Journal of the Nigerian Association of Mathematical Physics
Volume 14 (May, 2009), pp 395 — 406
© J. of NAMP

The construction of optimal hedging portfolio strategies of an inv&or

Ylwebuke Charles Nkeki and’Chukwuma Raphael Nwozo
!Department of Mathematics, University of Benin,
Benin City, Edo State, Nigeria.
2Department of Mathematics, University of Ibadan,
Ibadan, Oyo State, Nigeria.

Abstract

We consider the process of constructing an optimadging portfolio
strategies of an investor. This require the hedgigit of risks associated with an
investor's portfolio process. In order to achievhig, there is the need for portfolio
diversification, that is, investing into differenhumber of investment firms. When the
returns from a firm falls below expectation, thettens from other firms can be use to
complement the loss. We categorised the investpogfolio into two folds: the initial
investment and the capital gain. Our aim is to congt an hedged portfolio process
that can capture all the investor’s investment inii= 1, 2 ..., N investment company at
time t, using stochastic differential equation faterivative pricing process. We will also
describe the dynamic of our stock price using Biniailattice model. We also intend to
apply Hamilton-Jacobi-Bellman,(HJB) equation to dmete the optimal values of our
trading strategies. We assume in this paper thag fhvestor is risk averse. Therefore,
we adopt an exponential utility function known aso@stant Absolute Risk Aversion,
(CARA) and maximise the expected final utility fution of the investor.

Keywords
Portfolio process; Stock pricing; Capital gain; Dative pricing; Investor wealth,
Short position, Hedging.

1.0 Introduction

We consider the optimal investment strategies of an iov@gto is endowed with initial wealth
and want to maximise his or her expected utility of the temmivealth. Suppose we have stocks and
bonds available whose prices are given in (1.4) and (1.6) respectively. Undadihg $trategy ¢(t)} at
time t, we haved(t) invested in the stock and the remaining of the asset in bondwhdrave the
following stochastic differential equation:

dS(t) dM (t)
dH (t) = ¢(t) =~ S(t) FHO-2O) ©) (1.1)

ds(t) dM (t
SORRTIO
(1.6) respectively. Since the investor invested his orsheft positioninto N number of investment
companies with different rate of returns in both stock and bond markets, ves®kprl) as follows

where H(t) is the wealth process of the investor at timedt .5~ ) are define by (1.4) and
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ds' (t) dM ' (1)
s OO 12)

where H~(t) is the sum of wealth from all the investment companies atttime

Definition 1.1
A portfolio process (a trading strategy)t), (¢(t)),
where

dH (1) = Z[¢ (t)

¢ (1) = (4" V), ¢°(1),...#" (1)) and

@ (1) = ('), ¢ ©),...¢" ()"
are 0" —valued process that afFepredictable, left continuous and which satisfies

T T
[ 1g(s)IP ds<eo, [ [1(s)IF ds < oo.
Note that(b(t) = I:I(t) - ¢(t) .
The process@'(t), @(t))., describes an investor’'s portfolio innvestment company at tinteas carried
t=0

forward through time Wherajﬁ'(t) and gd(t) represent the amount of money invested in the stock and

bond markets respectively.
Definition 1.2

A comsumption process’\(t),OstsT is a nonnegative an#&-adapted process such that
[ Ayt <co.

This is the total amount consumed by the investment companiegifnern= 0 to timet =T on
behalf of the investor. The adapted condition means that theanwasinot anticipate the future. Hence,
the wealth of the investor at time t is express as follows:

dH P, H ¢, -
(t) = Z[¢ O—= S +(H"" (1) - ' (1) M

@' (t) represents the amount invested in the stock market by thedndemugh investment company

— /- j A(t)dt. (1.3)

i,1<i <N at time t and¢/ (t) represents the amount invested in the bond market by the investor

t
through investment companyl<i < N at timet. JO/\(s)ds, represents the total amount spent(costs) in

the investment period up to time t by the investment companies.
Definition 1.3

Let r O . Thenm(t,T) is called the discount factornfit,T) = exp[+(T —t)] providedr = 0, and
0 <m(t,T) < 1 almost surely for evey T L[] witht = T. In this case, represents the deterministic
interest rate.
Definition 1.4
The trading strategj(t) is said to be admissible if the following are satisfies:
(@ ¢(t) is {F} adapted, whereR} is the augmented filtration generated\tt).

