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Abstract 
 

This Paper extend the work done by Daniel and Tella, [1] and Ogbereyivwe, 
Emumejaye and Ekeh, [3] to trigonometric inverse functions. It determines the 
unknown constants and coefficients in resolving rational functions containing 
trigonometric inverse functions in their denominator, into the sum of its partial 
fractions equivalent by recursive method. For each of the cases of functions 
considered, a recursion formular was derived and the trend of these constants and 
coefficients were examined as n tends to infinity. 
 

 
 
1.0 Introduction 
 Resolving rational functions with inverse function of trigonometric functions into sum of simpler 
rational functions is tasking and stimulating particularly in the area of Calculus and Applied Mathematics. 
Researchers may encounter problems of this nature or problems that can be transformed into the form we 
are considering. 
 Several studies have been carried out on the coefficients in the partial fraction of rational 
functions with trigonometric functions in its denominator. Daniel and Tella, [1] studied the coefficients in 
the partial fraction of rational function with ���� in its denominator, while Ogbereyivwe, Emumejaye 
and Ekeh, [3] studied the case where the denominator contains ���� and exponential function ��	
. 
These cited studies, neglected the case where the denominator contain trigonometric inverse functions. 
 The following deductions were made in the earlier work done by Daniel and Tella in [1]. 

Let    �
� �  ����	�
���	  �  ���	 � ���	  � ∑ ��	�����
∑ ���
� ������
!��

   (1.1) 

Then, the constants and coefficients in the sum of its Partial fractions equivalent is: 
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And as n tends to infinity we get 
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;      (1.3) 

Where the expansion of ?��� is valid for the set of all real values of �.  Also, Ogbereyivwe, Emumejaye, 
and Ekeh in [3] deduced that if 

      �
� �  ����	�
@A
	  B �	 � ���	 � ���	 � ∑ ��	���C����
∑ �C1
�������01
!��           (1.4) 

where the series expansion of D��� is valid for all real values of �,

 

then the constants and coefficients are 
:
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and for  lim
HI �
��
 we get :
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 and the series expansion of sinx is valid for all real values of x. 
 This paper extends the work to cases where the numerator is a constant unit function and the 
denominator of the rational function, contains trigonometric function like  D����� , ?����� ,?�J���  K�L JK����.

 
 

2.0  MNO PQRO    ST�U
 �  VWV�UXYZ[TCVU 

Consider     �
��
 �  ����	�
@A
C1	           (2.1) 

 
 
 



                                  � �
���	�
\	�∑ ∏ ���01
�C1������01
 ∏ ���01
����

���� 	��0^_     ���� `4b
   (2.2) 

The expansion is valid for   |�| d 1  and  ( e. d D����� d  e. ,   and let     f � �.·h ,    
i � �·h.·9·8  ,   j �  �·h·8.·9·8·k·l  and so on. 

Then,                �
��
 �  ����	�
�	�m	^�n	o�p	q�: 
                                         � �	���	�
���m	��n	r�p	s�: 
      (2.3) 

Resolving the rational function into partial fraction for values of �, we get 

When � � 1,                            ���
 � �	���	�
 B  �	 � ���	 � ���	  

                 t             , � 1  ,        - � ( �.   ,            ? � �.  

When � � 2,              ���
 � �	���	�
���m	�
 B  �	 � ���	 � ���	 � ����1	���m	�
  
Solving for  ,, -, ?, %&, K�L %� in above, we have : 

                                   , � 1 ,              - � ( �.���m
  ,                ? � �.���m
                                  %& � (�- ( ?
      ,    %� � �- ( ?
 ( �f ( 1
 

When � � 3 ,             ���
 � �	���	�
���m	��n	r
 B  �	 � ���	 � ���	 � ����1	��1	���1	^
���m	��n	r
   

and the constants are as follows :                                   , � 1 ,         - � ( �.���m�n
  ,            ? � �.���m�n
                                  %& � (�- ( ?
      ,           %� � �- ( ?
 ( �f ( 1
                                 %. � %& ( f�- � ?
,        %h � %� ( f�- ( ?
 ( �- ( f
 

When � � 4,                   ���
 � �	���	�
���m	��n	r�p	s
   B  �	 � ���	 � ���	 � ����1	��1	���1	^
���m	��n	r
   

and the constants are as follows :                                   , � 1 ,       - � ( �.���m�n�p
  ,     ? � �.���m�n�p
                                  %& � (�- ( ?
      ,           %� � �- ( ?
 ( �f ( 1
                                 %. � %& ( f�- � ?
,        %h � %� ( f�- ( ?
 ( �- ( f
                                 %9 � %. ( i�- ( ?
,        %8 � %h ( i�- ( ?
 ( �j ( -
 
Continuing in this manner we draw the following conclusion: �
��
 �  ����	�
@A
C1	   � �

���	�
\	�∑ ∏ ���01
�C1������01
 ∏ ���0�
�C1���
���� 	��0^_     

        B ���	 � ���	 � ∑ ��	�����
	�∑ ∏ ���01
�C1������01
 ∏ ���01
�C1��1 	��0^����

       (2.4) 

