images of difference getoin(20). Finally, for (220, 73, 24)
with f (M) ={13 20, 20, 24}, only —M, and its transpose are likely to yield homomorphic
images of the difference setfnob(20).

5.0 The results
We conclude with examples that illustrate the use of informaticgection 4 to obtain
difference set images Frob(20). That is, we assume tHdt is an appropriate normal subgroup

of a groupG such tha6/N C Frob(20), whereG is any group of order 220, 280 or 400.

5.1 The cas&/N = Frob(20) with |G| = 400
We takeM , x(7z,) and

10 17 10 10 10|
17 10 10 10 10
Xx(D)=10J +M,x(7z) =|10 10 16 13 8
10 10 8 16 13
13 13 13 8 16

The values offA(L) (sum of weights on a line) are given in Table 1, accordinbdagarallel
classes.

24
Table 1 Table 2
Slope 1 | Slope 3| Slope 4 Slope 2 Slope 1 | Slope 3| Slope 4 Slope 2
68 46 51 56 45 73 73 73
53 56 56 46 80 73 73 73
48 56 56 51 80 73 73 73
53 61 51 56 80 73 73 73
53 66 71 66 80 73 73 73

For instance, if we consider the ling= x+1of slope 1, the weights associated with
points on this line are 17, 10, 8, 8 and 10. These are the underlined ivalméé). Thus,
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f(L) =17+10+8+8+10=53 (the bold value in Table 1 under column -Slope 1). Using (4.4),
f(L) =57+ f(M,)=0mod5 andf (M;)0 f (M) ={9,16,16,16 , we choosd (1,)=9. In
this case,f (L) =1 (This is the underlined value &). By repeating this procedure several times,
we get the image oFrob(20) corresponding tM, x(7z,) as
4 3011
3 3 3 4
Ao 3 3 2

o Ol

1
2
314 35

This turns out to be the only viable image Fmob(20) as the rest of the potential matrices

contain a negative value but intersection numbers must be nonweedate information in this
subsection will be used to decide the existence or otheriv{g®®@, 57, 8) difference set images

in factor groupsH, where H is Frob(20xC, or a group with GAP[1] location number [40, 3]
(See [7]).
5.2 The casds/N = Frob(20) with |G| = 220

In this case, only matrixM, (and its transpose) is likely to yield difference set image

inFrob(20). Thus,

9 16 16 16 16|
16 9 16 16 16
X([S)ZlGJ—Mlz 16 16 9 16 16
16 16 16 9 16
116 16 16 16 9 |

and the values oif(L) (sum of weights on a line) are given in Table 2, accordingegarallel
classes. The values df(L) are in matrix

-3 4 4 4 4
|4 4 4 4 4
A4 44 4 4

4 4 4 4 4

25

But as intersection numbers must be non-negative, it folloas ttere is no (220, 73, 24)
difference set image B/N C Frob(20). Consequently, any groug: of order 220 having

Frob(20) as homomorphic image does not admit (220, 73, 24) difference setca®nese

GAP[1] to identify these groups.
5.3 The casds/N = Frob(20) with |G| = 280
The (280, 63, 14) difference set imagesHrob(20), up to automorphism, are:
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1225 4 0255 2 23655
15332 |32333  |53321
A3 4437 2552743340
31352 3332 3 35231

Just as in the case of (400, 57, 8) , the above information wilisbd to decide the

existence or otherwise of difference set images in fagmspsH whereH is Frob(20xC, or a
group with GAP[1] location number [40, 3] (See [7, 8]).
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