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Abstract

The present work determines the solutions deriveahf the transformation of
Heun’s equation to hypergeometric equation by ratal substitution.
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1.0  Derivative of Heun’s function from some properties of hypergometric agtions

ConsideringHn(a,q; a, B,y 6, L/x) as the analytic solution of GHE equation [2] arours0 and
normalized byH,(0) = 1, we seek to answer the following questions.
® When isH, (X) reducible to some hypergeometric equatioy?

(i)  When isDH, (x) again aH,(x) for a good choice of parameters?

Maier [4] in 2005 solved the problem (i) in full generality from the followtingorem, enlarging the work
of Kuiken [1]

Theorem1.1[4]

If the Heun’s equation parameter valuas( ; a, B,); 6) are such that the Heun’s equation is non
trivial (q# 0 orP # 0), and all four ot = 0, 1,a, «© are singular points, then there are only seven non-
composite no prefactor Heun-to-hypergeometric transformatiopsio isomorphism. These seven
transformations involve polynomial maps of degree, 2,3,4,3,4,5,6 respectivelgrésentative list gives

W) H@agar s+ 1) =F(, g;wl—(l 7 (1.1)
1 2a+p). B.1 ot

(@) Hid.aB o, ;= F<2 Syl )) (1.2)

3)  Hi(2,aB,a,p, (a+'g+2),a+'3t) (j ’Z(m’mz):t 4t(2-1) - ]j (1.3)
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(4) Hn(l’L'@’aﬂ(i’L@}a,ﬂ,(a+’3+1);(a+'8+1);tj

2 6 3 3
T %’g'%ﬂﬂi{l—;:tsm (1.4)

o el i)
ZF{Z’%;%H_( 2+|f)( PTG D (1.5)

& H 1+i—11\/ﬂscr§—crj \/—5 a,>-a, gtj
"2 9 |6 2 18 '6 3

2.
'3’
_2F1{0,5 6a.2. 2025 jig(- 1+t(MN (1.6)

5° 30 '3 64

1 /3 N1 \/§ q_22
(7) Hn(§i|7,a(l a){_i|?j,al aisisitj

ﬁ;g;1_4 1_ _1 1.7)
6 3 2

2.0 Main results
Applying the derivation property of the hypergeometric functions:

%F(abcx RO =22R(),F(a+1b+to+Ex=RE) (21

For instance, the derivatives of the second-degree transiomagenerates anothgF; with a linear

prefactor.
d a pB Ba a+2 ,8+2
m F(Z Sivl-@- t)j = (-1+t),F ( A tj (2.2)
and the pull back operator gives
O LH,@agafyatB-2y+1t) = (-1
dx 2y
xH, (2 (@+2)(B+2);a+2,+2 y+la+[-2y+31) (2.3)

The other six transformations work in the same way:
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) H (4apia.p . 2(0 Bty = (3—4t+t2)ﬂ_:

xH (4,(a+3)(ﬁ+3);a+3,,8+3,1;§(a+ﬂ+6);t) (2.4)
a+,8+2(a+ﬂ) _ 2Ba - _
(3) H(Zaﬂa,[z’ > ’)_a+,8+2(2t 4t +D(-1+1)
><Hn(2,(a+4)(,8+4);a+4,,8+4,a+ﬂ+1o,(a+2+'g);t) (2.5)
d, (1 .43 \/_ a+pB+1 a+pB+1
4 dxH(Z |—a,[>’(—— B, 3 , 3 ,tj
=6,8a(3+i\/§—6t)2(a+ﬂ+1)_1(3+iJ§)'3><Hn(%+i§,(ﬂ+3)(a+3)(%+i§}
a+3,,8+3,a+'§+7,a+'§+7;tj (2.6)
) an(gﬂﬂa(z_a)@+i£);a,3_a,1,1;tj
ax "2 4 3 T a3

1. .52 10 1 2.
_a-zaerivz-afferavz-a) |24 TOTAGTOGH)

xH, 2.7
T = R VR
3 )2'2
©) diHn(— 15 a2 -a)(; +i E)ﬁ ZZ;tj
x "2 90 6 '3'3
—gzla( 5+6a){1& 915 (9(I+9+i\/1_5+9(12—2it\/1_5)
(2.8)
<H (}Hll‘/_S 5)(_+a)(_+ E) s ,g,g;tj
2 6 6 3'3
d, (1,3 . 1 3. 22
(7) &Hn(§+|7,a(1 a)(§+|?),al a’§’§’tj
i e I s e R
_ N 2% 2 2*1% 2 2 2 6
=a(l-a) : xH_ (2.9)
3+iv2 55
a+6-a-5—-,-t
3'3
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3.0  Conclusion

It is clear from the above analysis that applying the devevaoperator to a Heun function
transformed to hypergeometric function via polynomial transfaomdeads to another Heun function.
This same method is being applied to Heun function via some polynwamaformation of lower degree
such ast®, 1 -t (t - 1F, 22 —t% (& - 1), 4t(1 - t). This result shall be forwarded as soon as the
computation is finished.
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