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Abstract

This Paper extend the work done by Daniel and Tella, [1] and Ogbereyivwe,
Emumejaye and Ekeh, [3] to trigonometric inverse functions. It determines the
unknown constants and coefficients in resolving rational functions containing
trigonometric inverse functions in their denominator, into the sum of its partial
fractions equivalent by recursive method. For each of the cases of functions
considered, a recursion formular was derived and the trend of these constants and
coefficients were examined as n tends to infinity.

1.0 Introduction
Resolving rational functions with inverse function of trigonameunctions into sum of simpler

rational functions is tasking and stimulating particularly in the arealotifDa and Applied Mathematics.
Researchers may encounter problems of this nature or problemarita transformed into the form we
are considering.

Several studies have been carried out on the coefficientseirpartial fraction of rational
functions with trigonometric functions in its denominator. Daniel agihT[1] studied the coefficients in
the partial fraction of rational function wittbsx in its denominator, while Ogbereyivwe, Emumejaye
and Ekeh, [3] studied the case where the denominator costaimsand exponential functioge™).
These cited studies, neglected the case where the denominator c@uaonietric inverse functions.

The following deductions were made in the earlier work done by Daniel dadrTEL].

n p.x
Let Rox= —d—— = A 4 B | 2=l (1.1)
(1—x2)Cosx 1+x 1-x Z’?(—l)nx—
] (2n)!

Then, the constants and coefficients in the sum of its Partial fractionalkequiis:
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( Dy=1—-2k, A=B=k
(-1)/t12k

{DZJ = (21)' +D2j_2' j = 1,2, tes aina
D2j+1:0, Vj:0,1,2,........
L k=1+l+i+...
2 24

And as n tends to infinity we get
( A=B= %secl,D(,:l—secl

| (=1J*isect -
Dy = o D2z =12,

D2j+1 =0, V]=0,1,2,

H

\

(1.2)

(1.3)

Where the expansion Glosx is valid for the set of all real valuesxof Also, Ogbereyivwe, Emumejaye,

and Ekeh in [3] deduced that if

Ry = 1 _A, B c | XD
n (1-x2)Sinx ~ x 14+x 1-x n(-DMx21
0 (2n+1)!

(1.4)

where the series expansion$hx is valid for all real values of, then the constants and coefficients are

f
Dl:—2k+1+%, A=1 C=-B=k
D, ,=0, O j=123-
j+1
< i1 v+ +D '
2]—1 ( ) (2J +1)' Z( ) (2J +1)' 2j-2
O j=123: , and k= 1 11
20—+ —eeees )
\ 3 &l
and for lim,,_,,, R, (x) we get :
D, =-2k+1+2,A=1C=-B=cosecl
D,,=00j=123--16
2sinl & 1 .
D - -1 +D, _,,0=123---
2t =(-1 2 +1)! Zj:( ) 2] +1)! 2j-201) 123

and the series expansiondnix is valid for all real values of

(1.5)

(1.6)

This paper extends the work to cases where the numesatoconstant unit function and the

denominator of the rational function, contains trigonometric functide
Cot™'x and tan™'x.

1

2.0 (1-x2)sin~1x

Consider R, (x) =

The Case R, (x) =

1
(1-x2)Sin~1x

ISin~'x, Cos™1x,

(2.1)



1

= (see [4]) (2.2)

M7= 2j+1)
) m o _ =07 77 2j+3
(1-x )<x+Z]=0(2n+1)Hj=0(2j+1)x )

The expansion is valid folx| < 1 and —g < Sin"lx < g andlet a = %
L= 3 5=_23° andsoon.
2:4:5 2:4:5-6-7 1
Then, Ry (x) = (1-x2)(x+ax3+Lx5+8x7+-)
1
T x(1-x2)(1+ax2+Bx*+8x6+-) (2.3)
Resolving the rational function into partial fraction for values ofve get
1 _ A, B c
Whenn = 1, R(x) = —x(l—xz) = ; + m E
= A=1, B=--, C==
- -1 A, B C | Dothix
Whenn = 2, R(x) T x(1-x2)(1+ax?) T x + 1+x + 1-x  (1+ax?)
Solving for 4, B, C, D, and D, in above, we have :
1 1
4=1, B = T 2(+a) ’ T 2(1+a)
Dy=-B-C) , D;=B-0—-(a-1)
. . 1 _ A, B  C Do+D1x+D1x?+Dqx3
Whenn =3, R(x) - x(1-x2)(1+ax2+Bx%) ~ «x + 1+x + 1-x (1+ax2+px%)
and the constants are as follows :
1 1
4=1, B=- 2(1+a+pB) ’ ¢= 2(1+a+pB)
Dy=—-(B-0C) , Di=B-0)—-(a—1)

