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Abstract

The study of the statistical properties of the non-linear random wave had been
earlier investigated. In this work we introduce a bi-parametric distribution of non-
linear stochastic processes, in studying the properties of second-order random processes
with a narrow-band spectrum. This incidentally concerns the mechanics of the water
waves. In particular, the expressions of the probability density function are further
investigated, using this bi-parameter. This analysis will enable the designer to choose
wave parameters, within a limit, that will yield an acceptable level of risk. Secondly,
such probabilistic based design criterion may result in substantial cost saving if
uncertaintiesin the wave estimates are incorporated.
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1.0 Introduction

The effect of non-linearity for random (wind-generated) sea svawere firstly investigated by
Longuet-Higgins [1]. He obtained the first three terms of GGirarlier series for the probability density
function of the normalized free surface displacement. Thisfewasl correct for any shape of the energy
spectrum.

After, Tayfun [2, 3] obtained the probability density function whigplained the exceedances of
the crest (absolute maximum) for the free surface dispkeim an, undisturbed wave field. The
corresponding probability of the exceedance of the trough (absahireum) was then derived by Tung
and Huang [4]. Arena and Fedele [5] extended the theory to theaackshe trough distributions of a
general nonlinear narrow-band stochastic family, which involvaesynprocess in the mechanics of the
sea waves.

In this work a new theoretical approach is proposed to inestipe effects of non-linearity in
the studying of the mechanics of sea waves. In this casepardmetric distribution of non-linear
stochastic processes is introduced.

Some properties of the stochastic distribution are derivedhdfurthe characteristics function
was obtained using the Laplace transformation method and thepmmdeng probability density function
was given by the inverse Fourier transform of the characteristicsdnct
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2.0 The properties of a stochastic distribution with narrow-band speaum

We use the coordinator axis)) in which x-axis is perpendicular to the wave crest grakis
perpendicular to its origin being on the shoreline.

We define the distributiod of stochastic processes axis ¥) as parameters following (Arena
and Fedele [5].

w(x y,t)= f(x y)acogX (t)]+ g(x y)a?cog[ X (t)] + h(x, y)a?sir?[X (t)], (2.1)
wherea is stochastic variable with Rayleigh Distribution and where

X(t) = opt +v (2.2)

o IS the angular frequency,the time and) a stochastic variable uniformly distributed in (@).2 By
defining the two stochastic processes:

7 = acos(x), 7 = asin(X) 2.3)
o o
where o ? is the variance of both the linear procesasess(X) and asin(X), equation (2.1) may be
written as: 4[/(21’22) = J[F (x,y)z, +G(x, y)Z2 + H(x, y)ZZZJ, (2.4)
where

F(xy)=f(xy)
G(x,y)=oy(x,y) (2.5)
H (x,y)=ah(x, y)

The processes (Z,) are both Gaussian (with zero mean value and unitary variandeytochastically
independently Borgman [6]. Therefore, the joint probability density funcigiven by

1 -Lzz+z3)
F,.. (2.2,)= S (2.6)

From equation (2.4) we obtain the mean value and the variange @fhich are respectively given by

w=0(G+H), (2.7)
0.2 F 2
05 = 7 , (2.8)
where
1
B = (2.9)
Ji+2(a? +a?)
G(x,y) H(x,y) -
a, = . Oy = — v (2.10)Finally,
CRGey) T F(y))
we may consider the following ngrmal stochastic distribution defined as:
7= ‘/’Jl = Bz +a,22 +a,22)- Bla, +a,), (2.11) in which

v
a; anda, are deterministic parameters. The properties of the (2elpn these two parameters. As an
example and following Ejinkonye [7] analytical expressions of the third andhfmoments of the family
are given respectively by:

7= Blba, +8a? +8az), (2.12)

Journal of the Nigerian Association of Mathematical Physics Volume 14 (May, 2009) 67 - 72
Statistical properties of the non-linear water wave Ifeoma O. Ejinkonye J of NAMP



7" =31+ 2007 + 4c + 200 +8a’a? + 200 213

3.0  The probability density function
Let us consider the normalized distributign [equation 2.13]. The characteristics function of

¢ is equal to the mean value 6"

