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Abstract 
 

A class of second derivative parallel block Backward differentiation type 
formulas is developed and the methods are inherently parallel and can be distributed 
over parallel processors. They are L–stable for block size k ≤ 6 with small error 
constants when compared to the conventional sequential Linear multi –step methods of 
the same order. Numerical results are presented.  

 

 
 

1.0 Introduction 
The interested is to develop numerical methods to solve system of stiff ordinary differential 

equations of the form 

00 )(),()( yxyxAyxy ==′      (1.1) 

where nnanisARxy n ×∈ ,)( real matrix with sni ii '.,,2,1,0)Re( λλ L=< are the eigenvalues of A. 
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|)Re(|max

i
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λ

λ
is called the stiffness ratio, for s>>1 (1.1) is then said to be stiff see ([4, 7, 

8]). As the speed of new generation computers increases, parallel processing gives hope of solving (1.1) 
faster [12] than using sequential approach. One way of processing (1.1) in parallel is by developing block 
methods that are essentially parallel in nature; see [1], [6], [11]. High order A–stable or L–stable methods 
for (1.1) developed are either of block form or sequential methods that incorporate second derivatives to 
overcome the Dalquist’s second order barrier [8]. Among high order A–stable block methods are those 
developed by Muka and Ikhile [9], Sommeijer et al [12], Yahaya and Kumleng [14], Zarinina et al [15], 
while sequential second derivative methods include those developed by Cash [2] , Enright [3], Okuonghae 
and Ikhile [10], Otunta et al [11]. Methods being developed in this paper have characteristics that blend 
block and second derivative. The paper is organized as follows in Section 2 we consider the basic theory 
of the method, in section 3 stability analysis of proposed methods are shown using root locus plots, in 
section 4 we implement the methods. 
 
2.0 The parallel block methods 

The methods studied in this paper are block equivalent of second derivative backward 
differentiation formulas given in Okuonghae and Ikhile [10]. 
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where h is the step size, f ′ is the second derivative term. If 0=+knγ then (2.1) is BDF of Gear [5]. 

Definition 2.1 
Let iny + denote a numerical approximation to the exact solution values )( ihxy n + , and Let 

),...,,( 211 knnnn yyyY ++++ =  and ),...,,( 21 nknknn yyyY +−+−= . A one block k - point second derivative 

method is defined by the recurrence equation 

)()( 1
2

11 +++ ′++= nnnn YFGhYhDFAYY    (2.2) 

where A is k × k matrix, D and G are k × k diagonal matrices. )( 1+nYF and )( 1+′ nYF   are vectors with 

components f(yn+j) and f´(yn+j) respectively, j = 1,2,..,k.  The elements of matrices A, D and G are 
determined using the Taylor expansion method and the method of undetermined coefficients.  
Lemma 2.1 

Let e = [1,1,1,...,1]T , and c = [1,2,3,..,k]T   and let us define  

,...2,1,0,)1()( 21 =−−++−= −− jcGcjjjDckecAC jjjj
j     (2.3) 

A one block k-point second derivative method as given in (2.2) is of order of consistency p, if for 
j = 1,2,..,p; 0=jC , .01 ≠+pC   In order to compare the components of error vectors of methods (2.2) with 

the error constants corresponding to conventional linear multistep methods, we shall adopt the normalized 
error vectors as introduced by Sommeijer et al [11], and extended to the class of block methods in (2.2). 
For methods (2.2) the normalized error vectors is given as 

.1;
)()!1(

+=
+−
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eGjDj

C
E j

j
  (2.4) 

Division is done component wise. The proposed Second derivative parallel block backward 
differentiation type formulas (SDBDF) are obtained, after solving the arising order conditions 

pjC j ,,2,1,0 L== in (2.3).  For k =2, order p = 3 
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For k =3, order p = 4 
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For k =4, order p = 5 
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For k =5, order p = 6 
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For k =6, order p = 7 
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For k =7, order p = 8 
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3.0 The stability of the parallel block SDBDF 

When (2.2) is applied to the scalar test equation yy µ=′ , µ a complex constant with 0)Re( <µ , 

it yields the recurrence nn YzMY )(1 =+ . The matrix )(zM  is the amplification matrix and its eigen-

values the amplification factors.  

)()()( 12 zBAGzzDIzM +−−= −     (3.1) 
Definition 3.1 

The stability region of a block method in (2.2) is the region where all amplification factors are 
less than one in absolute value this will be so when 1))(( ≤zMρ , where (.)ρ   is the spectral radius. 
Definition 3.2 

Method (2.2) is said to be zero stable if 1))0(( ≤Mρ , where 1))0(( =Mρ  is simple. 
Definition 3.3 
Method (2.2) is said to be A-stable if the maximum amplification matrix M(z) is such that 

−∈≤ CzzM for,1))((ρ . 
Definition 3.4 

Method (2.2) is said to be L–stable, if it is A–stable, and such that its amplification factors 
vanishes at infinity, i.e 

0)()()(lim 12 =+−−= −

∞→
zBAGzzDIzM

z
   (3.2) 

Equation (3.2) imply that any A–stable method of (2.2) is L–stable.  The root locus of the stability region 
is given by the set of points determined by 1))(( ≤zMρ . Below we present root locus plots 
corresponding to methods (2.5), (2.6), (2.7), (2.8), (2.9) and (2.10).  
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Figure 3.1: Root Locus plot of Method (2.5)  Figure 3.2: Root Locus plot of Method (2.6) 

            
Figure 3.3: Root Locus plot of Method (2.7)  Figure 3.4: Root Locus plot of Method (2.8) 

  
Figure 3.5: Root Locus plot of Method (2.9)       Figure 3.6: Root Locus plot of Method (2.10) 

Figures (3.1) – (3.5) clearly show that the amplification factors for block sizes k = 2(1)6 satisfy 
1|))((| ≤zMρ  in the entire left region and more so condition (3.2) is satisfied, hence the methods are L–

stable for block size 6≤k . In Figure 3.6 observe that 1|))((| >zMρ  around the origin; hence SDBDF is 
zero unstable for block size 7≥k . 
 
4.0 Numerical implementation and conclusion 
In order to implement SDBDF, their implicitness are resolve using modified Newton –Raphson’s 
technique suggested by Liniger and Willoughby (See [3]), while the starting values are generated using 

the inverse Euler method 
nn

nn
nn hfy

fhy
yy

−
+=+1  given by Fatunla [4]. Consider the stiff initial value 

problem given in [3] 
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We now present the result obtained by integrating (4.1) using SDBDF (2.5) and comparing with the 
analytical solution. 

Figure 4.1: 
Numerical result. 

In this paper we considered a class of second derivative parallel block Backward Differentiation 
Type Formulas (SDBDF). These methods are inherently parallel and are suitable for parallel computers. 
SDBDF are L-stable for block size 6≤k . Speed up which is computation time gained by using parallel 
computers are achievable with SDBDF. Hence, SDBDF has an advantage in solving (1.1) faster than 
methods proposed in [10] and other sequential methods. Normalized error constants of SDBDF are 
relatively smaller when compared with error constant of methods in [10].  Figure 4.1 presents the graph of 
the second component of the solution vector of (4.1). In Figure 4.1, the solution component of (4.1) 
generated by SDBDF mimic the analytic solution. 
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