(b) d(t) satisfies the integrability conditioﬂ¢2(t)dt < oo,
(c) the following Stochastic differential equation admits a unitpemg solution:
{dH (t) = (rH (1) + (& — )@ (t))dt + (t)adW(t)
H, =X
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Definition 1.5
o

u, =1+—

Let Jn be the upward movements of the stock price afteteps per unit time of a

o
Binomial model anadn _l_ﬁ be the downward movements after n steps per unit time ofcarial

model. Then, the risk neutral probabilty is given by

r —r

e A A S N
u,—d, 20  and u,—d, 20

where for a single time period ofrilve set, =r/n, andnt [J Z represents number of observations.

Definition 1.6

Let X, be the random variable equal to the number of upward movements td¢kesce after
n steps per unit time of a Binomial model, then the [Bi¢g is

S, (1) = S(Q)u,"dy ™™

wheren - X, is the number of downward movements of stock price. Substitutingeimalues ofi, and
d,, into the above equation, we have

Lin-x,)

Xn) >

S,(t) = SOu A = SO+ i

o )g(m 7
Jn Jn

This paper is based on previous research work. Black and Schplesrjstructed a portfolio
process that involved one riskless asset and one risky asgetisk associated with their portfolio
process can not be hedged out completely, therefore need forfaiggos. Merton [6] constructed a
discounted portfolio process involving a riskless asset andky dsset. Hamada [3] constructed a
portfolio process that captured one riskless asselNandnber of risky assets. The investment was spread
over different firms. In this case, the risk is at mininhaltheir work, the interest rate is considered to be
constant and the same for all firms. But, in practise, evemstment company has different policies.
These policies affect their interest rate. In this papernntemd to construct and diversify the investor's
portfolio into N number of stocks and number of bonds with each firms having unique interest rates
(different interest rates) and determine the optimal tnvest strategy of the investor at tiheWe
assume in this paper that the markets are complete and frictionless
1.2 Our stock pricing process

Our stock pricing process satisfies the stochastic differerfiggtion,

ds'(t)
S(t)

This says that the infinitesimal chang&' (t) in the stock price at timé underi investment company,

K
Mt + > oy dW (t),i =1,...,N (1.4)
j=1

as a percentage of the validt) , is given by a drift termy, dt and a ‘fluctuation’ or small movement

K
upwards and downwards given tia

;tdW; (t) at timet of i investment company. The equation
i=1

below solves (1.4):

S'(t)=S'(0) ex;{/,/it +i(aijwjt - %aﬁtﬂ, i=1..,N (1.5)

=1
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(see Theorem 1.1 below, for the proof). By definition 1.5 and 1.6, we have that
. . —~— K -
im S, (t) = S' (0) ex;{uit NCAVO )}, i =1..N
n- o j:l

whereW(t) is a normally distributed random variable with mean zerovandncet. Therefore, the asset
pricing process becomes

K
lim S} (t) = S' (0) exp{,uit + Z(Jijwjt - %Jﬁtﬂ, i=1..,N
n-oo j=1

Since lim_..S, (t) = S(t), we have that

K

S(t)=S'(0) ex;{,uit + Z(U”th - %qftﬂ, i=1...,N

j=1

This is referred to as Wiener process.
Theoreml.1

The Wiener model for our asset pricing process with dynamics:
4 . K 1 ,
S'(t)=S'(0) ex;{,uit + Z(aijwjt - Eaﬁtﬂ, i=1...,N
j=1
satisfies the stochastic differential equation

ds' (t) K

—— = dt + ) o, dW. (1),i =1...,N

S, (t) :ut ; jt J( )

Proof
In order to establish that (1.5) solve (1.4), we define the stochastisproce
1& K .
j=1 j=1
Then,

K
dX(t)? => o?dt,i=1...,N.
j=1

We now consider the asst pricing process as a function of a pfoceglich we know the differential
equation

S (X(1) = S' (0)exp[X (1)]
d[S (X (1))] = S' (0)d(exp[X (1)])

iy O(EXPIX (1)] 10%(expIX(®)]) v 2
‘S(O){—axa) dX(t)+2—ax(t)2 dX (t)%}

=S (0) exp[X (t)](dX (t) + %dX (t)%)

= S'(B)(dX (1) +%dx ®?)
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_ K K K _ K
ﬂﬂmZUwéa9w+ZqﬂWﬂH%Zqﬁﬂﬂﬂmmw+§kwwaM:LmN
= =1 = =

as required.