D2=D0—0l(B+C), D3:D1_a(B_C)_(B_a)

1
Whenn = 4, R(x) = x(1-x2)(1+ax?+Bx*+6x°)

_A, B  C Do+D1x+D1x%+Dyx3
T x  14x  1-x (1+ax2+px%)
and the constants are as follows :
1 1
A=1, B=- 2(1+a+B+6) ’ ¢= 2(1+a+B+8)
Dy=-(B-0C) , Di=B-C)—(a—-1)

D2=D0—0((B+C), D3=D1_a(B_C)_(B_a’)
D, =D, —B(B—0(), Ds=D; —B(B—-C)— (6§ —B)
Continuing in this manner we draw the following conclusion:

1 1
Rn(x) = (1-x2)Sin~1x Mod@i+n
(1=x2) x+yn —J=0 " ,2j+3
J=0(zn+1)n}?=_01(2j+2)
B c Yo Djx)
= 1+x + 1-x + Hj’?‘ol(zjjﬂ) (2.4)
n J=0 2j+3

X
1‘°(2n+1)1‘[}.1 Lej+)

where



( A=1
1

n Mg+
O @n+) 5 @2)+2)
1
Cn M7= @j+1)
2y —J=0_- °
@n+D) 1724 (2j+2)

DO = _(Bn_Cn)
* Dy = (Ba—Cy) — (@ — 1) (25)

D, =D Mo @) 93y
2n — Y2n-2 (2n+1)l—[ (2]+2) n = 4,54 ..

1750 (2j+1)
DZn—l - D2n—3 (2n+1)l—[ (2]+2) (Lp)l Vn= 213141 e

h W= ( 175 (2j+1) H7‘§(2j+1) )
where @D 175 (2)+2) (2n+1)H 2(2j+2)
By observing the trend of the constants and coefficierts-aso, we get,
1 1
ROO = - ==
(%) (1—-x2)Sin"1x O(2] +1) .
(1—x2)|x+ X5, x2J+3
J=0(2n + 1) H o(2) + 2)

_ B c R0 Djx!
T 14x + 1-x + A3 H‘;°0(zl+1) (2.6)
Jj= 0(2n+1)1‘[" 0(21+z)

x2j+3

where
( A=1
1
Be, = ) M72,(2j+1)
z (2n+1)1‘[;-l=_01(2j+2)
1
o = ) MM72(2j+1)
) (2n+1)n‘]?';31(zj+z)

* by (o S @.7)

Dyeo = Dyooes — (anz?ﬁz(z" - Vn=234,..

Dzeo-1= Daco—3 = (2n-l;[f:12[2(2]*;2+2)
where ¥ = <<2w1+12°nl(2]+(2+2) (zn?f:%z(zj'zm)

(¥), V n=234,..

3.0 Thecase R, (x)= W
Ry(x) = — L1 (3.1)

(1-x2)cos™1x

Let



_ 1 (3.2)

3
2T (g X 13 5 135 .
(- )(2 (x'2‘3'2~4‘5x toaer” t

for (3.2), see [4].
1

= S— 3.3)
n n Mt zi+1) ; (
(1—x2)<5—x—2i=0(2n+1) 1(‘)[?;11(2142)%2 +3)
The expansion is valid fofx| < 1 and0 < cos~'x < m, and leta = g,ﬁ = %
y=—-2 §=—2°_ and so on, then (3.3) become:
2:4-5 2:4-5-6-7 1
Rn(x) = (1—x2)(a—(x+[3x3+yx5+6x7+---)) (34)
We resolve the rational function (3.4) into partial fractions for vabfa as follows:
Whenn =1
L _ A, B
R(x) = a(1-x2) = 1+x + 1-x
1
= A = -7, B =5
1 A B Zg( 2a
when n = 2 RO =t men=m T imtes
1
= A=—-——F——, B=r—7—+— d C=
2(a+1) 2a—1) " 1—-a?
whenn =3
. 1 — i i D0+D1x+D2x2
R(x) = D)~ 1 1ox T amapid
1 1
then A__2(1+—a+ﬁ')' B—m and Do—l—a(A+B)
D;=A(1+a)+B(1—a) D,=D,— (A—B)
Whenn = 4
_ 1 _ A | B | Do+D;x+Dyx*+D3x3+Dyx*
R(x) = (1-x2)(@—x—Bx3-yx5) ~ 1+x + 1-x + a-x—Bx3-yx®
1 1
And, A——m, B_Z(—T—ﬁ—y) and Do—l—a(A+B)
Di=A1+a)+B(1—a)
Dz = DO - (A - B)
D; =D; +(A+B)
D, TDz_ﬁ(A_B)
Whenn =5 RG) = (1-x2)(a—x—Px3—yx5—-6x7)
=_4 + B + Do+D1x+Dpx%+D3x3+Dyx*+D5x>+Dgx®
T 1+x | 1-x a—x—PBx3-yx5-8x7
1
and A=- 2(1+a+p+y+8)’
B= :

