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Abstract

In this paper, we employ perturbation procedures in asymptotic expansions of
the various variables to determine the dynamic buckling load of a lightly damped elastic
guadratic model structure modulated by a dynamic periodic load. We finally relate the
dynamic buckling load to its static equivalent and show that given any one of them, the
other can automatically be obtained.

1.0 Introduction

The elastic stability of most engineering materials whedddastatically or dynamically,
is @ major concern to practitioners of engineering professidmaplied Mathematicians alike ,at least
,from the perspective of design and production. Most engineeringusgsidtil when loaded beyond the
stability limit and initial imperfections have been serlgumplicated as major causes of such failures.
The initial imperfection could be deterministic or stochastiad, in most cases, are normally introduced
inadvertently into the structure during the manufacturing procBesiansky and Hutchinson [1-3 ] were
the first to prop into the dynamic stability of such structuaed thus pioneered early analyses of
imperfection-sensitivity of these structures. Amongst theyneamly topics of their investigation, was the
elastic quadratic model structure which is a mathematicakrgézation of most commonly used
engineering structures. In this investigation, we shed further dighthe understanding of the dynamic
stability of a lightly and viscously damped quadratic structure modulated bipdipdoad.

2.0 Formulation

A simple structure that ably captures the mathematicallsleif a quadratic structure is a two-
arm simply-supported column, each of lengflcarrying a masM at their meeting point from where is
attached a nonlinear spring of spring-characteris{isee Figure 2.1).

The spring produces a nonlinear restoring force per unit lengifaloé F = KL({—aEz),

where £ is the additional movement of the column from the equilibrium jpositWe assume to be
the initial displacement. The equation of equilibrium as in [1-3] is

(2{_:2(4.(1_/])5—0{2:A§?|?(t) ; 5(0):%@:0,0<)l<1,0<3<1 (2.1)
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Figure 2.1: A simple Quadratic — Elastic Model
where a is the imperfection-sensitivity parameter and is a load parameter which has been

KL _
nondimensionalized with respect to the classical buckling Jbadjiven by A :7 .Here F (t) is the
loading history, which , in [1-3] ,was the step load giverF_lﬂz)zl. The critical static buckling load ¢

is obtained by neglecting the inertia term, setlﬁl@)zl and using the conditiogi =0 to obtain

(1-2F =4l ) =2
For the step loading case, we ﬁ([)zl and use a similar process to obtain the dynamic buckling load
A, as

16/ -+
(-20) =2 (0E ), (2.3)
On eIiminatinga'g? from (2.2) and (2.3), we have
2
Ao _3[124 (2.4)
As 4l 1-Ag

Danielson [4] made a two-fold refinement of the Budiansky/Hutomimsodel by introducing an
additional spring with sprinl§ , and massM , (see Figure 2.2) with the aim of stimulating pre-buckling

motion, and so derived the following coupled equations, which we hateerfumproved in this
investigation by introducing uniform viscous damping on the two modes:

1d%, . dg . KAG+2E)_ =

of T2 T ot A =F(7) (25)
1, d& . 2. Ko _ .

Far g ral-g)-ag +—Acé(<i+f)(<i+2$)—ffo (26)
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Figure 2.2: A simple Quadratic — Elastic Model Stucture

5(0)=%T(°)=o;i 0,14, =%,wo=(%j2 a4=(%] 2.7)

where ), and ¢, are the circular frequencies of the pre-buckling még(é') and buckling modefl(T)

respectively andl is the time variable. Danielson, using a perturbation analysssMathieu-type of
instability, solved the undamped version of equations (2.5) and (2.$1)efcaself(T)=1 (i.e. step load),
neglecting the pre-buckling inertia, and obtained the followiegults in two intervals of ratio of

frequencies, namely

2
(A_DJ:E(]'_ADJ ,for O<(ﬂj<1 (2.8)
A ) 4l1-Ag @) 2

2
2
(j_Dj = 5 , for % < (ﬂj <] (2.9)
W
a9 d -
9\ w
In the present study, we extend Danielson’s analysis bynmalkree major refinements thus: (a) the
inclusion of a dynamic periodic load as was the case in [Shéantroduction of light viscous damping,
and (c) the non-neglect of the pre-buckling inertia term .Unli&ei&son’s study, we avoid the use of
Mathieu-type of instability, for as noted by Budiansky [3,page 1@bis,type of instability is usually
associated with many cycles of oscillation as opposed to just onefsysdtillation that normally triggers

off dynamic buckling .Analyses similar to the present one were tgrievalbonas [6] , Wei et al [7]
,Batra and Wei [8] and Zhang et al [9] among others .