The dynamics of our bond pricing process is given as follows:
MO gt i =1 N
M'(t)

(1.6)
r istheintantaneasinterestratefor bondi andM' (t) is thepriceproces®f thebondi
attimet for investmentompany.

1.3 Dynamics of our derivative pricing
We can now define our derivative pricing dynamics. tlet) be our derivative pricing, then for

f= (fl(t), fz(t)""’ f N(t))T = (fi(t))tho,izl,-~N’

K
we have df (t) = 4 f(©)dt + D o F(t)dW, (1)
j=1
. . K J i .
= df' (1) = 4 'O+ Y o 1 QAW (D),
j=1
where ,uifi (t) and Jijfi (t) are the drifts and volatilities of our derivative pricing respedgtivel
Lemmal.l:
Given that
df'(t) = &' (1) ' (©)dt + > o @©F' ©)dW, (2).
i=1
and
K
dS'(t) = 4 (1)S ()dt + D o, (1)S' ()dW; (t) , then for
j=1
dv(t)=r (t)V (t)dt,
() - =t
we have HO-r) _ iy () _

O'ijfi ®) Ojj ®)

2.0  Portfolio process of an investor

We are now in a position to show that the investor’s portfolio processfiEnancing.
Theorem2.1

The investor’s trading strategy (or portfolio proce@)(t), ¢ (t)),., is self-financing.
Before establishing Theorem (1.2), we need the following results.
Lemma2.1

If J(t) =S )M’ (t),i =1...N,thend(J(t))=S t)dM'(t) +M' (t)dS(t) +dS{t)dM (t).
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Proof

Using It0'slemma,we find the product ruled(S'(t)M'(t)) for stochastic process

S'(t) and M (t) . Expanding the differential as a Taylor's Seriedd® (t) and dM ' (t) up to second
order derivative, we have

oS (M (1)

(S (M (1)) ds

. (S (M (1)) 10°(S(OM'(Y)

WSOMO =55 ®O  awm MO asqr ©0
L1075 (t_)MZ'(t)) dMi(t)era (_S' (t)IVI_' (1) ds tdM ' (1)
2 O0M'(t) 0S'(t)oM ' (t)
=M (t)dS' (t) + S' (t)dM ' (t) +dS' (t)dM ' (1),
as required.
Lemma2.2

Let M'(t) be the bond price ang (t) be the amount invested in the bond market by the

investor through the investment company i at time t. AgainSlét) be the stock price ang' (t) be
the amount invested in the stock market at time t. Then,

Z M (t)dg (t) = Z(—Owﬁi (t)S'(t) —dg' (t)dS' (t)).
Proof - -
Suppose thaf ' (t) = @' (1)S' (t) + @ ()M’ (t), then f' () —¢' ))S 1) =g (M ' (1).
Hence,
Z M (t)d¢ (t) = Z(df '(t) - ' (t)dS' (1)) = Zd(f 't)-¢' (1)S' (1)
o df'(t . dS'(t) d¢'(t)S'(t) d¢ (t)dS (t
:M'(t)[Mi()‘¢'(t) i()_ ¢ (i) (t) (d()i ® _
1) M (t) M'(t) M'(t)
By Lemma 1.1, we have

M (1)dg (t) = -dg' (1)S'(t) - dg' (1)dS' (t) + dg' (1)S' (1)

dM'(t) dg' (t)dS'()dM'(t)
4 + . .Since
M (t) M (t)
dM'(t) is deterministc, the product afM ' (t) with any other stochastic differential is always zero.
Hence,

i M (t)d¢ (t) = i(—d¢>i (t)S'(t) —dg' (t)dS' (1))

as required.
We now establish Theorem 2.1 above.
Proof of Theorem 2.1

We are to show that the investor’s portfolio procggS(t), ¢ (t)),., is indeed self-financing. We
first take the differential as follows
df'(t) = ¢' ()dS (1) +d¢' (1)S (1) + dg' (1)dS (1) + d@ (M’ (1) + @ ()M’ (1) + dg (t)dM ' (). But,
d¢ (t)dM ' (t) = 0. Applying Lemmas 1.1 and 2.1, we have
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df (t) = Z[¢i (S (1) +dg' (1)S (1) +dg' ()AS (1) + P (OAM' (1) - (dg' (1)S () +d@' (DS (1).)]