2(-1+a-B-y-96)




Dy=1—a(A+B)
D,=A(1+a)+B(1—a)
D, =Dy — (A—B)

D; =D; +B(A+B)

Dy =D, —-B(A-B)

Ds =D; +6(A+ B)

D6 =D4__6(A_B)
Continuing in this manner, we conclude as follows:

Rn(x) = : = :

(1-x2)cos~lx Y R M= 2i+1) 2i+3
(1-x%){ a—x z:i=°(2n+1)1'[?=‘11(21'+z)x

A B n o Dxt
=—+—+ =y (3.5)
1+x  1-x n ;=g 2i+1) 2043
N ey s vt
@En+)[;Z5 (2i42)
where
‘ _ 1
A, =—

i=0(2n+1)l_[1i1=_01(2i+2)
1
ATL = n—1.;:
N M lit) ;
2(“‘2Tm )
< Dy=1—-a(4, +B,) (3.6)
Dy =4,(1+a) + B,(1—-a)
D2 = DO - (An + Bn)

n12i+1)
— 1=0
Dypq = Dap_3 + <(2n+1) = ivz) (An + By)

2(a+2” Mx2i+3>

n12i+1)
D D i=0 A B
\ 2n — MY2n-2 ((2n+1) Hn=0(2i+2) ( n n)

i
By observing the trend of the constants and coefficierts-asco. Hence , we get
1 1
Ro(x) = =

(1-x2)cos™1x

(1—x2)<a—x—2°° szns)

=0(2n+1) [T, 2i

A B 320 Dix!
St it oy M@ty . (3.7)
a=x i=°(2n+1)1'[’i”‘='112ix
where
( A = — 1
© w 525ti+1) ;
2(a+zi=OWHin=12ix2 +1>
1
A, = T
o lj—g @i+1) i
2<a_2i=0(2n+131'[§2;12ix2 +1>
Dy=1—a(Ay, + By
) 0 (Ao + Beo) (3.8)
D;=A,(1+a)+B,(1—a)
Dz = DO - (Aoo + Boo)
2 12i+1)
— 1=0
Dypn—1 = Doz + <—(2n+1) M2, 2i (Ao + Bs)
152, (2i+1
L Dyp = Doy — (—0 @y )(Aoo — By)

00—1 57
@n+1)[I27 " 21



1
(1-x2)tan1x
1

4.0 The case R,(x) =

Suppose R(x) = m (4.1)
1
= — see[4] (4.2)
(-t SR
= LR (4.3)

1,202
x(1—x2)2711()—x

2n—-1
We resolve (4.3) into partial fraction for the following values of
whenn = 1 A=1 B= -2, C=-
whenn = 2 A=1, B=-k , C =k, where k = !

2(1-3)
Dy=0, Dy=-2k+1+-
B

whenn = 3 A=1, =—-k , C =k, where k=2—1

Dy=0, Dy=—2k+1+ ,D;=0

whenn = 4 A=1, B=-k, C=k where k=— 1
2(A=3+577)
DO = Dz = D4 = 0
) 3 1 1 3 5 3
D5=—Ek+;+g+ D3 )
whenn =5 A=1, B=-k , C:k, where k:ﬁ
2(A—3+577%9)
D0:D2:D4:D6:D8:O
D =_2k_|_1_|_l D =_Ek_l_l_|_D
R .
. . . . D5:—§k+;+g+ D3, D7:—;k—;—;+ D5
Continuing in this manner, we get
Ry(x) = —5—r = -
n (1-x2)tan~1x x(1-x2) $1C 1);n1xlz‘ 2
A, B C _ NDxl
T x + 1+x + 1—x + Zn( 1)i—1x2i-2 (4.4)
2n—1
where
1
( D1=—2kn+1+§, A=1, C=-B =k,
D2j2=0, j:123.... ‘e
2kn,
) D2jor = (D 2 +1+Z, (= 1)1+1m+02,_3 (4.5)
1
k -
\ " z:1]14-012111
and asn — oo, the constants and the coefficients become
1 1
Roo(x) - (1_x2)tan_1x x(l xz)zoo( 1)1 1x21 2

