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Abstract

This analysis of the stress distribution in an etecsbimaterial cylinder reveals
that the stresses are nonsingular along the intaréaif the prescribed shear stresses
remain finite. The stresses;, (r,6), @ = 0, #x, j = 1, 2in the radial direction will
varnish if the material becomes homogeneous and theds self equilibrating. The
stresses in the angular directiory, (r,6), = 0, +x, j = 1, 2 which tend to tear the
interface are also not singular if the loads remaiimite but varnish if the loads are
equal.

1.0 Introduction

The deformation fields in elastic cylindrical materialvéddeen studied in [1, 2, 3] under self
equilibrated shear loads. Here, the fields are investigated fso@apic elastic bimaterial cylinder with a
perfectly bonded interface and subjected to two shear traclions= 1, 2 (Figure 1.1). The boundary
conditions in [3] lead to material constants of the typergive[4] while the continuity conditions here
leads to material constantg, = @ obtained in [5]. Fields in [3] can be shown to be special cases

Ho +

of the present results. The subscripts 1 and 2 refer to materials 1espeetively.

T

T
Figure 1.1 Geometry of the Problem
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The governing boundary value problem is formulated in terms of potadinates for the non-
varnishing components of displacemwjt(r,é?), ]=12 as
( 2 10 1 0°
+

—+-—+—= — | WI(r,8)=0-m<f8<m0<r<a 11
ar? ror rzaezj () ¢

oW, oW,
W.(r,8) = W,(r,6), ,ula—el(r,é?) = 4, 002 (r,0) 6=0%n (1.2)
aWl(a,é?) =L,%(a,6?) - _n<6<00<6<n, (1.3)

or My Or 2

2.0  Solution of the boundary value problem
+ i .
It is known [2] that the transformatiorg(z)zu,z: ré?=u(r,8)+iv(r,8) maps the
a-z

cylindrical region onto the right half plane with polar coortisa(p,¢) corresponding tou(r,H)
:pcos¢,v(r,9) = psing. Therefore
a®-r? (r.6) = 2ar siné
a’—2arcos@+r?’ ' a’ —2ar cos@+r?

%
a’ +2arcosgd +r?
So that, r,o0) = , 2.4a

Alr.6) (a2+2arcose+r2j (2.42)

u(r,8) =

2ar siné
tan{dl’, 9) =W (24b)
These coordinate relationships and the transformation conversgdheh to that foWj (,0, qo), =12

such that
(62 10 1 0°
+

71 Tl
0 10 1w =0-"<p< 52 0 25
EANYY pza(”zj (0.9) LS9 P (2.5)

) oW (W,
\Nl(p:(”) —WZ(,O,O), H g (:0;0) Hy Y (,010) (2.6)
ow, [ j ﬂj ; 2aT,
Tl p (1) I = (-0 &0 2.7
20 p (1) 5 |=(-1) " (2.7)

The solution procedure requires solving the differential equation

2
(dd— + SZ}W(S, @) =0,-1<Res<1 (2.8)

subject to the conditions
oW,

_ e A

VVZL(S’O) - WZ(S!O)I /'Il aw (S, O)_/'IZ aw (S! O) (29)
oW, |  2aT, :

— s (-1) Z)=(-1)'—2qls =12 2.10
A L S 219

whereW(s, ¢) is the Mellin transform oW(,o, ¢) applied to (2.5) — (2.7) and defined by
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W(s ¢) = [ W(p, g)o"'do, ~1<Res<1

While by 3.2412 [6], q J' Yo, (1+,0 ) do = ,—1<Res<l1l. We have used the
2c0s7s
behaviour of the stresses given by Jpz(p,qo) = Ua(p, qo) = 0(1) asp -0
=0(?)asp -
Using (2.4), (2.9),(2.10) and the solution of (2,8) in the form
W.(s,¢)=E, (s)sings + F,(s)cosys (2.11)
leads to
F1(5)= F, (S)’ H E1(S)::U2 E, (S)
E, (5):ﬂi(L _Lj (2.12)
scoS s u\ 1, 14
am T. T,
o -0 219
SCOS; S H H
where y ais characteristic constant defined by = ,uz+ F . The displacements are obtained from the
M
inverse Mellin transform defined by
W, (0.9) —Zi "W (s.p)ods,~1<a <1, j =12 (2.14)
T Ja-ie

