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Abstract 
 

The present work determines the solutions derived from the transformation of 
Heun’s equation to hypergeometric equation by rational substitution.  
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1.0 Derivative of Heun’s function from some properties of hypergometric equations  

Considering Hn(a,q; α, β,γ, δ, ∈;x) as the analytic solution of GHE equation [2] around x = 0 and 
normalized by Hn(0) = 1, we seek to answer the following questions.  
(i) When is Hn (x) reducible to some hypergeometric equation 2F1?   
(ii)  When is DHn (x) again a Hn(x) for a good choice of parameters?  
Maier [4] in 2005 solved the problem (i) in full generality from the following theorem, enlarging the work 
of Kuiken [1]  
Theorem 1.1 [4] 

If the Heun’s equation parameter values (a, q ; α, β,γ, δ) are such that the Heun’s equation is non 
trivial (q ≠ 0 or β ≠ 0), and all four of t = 0, 1, a, ∞ are singular points, then there are only seven non-
composite no prefactor Heun-to-hypergeometric transformations, up to isomorphism. These seven 
transformations involve polynomial maps of degree, 2,3,4,3,4,5,6 respectively. A representative list gives  
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2.0 Main results 

Applying the derivation property of the hypergeometric functions:  
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For instance, the derivatives of the second-degree transformation i generates another 2F1 with a linear 
prefactor.  
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and the pull back operator gives  
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The other six transformations work in the same way:  
 



Journal of the Nigerian Association of Mathematical Physics Volume 14 (May, 2009), 289 - 292 
Derivative of general Heun’s equation,   A. Anjorin   J of NAMP 

 

(2) ( )
6

43);
3

)(2
,

2
1

,,;,4( 2 βαβαβααβ tttH
dx

d
n +−=+

 

));6(
3
2

;
2
1

,3,3);3)(3(,4( tHn ++++++× βαβαβα   (2.4) 

(3) 
( )

)1)(142(
2

2
);

2
,

4
2

,,;,2( 2 ttttH
dx

d
n +−+−

++
=+++

βα
βαβαβαβααβ  

( )
);

2
8

,
4

10
,4,4);4)(4(,2( tHn

βαβαβαβα ++++++++×  (2.5) 

(4) 


++++++


 tiH
dx

d
n ;

3
1

,
3

1
,,)

6
3

2
1

(,
2
3

2
1 βαβαβααβ  

( ) ( ) ( )( ) ;
6
3

2
1

33,
2
3

2
1

)33(16336 312











++





++×+++−+= −− iiHiti n αββαβα  




++++++ t;
3

7
,

3
7

,3,3
βαβαβα     (2.6) 

(5) 


−+−+


 tiiH
dx

d
n ;

2
1

,
2
1

,
3
2

,);
4
2

2
1

)(
3
2

(,
4
25

2
1 αααα  

( )( ) ( )
( ) ( )


























 +−+

+++−+
×

++

−+−+−=
t

ii
H

ii

titi
n

;
2

1
,

2

1
,

3

10
,4

);
4

2

2

1
)(

3

10
)(4(,

4

25

2

1

252223

423242232
3

2

αα

αα
αα

 (2.7) 

(6) 


−+−+


 tiiH
dx

d
n ;

3
2

,
3
2

,
6
5

,);
18
15

2
1

)(
6
5

(,
90

1511
2
1 αααα  

( )( ) ( )











−−++++−+×

−+++−×−−+−=

tiiH

ittititi

n ;
3
2

,
3
2

,
6
25

,5);
18
15

2
1

)(
6
25

)(5(,
90

1511
2
1

15290159901591865
18432

15 22

αααα

αα
 (2.8) 

(7) 


−+−+


 tiiH
dx

d
n ;

3
2

,
3
2

,1,);
6
3

2
1

)(1(,
2
3

2
1 αααα  

( )
( )( )





















−−+











+++−+

×
+







 −







−






 −

−=
++

t

ii
H

i
n

i

t

i

t

;
3
5

,
3
5

,5,6

;
6
3

2
1

56,
2
3

2
1

23

1
2
1

16

1

23

6
3

2
1

6
3

2
1

αα

αα
αα  (2.9) 

 
 
 
 
 



Journal of the Nigerian Association of Mathematical Physics Volume 14 (May, 2009), 289 - 292 
Derivative of general Heun’s equation,   A. Anjorin   J of NAMP 

3.0 Conclusion 
It is clear from the above analysis that applying the derivative operator to a Heun function 

transformed to hypergeometric function via polynomial transformation leads to another Heun function. 
This same method is being applied to Heun function via some polynomial transformation of lower degree 
such as t2, 1 – t2, (t - 1)2, 2t – t2, (2t - 1)2, 4t(1 - t). This result shall be forwarded as soon as the 
computation is finished. 
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