¢« =[[Te*F,, (z.2,)dzdz, @)
and may be rewritten as following Arena et al [5] as
e = %exp[—iaﬁ(al+az)]lllz, (3.2)
with the integrals;land } respectively defined as:
|, (wa,,a,)= ZJ' codw/z, ) ex;{ > - 2IW,6’0’1)} (3.3)
L(wa,,a,)= Zj:) exp(iwﬁazzg)exp{—% z,jjdz2 (3.4)

The integralsl, and |, are evaluated by using Laplace transform method. In particular, def'zﬁingt
and z§ =1, the integrals (3.3) and (3.4) are respectively given by

= exp{—lz(l— 2iwﬁ01)}Mdt = L{Mj 5= L;Vﬁ”l} (3.5)

n n

j F{ jexdlwﬂa t) ‘= {exr(ll//vfﬂazt),s _ %} 3.6)
where
L[g(t), 5] = J:w e%g(t)dt, S>0 (3.7)

defines the Laplace transformggt):
The Laplace transforms in equations (3.5) and (3.6) becomes respectively:

cos J_) N

I o7
e \_, (1 _ ,\_ ~m

o)) as &9

and the characteristics function (3.2) is given by:

N exp{— 1(""'3)22} exp{— iwB(a, +a,)+ (W'B)Zalz}
AREE

21+ 4(wpa,) 1+ 4(wpa,)
V1-4(wpYa.a, - 2iwp(a, + a,)
Finally, the probability density function, is obtained by applying the inverse Fourier transform

(3.10)

to the characteristic functiof™ , that is
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f.(¢)= F‘l(z'wZ ): — | /M™™dw 3.11
<) il (3.11)
jn which F ™ is the inverse Fourier transform operator, define as
Ff(w),x] = ZL I v (w)dw (3.12)
J19—®
from equation (3.10) and (3.11) we obtain the general expression of the prolospisitly functionf, .
2 2
ex —EL)Z exp! —iws(a, +af2)+%0/12 dw
21+ 4(wpa,) 1+ 4(wpa,) (3.13)
J1-4(wBYaa, - 2iwp(a, +a,)

1 po
fZ(Z):EJ’_wg iwg

4.0 The zero-mean value processes
The stochastic distribution (2.1) has zero mean value if G=t0H In this case expression (2.4)
may be rewritten as

w=olFz, +G(z% - 22)| (4. 1)
And the dimensionless procedsin (2.11) may be rewritten as
¢ =plz,+alz?-22) (4.2)

where

G(x,y) 1
and f = ———
F(x ) J1+4a?
Let us note that G+H = 0 implies, = —a, of equation (2.10). The distribution with zero —mean value

has then only one parameter. The expressions (2.13) of the third moment and (2.1fusfithmeoment
become as the following

a =

7°=6p%, " =3p"1+240" +48a") 4.3)
Finally, the probability density function (3.13) for the zero-mean psasaseduces itself to
;2 (WBy )
s 1+ 4(wBa)? ( wB)a H
== cogw { +f——"F"—-||dw (4.4)
IO V1+4(wpBa)? 1+ 4(wBa )?

Figure 4.1 shows the probability density function (4.4), for fixed vafube parameterr . Let us note
that the probability density function (4.4) tends to the Gaussian digtibubhena — 0.
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Figure 4.1: The probability density function fc (equation (4.4), for fixed values of¥ . The fc tends to the Gaussiat

distribution as @ -0.

5.0  Conclusion

The properties of the distributi
w(x,y,t)= f(x, y)acos[X (t)]+ g(x, y)a? cos?[X )]+ h(x, y)a?sin2[x (t)] have been investigate
For this purpose the analytical expressions optiedability density function were deriv

It is illustrated that all these properties depapdn two deterministic parameters nara, and

a,. For zero mean Gaussian processes we a,=-a, and the distribution has only one degres

freedom.

These biparameters will be useful in solving some problehsandom ocean waves. Fi it
allows the designer to choose wave parametersnéthimit that will yield an acceptable level oski
Second, such probabilistitased design criterion may result in substantiat saving if uncertainties
the wave estimates are incorpora
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