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Abstract

Let X, be an n-element set. We give an alternative probCauchy’s
theorem for the number of permutations with a givegclestructure in X,.
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1.0 Introduction and preliminaries

Let X, ={a1, a,, K ,an} be a finite set of arbitrary elements, a permutatior,.as a
one-to-one mapping of, onto itself. The set of all permutations xrforms a group with respect
to permutation multiplication (composition of mappings) called thransgtric group of degree
n,denoted asS, or 3/n1(xn) (|Sn| =nl). A Permutation groupG is a subgroup of a
symmetric group.

The identity permutation orX, is the identity mapping which leaves all points Xf

fixed, i :x - x (x)i = xOxOG. Any elementg 0Sym(X, ) can be written i — cycle i.e.

g= (Xl X, K X ) such thak; is mapped to, X, is mapped txs, ... X1 andx; is mapped to;
and any other element &f to itself. The length of a cycle is the number of distinements
(points) which occur in the cycle.

Each cycle can be decomposed uniquely into disjoint cycles. |A aytch interchanges
only two points and fixes the rest is called a transpositioarygyermutation can be written as a

product of transpositionsg = (xl ylxx2 yz)/\ (xn yn}.
Recall from [1] that an even permutation is a permutation wbachbe expressed as a

product of an even number of cycles of even length and/or a product ntiarber of cycles of
odd length. A permutation that is not even is called odd. The seeofpmarmutations of,, is

called the alternating group and is usually denoted\by
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2.0  Number of cyclestructure in a =S,.

Let X, ={a1,a2,K am} wherem= 2 and n=1, we easily obtained the following

lemmas:
LemmaZ2.1

Let X, :{ai,az, K ,an} The number of ways in which a permutatiam of
X, :{ai, a,, a3,a4} can be expressed as a product of two transpositions is 3.
Lemma2.2

The number of ways in which a permutationof X, can

be expressed as a product of three transpositions is 15
Lemma2.3

The number of ways in which permutatioasof X, can be expressed as a product of

(2n)! _(2n)!

N transpositions is; = .
P 2n2(n-2)L 42 2!

Lemma2.4
Let X, :{ai,az, K ,an} The number of ways in which a permutatiam of
Xe = {al, az,ag,a4} can be expressed as a product of 8vecycles is 40
Lemma2.5
The number of ways in which a permutatianof X, can be expressed as a product of

three 3—cycles is1680
Lemma2.6

The number of ways in which permutatioasof X, can be expressed as a product of

n 3-cycles s, (3n;1j[31;3)|_ ( 3( 3(3!)“ :%.

Lemma2.7
The number of permutatioa of X, that can be expressed as a produgt af-cycles

is,@:f(r,m).

"1l

Proof
If r =1, we have onamn-cycle onm elements of which there are cleafljn—1)! m-

m!
cycles which agrees with our formuld,(], m) = ﬁ: (m—l)!. If m=2 it reduces to Lemma

2.3
Now let the first m-cycles be (ax,Xx,A X,,). There we choosex,Xx, A X, in

mn-1
( ] way and there ar§ém-1)! ways of writing this first m-cycle. The remaining

m-1
(m(n-2))!

m(n—1) elements can be expressed as a prodult-gf/cles in n—l( 1)'
m " (n-1)

Journal of the Nigerian Association of Mathematicdhysics Volumel5 (November, 2009)5 - 8

Permutations with a given cyciéructureAli Bashir and M. S. Audud of NAMP



(n-1) (m-1)t m(n-1) mn _ (mn)!
(m=-1)(m(n-2) m (-1t m™

Thus we have :

Theorem?2.8
Let a be a permutations oK, with (m—i +1) -cycles (i =12,K ,m-1). Then

o n nl
the number of such permutations-s =

mert(m=17r, A 20, ) ﬁ(m— ) ()

Proof
First note thatmr, + (m—l)r2 + A\ +3r,_,+2r._, =n. Now choosemr, elements from

n
X, to form r, m—cycles. This can be done (n j ways, and thesenr, elements can be
mr,

expressed as a product Bf m—cycles in f(rl,m).ways Next choose{m—l)r2 elements from
the remaining n—mr, elements to form ther, (m—l)—cycles. This can be done in

n-n.

(( 1)1J ways and these(m—l)r2 elements can be expressed as a product of
m-1)r,

r, (m—l)—cycl%, in f(rz, m—1) ways. We continue in this way until we reach the &g,

elements which can be expressed as a productr, of 2-cyclesin f(rm_l, 2) ways.
Multiplying all the possibilities gives

e 16l Jem9 A (57 2

= n (n=n,) _ 2r !
“mim ' e rme g o 02
__..n (n—mr,)! )
~(n—mm) ! fn, m)(n‘(rl‘f;)m—rz)!(m—l)rzl f(r,,m-1)L
(n_mrl_(m_l)rz_L ‘3fm_2j f (N 2)-

2N

_ n! (mr,)! (n=nr,)! [(m-1)r,]
~(n=mr)!mr,! mir! (n—(r,—-r)m-r,) (m-1)r} (m-1)"r,!

n-mr, —(m-1r,-L =3, (2r,,)!
2r 2/ (r

m-1

m-1)! .
n!
m°r!(m-1)r,IA 2™ |
This simplifies to the required result by using Lemma 2.4 and algebraipulations.
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