3.0 Method of solution

We lett = T,f(t)= If(ij =cosgt , and note that% = a)o% . Thus , the governing
W,

equations (2.5) -(2.7) become
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dz‘z 2$5d‘z° +& - E(<i+23):mpcos9t (3.4

‘f;} +2£5 S0 Qz(a—cifo)—aqzaz+%Q2(ff+zfﬁ+zzz)=qzzso (22
dé.

5,-(0):%=0, j=0,2 (39

where
_ _ 1
20,8 =c,@, , 20.F =co[%j 0<3,,0,<1, Q:% ,o<%< LP= 7 0= Q*,0<0<1

We consider0<g?<1 and assume that both] and g? are mathematically unrelated. These two
parameters are considered small compared to unity .In our aquesblfition, we are to determine a
particular value ofA, namely A, ,called the dynamic buckling load , for which the structure becomes

dynamically unstable. We defind, as the largest load parameter for which the solution of ieqsat
(3.1)-(3.3) remains bounded for all tirhe> 0. We shall [1-5] determinél, from the maximization

dd; = 0’ fm = meax + flmax (34) Where

omax @Nd & are the maximum values d?o(t) and El(t) respectively. Our initial pre-occupation

will now be to determine,,. and ;... which we henceforth embark. Lettimg= & t , we have

Uoog e, Shmg vorg, 8%, i=01 where

a subscrlpt following a comma indicates partiafedéntiation. We let
&)=L r)0 &, &t)=D> " tr)T & (35)where
i=1 j=0 i=1 j=1
the termsij ,asin{'! and#'! ,are superscripts and not powers. On substitutitmy (3.1)-(3.3), using
(3.5), we get the following:

LU =% + 7% = Peosht (36)
LWgh =201 ~26,07 (37)
g2 =207 = 20,0t =0 = 28,0 (38)
LWz =0 (39)
077 =272 29,0 (319
g% =207 - 20,0 =7, ~ 20 +%{(ﬂ“)2 +27'} (317
C

,711 _,7“ QZ 11 Q2Z10 (312)
?=QA -2t 207 (313
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L(z) ,721 - Qz ,711 ZlO (3 1 4)

L(z),722 - Qz(nllzll+,712Z10)+O,Q2(,711)2 _ _25,721 (3159
initial conditions are evaluated étl; r) = (0,0) as
{1=00=0,{¥+{¥=0,{3¥=0,{*+{*=0i=123 )= 0123 (316‘&)
n'=07¢=0,7¢ +n? =0,7=0,77 +n¥ = 0,p= k-1, k=1,2,3,; On

i=123.-j =123 (3163)

solving (3.6a) with appropriate initial conditioims(3.16a), we have

7 =a,,(r)cost + B,(r)sint + PcosAt , P= (317a)

We now
alo(o) =-P, 1310(0) =0 (3-17b)

substitute for{*° in (3.7), and to ensure a uniformly valid solutiarthe time scale t, equate to zero the

coefficients of cost angnt to get
Bi+0,B8,=0 and al,+3d,a,,=0 (318a)where

I

( ) =¥. We solve (3.18a) together with (3.17b) to get
T

alO(T) = alo(o) O ﬁlo(r) =0; aio(o) - _500'10(0) =6,P (3-183) Thus we
have

* =a,(r)cost + Pcosgt (319)0n
solving the remaining equation in (3.7), we have

*(t,7) = a,,(r)cost + B,,(r)sint, a,,(0) = 0, B,,(0) = -2}, (0) = -5,P (320)we next
substitute the relevant terms into (3.8) and ,suema uniformly valid solution in the time scalequate
to zero the coefficients of cost and sint to gspestively

ﬁ11+5ﬁ11 (alO +25 alO) and a11+5all _O (3'21)On

solving (3.21), we get
1 —OnT T " ] T
ﬂll(r) = Ee ” .[(alo(s) +20,010(S) )edo ds+ Zﬂll(o):|’ all(r) =0 (322)The
0

remaining equation in (3.8) is solved to get

72 =a,,(r)cost + B,,(r)sint,a,,(0)= 0, B,(0)=0 (323)we now
substitute ford *°from (3.19) into (3.12) and get