= i[# (t)dS' (t) + ¢ (t)dM ' (1)] , as required. (2.1)

2.1 The capital gain process of the investor
Let G, be the capital gain of the investor. In order to ob@Gjp, of the investor’s portfolio,

we integrate equation (2.1) as follows:

[ ©=] S (998 9+ (' (5]
=31,0/908 9+ 3]0 (9M'(9 =3[9 (935 (9 + 4 (M ' (5)

Therefore, f (t) = f (0) + ij (@' (9)dS'(s) + @ (s)dM ' (9))
i=1
=f0)+Gy,, (2.2)
where f (0) is the value of the portfolio at the initial time, t=0 a@; , is the capital gain associated

with and F - predictable portfolio proce¢g’ (t), ¢ (t)),., defined to be

Cyp = Z I; (' (1)dS' () +¢ (AM () = J; (#(9)" dS(s) + ¢(s)" dM (9)).

2.2 Wealth process of an investor
Let H?"(t) be the wealth process of the investor at time t. Simeestor’s portfolio process is

self financing, we have

dM ' (t)

dH (1) = Z[¢()dss(f)’ 70O

=Z[¢i(t)(ﬂidt+2 AW, () + ¢ (O di] - A(t)dt = Z¢(t),th+z_lljzll¢(t) dV\{(t)+z¢(t)rdt At
=30 O+ ¢ On) - Al +;; ¢ ()0, AW, (1)

=20 O+ (H* =90 - A(t)]dté >4/ 00,0, )

=20 O 1)+ H - /\(t)]dté gw(t)o—.,dw )

Now, for constant and g, we have

dH?" (1) = D [@' )k —1,) +rH () = A®)]dt+ D> ' (D)o, dW, (t)
=1 j=1 (2.3)
We define the value function as follows:
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U(xt) = Sup E[u(H*"(T))[H""(t) = X].
¢ (HOX
where X is the set of admissible policies that dfgprogressively measurable and satisfying the
integrability condidtion

EY, [,¢'(9°ds) <o

The Theorems and the Lemma below will enable us to determiraptineal investment strategies of the
investor.
Theorem?2.2

Suppose the value function is defined ahd C*>* ([0,T)] x R¥ ThenV is a solution of the
following second order partial differential equation:

ov av av

-—+upG(t, x,u,—
V= h(x)

G(t,x,u, p,P) = —ltr(Pa(t,x,u)O'(t,x,u)T +(p, 4(t,x,u)y = f (t,x,u)for any(t,x,u, p,P)

where 2
O[0,T]xOM xU xON xON,

This the Hamilton-Jacobi-Bellman equation(HJB). For more detadsP?ad9] page 38-40.

Theorem2.3

Let
Visy)= inf J(sy;u()),sy0[0T]>0"
V(T.y)=h(y), yoor,
then
V(s.y) = inf E([] Fx(GS Y uO)d V(s yu))
Proof

See Yong et al [12] page 180.
Lemma2.3(Ité’s Lemma)

aex) oty  9°f(EX
Let be a function for which the partial derivativesg ' g and gy defined and

continuous and lati(t) be a Brownian motion. Then, for evelrg 0 we have

(T HT)=FOHO)+[ —af GCHO) g 4 jT—af GHO) gy + L jo ot H®) fg HEO) o

We can also write this in the foIIowmg differential form:

o (L H (1)) = of (t,(; ®) 4 4 9f (t;;: ®) 4n ) + % 0%f SXE (1)) dt

For the proof, see Oksendal [8] page 44.
By Theorem 2.3, usinljd’s Lemmaand the classical principle of dynamic programming of (2.3), yields:
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U (x,t) 2 E[u(H? (t +h), t+h) [ H? (t) = X]

t+h $.N é.A
‘U(Xt)J’E[ZI aU(Ht(s)s) 6U(H6X(s)s)(rH¢A

(8)=/\(9) + (1 1)@ (1)

+2 Z ZU(HM(S) g (8)207,1ds| H*(t) = x]

N

K
For convenience, we drop the summation sign;;n.eand;' Since we are only interested

in the final utility, we sef(t,x,u) in Theorem 2.2 to zero. By subtractidgx,t) from both sides, dividing
both sides by and then allow h to tend to zero, we obtain:

192U (x,t)

oU (x,t) = dU(x,t
D) D (rx- A9+ (u -r)g' 0+ 52 XD g 070, <
This yields the HIB equation for the value function:
ouU (x,t) U (x,1) 10°U (X,t) .0 o . OU(X1) i
— 7 +ma — ) o +—%(u —r, t
o ma PSS g ()7 o (1 )8 ()
(2.5)
iXGU(x,t) A(t)GU(xt) 0.
0X 0x

whered'(t) is admissible strategy.