The integrand in (2.14) ha4/ (S, qo) deduced by substituting (2.12) and (2.13) into (2.11) therefore

V\/j(p.co)=ﬂa{ﬂii(MJ(T T] yo. 9+ {(wl)%-(y-l)Hl(z)(p,w)}(2-15)

M)\ M, 2 1
where
1 (a+ie SINSE
———p °ds 2.16
wlPo)=o -, o s S (2.16)
1 (o+ioCOSS¢
ly(0.0)=— p s ds (2.17)
27i Ja-i= ssinTE
Application of residue theory and contour closure in accordance widare lemma foM Sg
, leads to

nlo.9)=— (Inpzp sin(2n-1)p+ g( _1) sin(2n-1)p

qoni(éo 1cos(2n 1)] p<1

3

n

_ - P - P ,Ulzn
—%(Inpzzn_lsm(Zn—l)g/Hz( o] ssin2n-1)p- ¢’Z )cos{Zn -1) j p>1

n=1 n=1
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lplee) = i( )pcosnw p<l1

T
o (_q\n-1
= _12 ( ]r:? p’” cosng p>1

3.0 Analysis of the interface field
Along the interfaceg = 0, § =0and & =+ 7, hencel ,, (,0,0) =00=0

1a(- 1)n 1pn_ _|n(1 20+ 07) p<1

o [_q\n1
:—7—172( 2 ,o‘”:—7—27In(1—2,o‘1+,o‘2), p>1
n=1
But using (2.4a), it follows that
1-2p(r £m)+ p(r,xm) ={1- p(r 277}

() e

1-2p7(r 0)+ p(r 0) =[1- p™(r, O)f

&)
= , r<a
a+r

Therefore, forr <a, §=0,tn, j =12

i

The interface stresses satisfy

H; OW,

ow
0P, 0) = 1 — ” —(P0) 7,,.(00) = —— p L(p0), j =12
For the radial stresses we note that
0p 2a 0p -2a
2] Ay )=
or ar 0= (a-r) or (r:27) (@a+r)
zl—?(p,é?) az—nar r<a, 6 = +71
2
_ 1 (a-r) r<a, 8=0
28 (a+ r)
Hence from (2.15) and (3. (2a bi
0W(p,0)dp
Jrz(r e) ,U] 6,0 ar( O)ar<a,
W. 0p
-4, Hp0) Lz ). 1 <a,

(3.1)

(3.2a)

(3.2b)
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That is

T. T, a
7ule.0) = | (o) - 2| 2 g

The exact form of the angular (opening) stresses can be found after noting that

Ol _ 1 2 a—rj -
aw(,o,O)—amz(aH) In[al+r ,r<a 6=zxn

-1 2 a+r
= a-r)in——|,r<a 6=0
arnz( ) (a—rj

dl
and that—2(p,0) =0, 0 = 0.
30 (00) =0, p

Similarly, g—g(r ,O) = azzajrrz , r<a,
0 - 2ar
5%0,in):az . r<a
Then, 0l 0) =4 a(;/;/) (09) (). r<a
2 2 -1
:-EM(T T ]( j[l“j (1_r_j m[aﬂj
m(+ )\ a)" &) \a-r

sz(r,tﬂ)zé %(p,o)g—g)(r,iﬂ), r<a

2 (2 o) b 25
3.0 Conclusion

The displacements have been found in closed form in ternme difitnaterial constang and the

applied stresses. The fields along the interfaces are alsoatbia a closed form and are not singular.
They have a component which vanishes when the loads are seflbratjod) and the material is
homogenous.

Along the interface the displacements are given by (3.1). THel ratresses JrZ(r H)

6=0,+7, ] =12 are not singular but will varnish if the material becomesdgﬂnous(;{:/lz) and the
loads self equilibratindT, = -T,) . The angular stressezsjgz(r, 9), 6=0,x7r,] =12 are non-singular

and varnish only when the material is homogenous and the loads ale(€qaT,), therefore the
interface does not crack if the loads remain finite.
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