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Abstract 
 

This analysis of the stress distribution in an elastic bimaterial cylinder reveals 
that the stresses are nonsingular along the interface if the prescribed shear stresses 
remain finite. The stresses σjrz (r,θ), θ = 0, ±π, j = 1, 2 in the radial direction will 
varnish if the material becomes homogeneous and the loads self equilibrating. The 
stresses in the angular direction, σjθz (r,θ), θ = 0, ±π, j = 1, 2 which tend to tear the 
interface are also not singular if the loads remain finite but varnish if the loads are 
equal. 

 
 
 
1.0 Introduction 
 The deformation fields in elastic cylindrical materials have been studied in [1, 2, 3] under self 
equilibrated shear loads. Here, the fields are investigated for an isotropic elastic bimaterial cylinder with a 
perfectly bonded interface and subjected to two shear tractions jT , j = 1, 2 (Figure 1.1). The boundary 

conditions in [3] lead to material constants of the type given in [4] while the continuity conditions here 

leads to material constants, 
12

12

µµ
µµγ

+
−=  obtained in [5].  Fields in [3] can be shown to be special cases 

of the present results. The subscripts 1 and 2 refer to materials 1 and 2 respectively. 
 
 
 
 
 
 
 
 
 
 
 

Figure 1.1: Geometry of the Problem 
 
 

 
 

e-mail: drjnnnadi@yahoo.co.uk 
 

2T  

2µ 2W
 

1µ  1W  

a−  a  

1T  



Journal of the Nigerian Association of Mathematical Physics Volume 14 (May, 2009), 293 - 293 - 298 
An elastic bimaterial cylinder under anti-plane shear, ,   James N. Nnadi,  J of NAMP 

 The governing boundary value problem is formulated in terms of polar coordinates for the non-
varnishing components of displacement ( ) 2,1,, =jrW j θ  as 
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2.0 Solution of the boundary value problem 

It is known [2] that the transformation ( )zg =
za

za

−
+

, θirez = = ( ) ( )θθ ,, rivru +  maps the 

cylindrical region onto the right half plane with polar coordinates ),( φρ corresponding to ( )θ,ru

 = ( )θφρ ,,cos rv  = φρ sin .  Therefore 
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( )θφ ,tan r =
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These coordinate relationships and the transformation converts the search to that for ( ),,φρjW  2,1=j  

such that 
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The solution procedure requires solving the differential equation  
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where ( )φ,sW  is the Mellin transform of ( )φρ,W  applied to (2.5) – (2.7) and defined by  
 

( ) ( ),0,0, 21 sWsW =
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( )φ,sW  = ( )∫
∞ −

0

1, ρρφρ dW s , 1Re1 <<− s  

While by 3.2412 [6], ( )sq  = ( ) ρρρ ds
1
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cos2 2 sπ

π
1Re1 <<− s .  We have used the 

behaviour of the stresses given by ( )φρσ ρ ,z  = ( )φρσφ ,z  = 0( )1  as 0→ρ  

       = 0( 2−ρ ) as ∞→ρ  
Using (2.4), (2.9),(2.10) and the solution of (2,8) in the form 

    ( )φ,sW j = ( ) ( ) ssFssE jj φφ cossin +                (2.11) 

leads to 
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where γ  a is characteristic constant defined by  γ  = 
21
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.  The displacements are obtained from the 

inverse Mellin transform defined by 
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The integrand in (2.14) has ( )φ,sW  deduced by substituting (2.12) and (2.13) into (2.11) therefore 
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Application of residue theory and contour closure in accordance with Jordan’s lemma for 
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3.0 Analysis of the interface field 

Along the interface 0=φ , 0=θ and πθ ±= , hence ( ) 000,)1( ≥= ρρI  

( )0,)2( ρI  =
( ) n

n

n

n
ρ

π ∑
∞

=

−−
1

111
 = ( ) 1,21ln

2
2 <+− ρρρπ

 

  
( ) ( ) 1,21ln

2

11 21

1

1

>+−−=−−= −−
∞

=

−
−

∑ ρρρπρ
π n

n
n

n
 

But using (2.4a), it follows that 
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The interface stresses satisfy 
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For the radial stresses we note that 
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That is 
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The exact form of the angular (opening) stresses can be found after noting that 
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3.0 Conclusion 

The displacements have been found in closed form in terms of the bimaterial constant γ  and the 
applied stresses. The fields along the interfaces are also obtained in a closed form and are not singular. 
They have a component which vanishes when the loads are self equilibrating and the material is 
homogenous. 

Along the interface the displacements are given by (3.1). The radial stresses ( ),,θσ rjrz  

2,1,,0 =±= jπθ  are not singular but will varnish if the material becomes homogenous ( )21 µµ =  and the 

loads self equilibrating )( 21 TT −= . The angular stresses ( ) 2,1,,0,, =±= jrzj πθθσ θ  are non-singular 

and varnish only when the material is homogenous and the loads are equal )( 21 TT = , therefore  the 
interface does not crack if the loads remain finite. 
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