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Abstract

Adomian decomposition has been applied to a variety of integral equations
with resounding success. Recently Wazwaz applied it to weakly singular second-kind
Volterra-type of integral equation. It isthe measure of success of the above that has
inspired this work. It is our contention that applying the decomposition method to
integral equation with Cauchy Kernel will lead to successful result. Indeed as
demonstrated in the application below it leads to result with desired accuracy.
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1.0 Introduction

The application of Adomian decomposition method [1, 2, 3] to integredtens gives solutions
in form of rapidly convergent power series with elegantly contpetéerms [5]. The power series so
developed yields either exact solutions in a closed form or aecapatoximate solutions by considering
a truncated number of terms [1, 8] for real life problems.etemt times, the stiff cancelling ‘noise’ term
was introduced by G. Adomian [3] and used successfully by WazwazTbé main approach of the
decomposition method is demonstrated below.

Consider the Volterra integral equation of the form

u(t) =g(t) + j' k(s,t)u(s)ds, t[o0, 1] (1.1)

where the non-homogenous pgft) is sufficiently smooth to guarantee the existence of uniglugien
u(t) for tJ[0,1]. To apply Adomian method, (1.1) is rewritten in an operator form given by

u(t) = g(t) + L(u(t)) (1.2)
t
where the operatdr is defined by L(u(t)) = '[ k(s,t)u(s)ds (1.3)
0
The method consists of representit) in (1.2) by the decomposition series
u(t) =2 U, (1.4)
n=0
substituting (1.4) in both sides of (1.2) leads §_ U, (t) = g(t) + L(ZU . (t)} (1.5)
n=0 n=0

The componentt) ;,U,,U,...U, of U(t) in (1.4) are defined in a recurrent manner by using
the algorithmU, = g(t)
Uy =LU )k =20 (1.6)
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Algorithm (1.6) is equivalent tJ , = g(t),

U, = j k(s t)U,(s)ds

—

j k(s,t)U,(s)ds (1.7)

0

The componentt) ,,U, ...U  are readily computed and hengg of (1.1) follows immediately
in the series form using (1.4). The series form obtained(fpmostly yields exact solution in closed

t

form see [6]. In real life (1.4) is usually evaluated asdated seriesZUn(t) and it has been
n=0

established in [2, 8, 11] that few terms of the series yield results with ¢éghaay.

2.0  Application to integral equation with Cauchy Kernels.
In this section our main focus is on the application of decompositethat to Voltera-type of
integral equation with Cauchy Kernel i.e. equation of the form

t
U (t) = g(t) +jk(s,t)U "(s)ds, t[0,1] (2.2)
0
wherek(s,t) = ﬁ n = 0. For the linear form of (2.1) examples include equation
(-5
UM =gt -=[———U(s)ds 2.2)
T04\t-5s
whereg(t) =1+ 2t Applying the decomposition method we have
U, =1+2t (2.3)
U __J’M (2.4)
Put s=tsin’ @ (2.5)
Then ds=2tsind cos6 df (2.6)
U -—j/(1+ Jtsing)singde 2.7)
on integrating (2.7) we have U, =% —% (2.8)
|

k

Similarly, u,,...u,---, can be evaluated ang{t) = Z U (t) is approximated to the desired degree. |t
n=0

can be observed that a similar problem is given as

u(t) =1+ z\/'—j —U (s)ds (2.9)

with the solution u(t) = 2.10)
This is so because of the noise terms cancelling effect.
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3.0 Non linear integral equation with Cauchy Kernel
Here the non linear integral equation with Cauchy Kernel of the form

u(t):g(t)%l [ \/ta__s u(s)ds t0[0, T] (3.1)

is examined when the non-homogeneous pgéjtis sufficiently smooth to ensure the existence of a
unique solutioru(t) for t [0, T]. T is a constant andlis an integee 2. The operator form of (3.1) is

ut) = gt) +§(u"(t) (3.2)

u"(s)ds (3.3)

where the operatok is defined by  L(u"(t)) = j: ta

Ji-s

The analysis of the non-linear model is similar to the lineadlehexcept that in the non-linear model the
non-linear terms under the integration sign in (3.1) is equated to the polysenesa represented as

u() = A0 34

where theA's are the Adomian polynomials and the scheme for generating therbeen established
by Adomian [3]. The frame work for generating the polynomial is as defiled/be

A, = T(up)
d u? d?

A, ZUZE f(uo)"'?l!duo f(u,) (3.5)

A =u, -4 () +uu 94 fw )+“—13d—3 f(u,), where f (U)u". Substituting (1.4) and (2.4)
“du, 0 T fdug Y 3dud ' ' '
in (2.2) we have, SUL () = g(t) + L(Z An(t)j (3.6)
n=0 n=0

Just as in linear caseXt) are defined in recurrent manner By, (t) = g(t) .

U,.=L(A) n=0 (3.7)
so that (3.7) is equivalent td ,(t) = g(t), U, = L(A) = I:k(t,s)Ab(s)ds (3.8)

1
U,= L(Ai):J-Ok(t,s)Al(s)ds. In this manner the componentk, U,...U  are elegantly determined
by using (3.8). Therefore this solution of (3.4) in series form is immediate.

4.0  Application to non-linear integral equation with Cauchy Kernel
Here the integral equation of the form
11 U’(s
u® = g+~ [ -4
meo (t- S)%
is considered. As in (1.3(t) is sufficiently smooth, thus guaranteeing thistence of a unique solution
u(t) for t J[0.,1] andn = 2. In an operator form (4.1) becomes

u(t) = g(t)% ') (4.2)

ds Kk(t,s) (4.1)

where the operatdr is defined as L(u"(t)) = J-:k(t, s)u"(s)ds (4.3)
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Like in the linear form the solution(t) of (4.3) is represented by a series. Thered#farence
however in that the non linear tern$"(t) under the integral sign in (4.3) will be equatedthe

polynomial series represented as u't) = z A (1) (4.4
n=0

where theA, are the so called Adomian polynomials [2]. In{2¢ scheme for generatidg polynomial
has been demonstrated. Below is an outline forfrdn@e work. The recurrent relationship in (39) i

a

equivalent toui (t) = g(t), u,(t) = L(A,) [ ; A

a

w0 =LA = Al (4.5)

As in linear integral equation),, U;,U,, ... are elegantly determined by using (4.2). Theesesblution

k
for (3.3) follows immediately either in close foilonthe truncated serieEn:O u, .

Example4.1
.43 1ev 10,

ut)y =t + 2tz - = [ 2y (g)ds 4.6
O =t + 3t -2 [ = *6)

Applying the definition ofJ, N=0, 1, 2 we haveA =UZ, A =2U,U,,

A, =20,U, +U7] 4.7)
Using (4.1) and (4.7) in (4.2) leads to A, = t}/2 +gt% (4.8)
11 1

d U, =-= UZ(s)ds 4.9
an ] e (4.9)

Using the transformatios = t Sin° @, we have

1 4.3 1285 12 7

=—— ——t/z——8t/2——5 _t/z_... (4.10)
ml 3 45 315

Here the cancelling noise term is absent and thati@o u(t) can be approximated accurately by as

1

k
u(t) = Z u,(t) where as demonstrated by Adomikis small for very accurate result.
n=0

5.0 Conclusion

The Adomian methodology provides excellent resoitiftegral equation with Cauchy Kernel just as it
provides solutions for singular integral equatiovisether linear or non-linear. As has been dematesirhere it
provides numerical solution for the class of equragiconsidered above with high accuracy level.
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