It can be shown that the value function in (2.5) is smooth ) 11 C**(R' x [0T)]; (see
Zariphopoulou [14]), then the value function equals the unique smooth sobitihe HIJB equation.
Therefore, the maximum in (2.5) is well-defined and we have that

ouU (x,t)
iy - _ (46— T) / — _
t ' ,N; K
AU
ox*

Substitute (2.6) into (2.5) and considering the terminal condition, we haveltwehgl HIB equation:

oU (x,t) (4 —r)(0U (X, t)/0x)? rXOU (x,1) BN e )] ouU (x,t) _

ot 207 U (x,t)/ox* ' ox )
U(X,T) = u(x),i =1---,N; J =1--- K

We assumed that investor is risk averse. Therefore, WEARA utility function. That isu(x) = - exp[-
ax], o > 0,x U R, wherea is the risk averse coefficient. Our aim is to find a sofuthat satisfy (2.7). We

want a solution of the forid(x,t) = - exp[axQ(t) V(x.1) = —expl-axQ() + P(1)].
By substituting this into (2 7), we obtain the following dlfferentlal equatibiat satisfieQ(t) andP(t):

(2.6)

=0
2.7)

Q(t)+rQ(t)=0,i=1---,N
Q(T) =1 2.8)
P =A@, =1 NG | =1 K >
20]’].
P(T) =0
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Solving (2.8), we obtain
Q(t) = explr (T —t)] and P(t) = —%(T —t) —f/\(s)ds,i =1-N, j=1-,K.

i

Then, (2.7) becomes

Vix0) =-exptarexph (T -0]- B -0 - NG, i =1 N, =LK (g

i
Hence, the optimal strategy of the investor’s wealth process becomes

(- r) ~ @I (T ~0.~expl-axexplr (T 0] - (4 ~r) ? 202 )(T -t) - [ A(9)ds)
Ui,j a’ expl2r, (T —t).—exp{-axexp[, (T—t)]—((,ui ) /2criyj)(l'—t)—J't /\(s)ds}

Hi—rnooexpln (M-t g -r explr(T-t)] 4 - m(t,T)

ol ‘aexplr(T-v] = o’ a7 UU., (2.10)

This implies that the money mvested by the risk averse investor itottlersarket at time¢is equal to
'ui__zrim(t,'r),i =1---,N; j=1---,K.
Therefore, the amount of money ilﬁj\/ested in the bond market at time t is
¢(t):H¢,/\(t)_¢i(t)_aa H¢/\(t) (Z/J.—r)m(t T) =1 N =1 K 211

ao;

¢'(t) =

Theorem2.4
If V(x,t) is the solution of (2.7), then

N _r\2
E/\(S)ds: -P(t) —Z%(‘r -t) +£/\(S)ds, j=1- K.
i=1 i
Proof

From (2.8), we have that

Pty = =1 )+/\(t)|—ZL N j=1--.K
ZJM-
Solving this, we obtain

P(t) = i (”'_r) T-0)-[ A@®ds, j=1-K

i=1 i,

s ‘2“) T-0-[ A®)ds-['A(S)ds, =1 K

i=1 20—. j
ZN: (,u,;r) (T-t)- I A(S)dS+jA(s)ds j=1--,K
Hence,
jOT /\(S)ds:—P(t)—iZ::%(T—t)+.[;/\(s)ds, j =LK
as required.
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Corollary 2.1
i ¥
Let H(t) be the portfolio value process of the portfolfo =0 ' then we have that

dH(O =[O 1) +rHO + X239 (070, 'Jds

Corollary 2.2
If corollary 2.1 above holds, then

—_r 2
V(x,t) = —exp{—axexp[r. (T —t)] —('uiz—zr')(T -t)},i=1...,N; j=1....K.
Gi.j
Remark2.1
Corollary 2.1 and 2.2 above hold when the transaction costs of themewvess zero (i.e., when
there is no transaction costs).

3.0  Summary and conclusion

We have considered the investment of the investor’s short@osito different investment firms
with different interest rate from the bond market and differefuirns from stock market. We also derived
an optimal investmet strategy that will guide both the irreshd the manager of the firms on how to
allocate the investor’s short position that are available to the teaBsediversifying the short position of
the investor, we have that the risks can be hedged out colypgtera the investor’'s portfolio. Hence,
every investor is advise to diversify his or her investmemtrder to minimise risks associated with their
investment.
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