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Let Xn be an n-element set. We give an alternative proof of Cauchy’s 

theorem for the number of permutations with a given cycle structure in Xn. 
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1.0 Introduction and preliminaries 

Let { }nn aaaX ,,, 21 Κ=  be a finite set of arbitrary elements, a permutation on Xn is a 

one-to-one mapping of Xn onto itself. The set of all permutations on Xn forms a group with respect 
to permutation multiplication (composition of mappings) called the symmetric group of degree 

,n denoted as ( )
nn XSymorS  ).!( nSn =  A Permutation group G  is a subgroup of a 

symmetric group.  
The identity permutation on nX  is the identity mapping which leaves all points of nX  

fixed, ( ) Gxxixxxi ∈∀=→: . Any element ( )nXSymg ∈  can be written in −r cycle i.e. 

( ),21 rxxxg Κ=  such that x1 is mapped to x2, x2 is mapped to x3, … xr-1 and xr is mapped to x1 
and any other element of Xn to itself. The length of a cycle is the number of distinct elements 
(points) which occur in the cycle. 
 Each cycle can be decomposed uniquely into disjoint cycles. A cycle which interchanges 
only two points and fixes the rest is called a transposition. Every permutation can be written as a 
product of transpositions,  ( )( ) ( )

nn yxyxyxg Λ2211= . 

Recall from [1] that an even permutation is a permutation which can be expressed as a 
product of an even number of cycles of even length and/or a product of any number of cycles of 
odd length. A permutation that is not even is called odd. The set of even permutations of Xn, is 
called the alternating group and is usually denoted by nA . 
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2.0 Number of cycle structure in .nS=α  

 Let { },,,, 21 mnmn aaaX Κ=  where ,12 ≥≥ nandm  we easily obtained the following 

lemmas: 
Lemma 2.1 

{ }nn aaaXLet ,,, 21 Κ=  The number of ways in which a permutation α  of 

{ }43214 ,,, aaaaX =  can be expressed as a product of two transpositions is 3. 

Lemma 2.2 
The number of ways in which a permutation α  of 6X  can  

be expressed as a product of three transpositions is 15  
Lemma 2.3 

The number of ways in which permutations nXof 2α  can be expressed as a product of 

n  transpositions is, 
( )

( )
( )2 ! 2 !

.
2 2 2 4 2 2 !n

n n

n n n
=

⋅ − ⋅ ⋅L
 

Lemma 2.4 
{ }nn aaaXLet ,,, 21 Κ=  The number of ways in which a permutation α  of 

{ }43216 ,,, aaaaX =  can be expressed as a product of two −3 cycles is  40 

Lemma 2.5 
The number of ways in which a permutation α  of 9X  can be expressed as a product of 

three −3 cycles is 1680  
Lemma 2.6 

The number of ways in which permutations nXof 2α  can be expressed as a product of 

n  −3 cycles is, ( )3 1 3 3 5 2
3!

2 2 2 2
nn n− −     

=     
     

L
( )3 !

.
3 !n

n
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Lemma 2.7 
The number of permutation α  of mrX  that can be expressed as a product of r  m -cycles 

is , 
( ) ( ).,

!

!
mrf

rm

mr
r

=  

Proof 
 If 1=r , we have one m -cycle on m  elements of which there are clearly )!1( −m  m -

cycles which agrees with our formula, ( ) ( )!.1
!1

!
,1 −== m

m

m
mf   If 2=m  it reduces to Lemma 

2.3 
Now let the first m -cycles be )( 121 −mxxax Λ . There we choose 121 −mxxx Λ  in 










−
−
1

1

m

mn
 way and there are )!1( −m  ways of writing this first m -cycle. The remaining 

)1( −nm  elements can be expressed as a product of m -cycles in 
( )( )
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!1
1 −

−
− nm
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Thus we have : =
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Theorem 2.8 
Let α  be a permutations of nX  with ir  ( )1+− im -cycles )1,,2,1( −= mi Κ . Then 

the number of such permutations is 
( ) ( ) ( )∏
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Proof 
First note that ( ) nrrrmmr mm =+++−+ −− 1221 231 Λ . Now choose 1mr  elements from 

nX  to form 1r  −m cycles. This can be done in 








1mr

n
 ways, and these 1mr  elements can be 

expressed as a product of 1r  −m cycles in ( ).,1 mrf ways Next choose ( ) 21 rm −  elements from 

the remaining 1mrn −  elements to form the ( ) cyclesmr −−12 . This can be done in 

( ) 








−
−
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1

1 rm

mrn
 ways and these ( ) 21 rm −  elements can be expressed as a product of 

( ) cyclesmr −−12 , in ( )1,2 −mrf  ways. We continue in this way until we reach the last 12 −mr  

elements which can be expressed as a product of ( )2,2 11 −− − mm rfincyclesr  ways. 

Multiplying all the possibilities gives  
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This simplifies to the required result by using Lemma 2.4 and algebraic manipulations.  
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