 
 

where 
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By observing the trend of the constants and coefficients as � H ∞, we get, 
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3.0 MNO �QRO     ST�U
 �  VWV�UXY��RCVU 

Let             �
��
 �  ����	�
>��C1	          (3.1) 

 
 
 
 



                             � �
���	�
\���z	��^

�·^� 1·^�·r·o	o� 1·^·o�·r·s·q	q�:: {_      (3.2) 

for (3.2), see [4].                            � �
���	�
\���	�∑ ∏ ���01
�C1������01
 ∏ ���0�
�C1��1

���� 	��0^_     (3.3) 

The expansion is valid for  |�| d 1 and 0 d ������ d  �,  and let  f � e. , i � �.·h ,   
 � � �·h.·9·8  ,   j �  �·h·8.·9·8·k·l  and so on, then (3.3) become: 

        �
��
 �  ����	�
Wm��	�n	^��	o�p	q�: 
Y      (3.4) 

We resolve the rational function (3.4) into partial fractions for values of � as follows: 
When � � 1                                                ���
 � �m���	�
 B ���	 � ���	  

                            t                   , � ( 12f   ,   - � 12f 

when  � � 2     ���
 � ����	�
�m�	
 B ���	 � ���	 � �m�	  

                                      t       , � ( 12�f � 1
  ,     - � 12�f ( 1
     K�L     ? � 11 ( f. 

when  � � 3   ���
 � ����	�
�m�	�n	^
 B ���	 � ���	 � ����1	���	�
m�	�n	^   

then   , � ( �.���m�n
  ,              - � �.����m�n
     K�L    %& � 1 ( f�, � -
 

                                    %� � ,�1 � f
 � -�1 ( f
      %.=%& ( �, ( -
 
When � � 4                             ���
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 B ���	 � ���	 � ����1	���	���^	^��r	r
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And,    , � ( �.���m�n��
  ,     - � �.����m�n��
     K�L    %& � 1 ( f�, � -
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 � -�1 ( f
      
     %. � %& ( �, ( -
 
                  %h � %� � i�, � -
 
                 %9 � %. ( i�, ( -
 

When � � 5                 ���
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                      %h � %� � i�, � -
 
         %4 � %2 ( i�, ( -
 
                       %8 � %h � j�, � -
 
          %k � %9 ( j�, ( -
 
Continuing in this manner, we conclude as follows:     �
��
 �  ����	�
>��C1	    � �
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By observing the trend of the constants and coefficients as � H ∞. Hence , we get     �I��
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 �  VWV�UXY�QTCVU 

Suppose    ���
 �  ����	�
��
C1	          (4.1) 

                                                 � �
���	�
 ∑ �C1
����01

��01��      ���`4b      (4.2) 

                                                 � �
	���	�
 ∑ �C1
�C1���C�

��C1�1
        (4.3) 

We resolve (4.3) into partial fraction for the following values of �. 

when � � 1      , � 1,     - �  ( �.   ,    ? � �.  

when  � � 2    , � 1 ,         - � (*   ,       ? � *,   wx�y�   * � �
.���1̂
                                        %& � 0   ,     %� � (2* � 1 � �h  
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    %& � 0   ,     %� � (2* � 1 � �h       , %. � 0  

when � � 4   , � 1 ,      - � (*   ,       ? � *,   wx�y�   * � �
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 %8 � ( .8 * � �l � �8 �  %h  

when  � � 5   , � 1 ,      - � (*   ,       ? � *,   wx�y�   * � �
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 %8 � ( .8 * � �l � �8 �  %h ,         %l � ( .l * ( �� ( �l �  %8  

Continuing in this manner, we get      �
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and as � H ∞, the constants and the coefficients become  �I��
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5.0 MNO �QRO     ST�U
 �  VWV�UXY���CVU 

Suppose   ���
 �  ����	�
>��C1	            (5.1) 

� �
���	�
z���	��^

^ �1o	o�1q	q�:: {   ���`4b   (5.2) 

The expansion is true for  |�| d 1. 
Let f � e. ,    i � �h  , � � �8  ,   j �  �l   and so on, then (5.2) becomes: 

                                 � ����	�
�m�	�n	^��	o�p	q�:: 
      (5.3) 

We resolve (5.3) into partial fraction for values of � and we get 

For � � 1                                       , � ( �.m    K�L     - � �.m  

when � � 2                                       ,. � ( �.�m��
     ,      -. � �.�m��
      ,      ? � ���m�  

when � � 3  ,h � ( �.�m���n
     ,      -h � �.�m���n
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Continuing in this pattern, we conclude as follows:                                    �
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By observing the trend of the coefficients as  � H ∞ , we get                          �I��
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6.0 Conclusion 

The constants and coefficients in the partial fraction of rational functions, with fundamental 
inverses of functions of trigonometric functions in its denominator were determined by recursive method. 
The method used, though may not be generalized to all rational functions with product of polynomials 
other than the one we considered and trigonometric inverse function in its denominator, but could be used 
as models of solutions for any problem of the same kind or any problem that may be transformed into the 
case we considered. Also, it could be a spring board to solving problems that are related to the case we 
considered.  
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