2n—-1



+

Rilx>

B c . Tt Dxt
1+x + 1-x + hmn_mo (Zn(—l)i_1X2i_2 (4.6)
1 2n-1

butk., = %(tan‘lx)‘1 , thus:
( D, = —(tan™x)"1 +1 +§ ,A=1, C=—-B= %(tan_lx)‘1
Dzj_z = 0 ) A ] = 1 2 3 dee was wen nee aes

; (tan x) (4.7)
Dyj_1=(-1)71 21 + X7 (— 1)]+1m+D21 3
1
5.0 The case Rn(X) = m
1
Suppose R(X) = m (51)
1
= seel4 5.2
(1—x2)(§—x+x3—3—%x5+%x7— ~~~~~~ ) 4l -2
The expansion is true foe| < 1
Leta = g, B = g , Y = § , 0= % and so on, then (5.2) becomes:
1
T (1-x2)(a—x+Bx3—yx5+6x7 —nr) (5:3)
We resolve (5.3) into partial fraction for valueswénd we get
Forn=1 Az—% and Bzi
1 1 1
whenn = 2 Az = C 2(a+1) By = 2(a-1) ' C=1z
1
whenn =3 Az = T ey B3 = a-1ip Dy =1—-a(As; + B3)
Dl :A3(1+a)+B3(1_a), Dz :DO_(A3_B3)
1 1
whenn =4 A, = g B4—m » Do =1—a(As; + Bs)
D; =A,(1+a)+B,(1-a), Dy =Dy — (A4 — Ba)
Dy =Dy —B(As+Bs) Dy =Dy + B(As — By)
whenn =5
As=——— | Be=——— | Dy=1-a(As + Bs)
5 2(a+1-B+y-6) '’ 57 2(a-14p-y+6) ’ 0 5 5
D1 =A5(1+a)+B5(1—a), Dz =D0—(A5—B5)
D3 =D; —B(As + Bs) Dy =D, + B(As — Bs)
Ds =D; +y(4s + Bs) D¢ = Dy —y(A4s — Bs)

Continuing in this pattern, we conclude as follows:
1

Rn(x) = (1-x2)cot™1x
1
= Z2i+1 (5.4)
() @+ Ty (- D)
— A B IReDxt
- 14x + 1-x + Zn( 1)L+1x2l+1 (55)
2i—1

where;



( A, = =
" 2(§+Z?=1(_1)L+1(2i1—1))

-1
2+, (-1 G 1))
Dy =1—2(Ay— By)
Dy = Ay (1+5)+B,(1-3)
D, = Do (A, — By)
Dypn-1=Dop3+ (- 1)l+1
\DZn =Dynz + (- 1)l+1 (A —B,)

By observing the trend of the coeff|C|ents1as—> oo , we get
Roo(x) = ——

(1-x2)cot—1x

B, =

20+1
—x2 0 i+1%
(-x2) @+ TR (-1 L 1)
A B Zl 0 lx

where

( +Z°°1( 1)H-l(ZL 1))
-1
( +Z°o2( D= 1(211—1))

D0=1—;(Aoo— Bs)
Dl=Aoo(1+§)+Boo(1—§)

o)

6.0 Conclusion

(A +B,,)) Vi=012,..,n
vi=0,12,..,n

(5.6)

=23 ..
=123, ..

(5.7)

(5.7)

(5.8)

D, = Do (Ao — Bs)
Dyp—1 = Dyp_3+ (— 1)”1 (A +B,) Vi=0,12,.
(D2n = Dpppy + (— 1)l+1 (A —By) Vi=0,12,..,n=123, ..

The constants and coefficients in the partial fraction @bmal functions, with fundamental
inverses of functions of trigonometric functions in its denominatme determined by recursive method.
The method used, though may not be generalized to all rational funatitnproduct of polynomials
other than the one we considered and trigonometric inverse functismdienibminator, but could be used
as models of solutions for any problem of the same kind or atygon that may be transformed into the
case we considered. Also, it could be a spring board to solving prebat are related to the case we

considered.
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