L™ =pt + Q%™ = Q2(a,, cost + Pcosh ) (324) The

solution of (3.24) using appropriate initial comaiits is

a,,cost

:aﬂ(r)coth+bll(r)sith+Q2( = +(Q2F—)672)j (3.25a)

0= P =[ gt ey i0)=0 @2
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We next substitute into (3.13) and to ensure umifprvalid solution int, equate to zero the coefficients
of cogt and sitQt to get respectively

b,+db,=0 and a&,+da,=0 (326a)0n
solving (3.26a), we get
b, = 0,a,(r)=a,0)e* , &,(0)=-9a,(0) (3260) Therefore
we have
g P
=a,,(r)cosQt+ Qz(aé’ffl o )J (326c) The

remaining equation in (3.13) is solved to get
H, sint stinﬁt

n? =a,cot+b,sinQt+ 7 =+ 7 (327a)where
_ 2Q%, 20Q% _26,Q*P6 =
()= 0, - 200 | ()= 20000 0= pn (s2m)
20,0, 2 20,6
0, ,H PQ°h, ,h, = 327

n={a 228 - 2 b 0=Pom, n,= 220 (3219

Thus we have
5 h _&h %
0)=0,b,l0)=P .h -0 Iy~ 327)The

ad0=0.,0=Pon n,={ - g B (a2
solution of (3.9) is

ZzozazoC03+lgzoSint ,0’20(0):,320(0):0 (328)W€
substitute into (3.10) and maintain a uniformlyidaolution in the time scaleto get

a,(1)=B,(r)=0 and  ¢®(t,7)=0 (329 The
solution of the remaining equation in (3.10) is

{*=a,cos+B,sint ,a,,(0)=2,(0)=0 (330we next
substitute into (3.11) and equate to zero the mefits of cost andint and obtain respectively

K. Q%
B+ B3, =—%—% , and a,,+J,a,,=0 331a)We solve
21" Q021 m 21" %421 ( )

(3.31a) to get
KOQze—JOr T OQ P

,[5’21(T):—mjalo(s)e%sds, 0’21(T):0, :621( ) m (331))The

remaining equation in (3.11) is now

077 =22[R,,+R, co2Qt +Rfcodt+Q) t+codi-Q) § +Rfeods+ Q) t+c0Q-6)

+R,,cot + R coR8t+R,{cofl+6) t+codl-6) th+2Q {ag Cof + (Zcosgzt)H (332
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7%(00)=0,¢%(00)+¢*(00)=0 (3.33)
where
Q'al . P?
7 o7 -1) 2o —er) R0 (PQ*)rys, (3.34)

_1 2 1 F 1 ail 522 :r
fs = 2{"6 +Q2—1+Q4(Q2_62)} R24( ) R24( ) (PQY) (PN P

R()= Qe Ru(0)=(FQY, . Rulr)=- 2% R (0)=(F

Rys =

/\
I\J
N
N
I\Jﬁ
()]
—
w
w
o)

(Q*-6%)’
= —bRy(r)= 20 R (0)= (BQY)ry 1y = - b (337)
26 6 1 1\27 E(ﬂ 7 271127 2Q%-1) :
P2 = o2 1
st(r) 2(Q 02) st( ) (PQ%) F2g 1128 = 2(Q2—92) (3-38)
alOP = _ 1
Rzg() 2(Q 1)(Q 92) Rzg(o)_P F29 1129 = 2(Q2—1)(Q2—92) (3-39)
solution of (3.32a, b) is
_ lo4 ( 1 1
0’22(0) (PQ) 30 T30 = {r23+1 4Q? +Q[2—Q 2+Qj
1 1 2r r log
e Ty 3.40
”26{1—(@2—62)*1—(@2+eZ)} FPL-Q) 3 -4 o
e | 1 1 2 _
e e e =
We next substitute into (3.14) and get
L2 =R +R cos2t + R, cos26t+R, codf+1)t+R, cofl-6)t
+R{codQ +8)t +coqd- Q) t} + +R {codQ +1) t +cof1-Q) 1} ] (341a)
n*(00)=0 1721(00)_0 (341)
R):QZ{(QLD_Q) glOQl} Ro( ) (PQ) fo, fo = 1[Q 192 +Q21_1J (3-41C)
_ @’ 1 _ PQ
R1_2(Q D R,(0)=(PQ)r, 1, = W ’Rz—wv (4.41d
— (P2 — 1
R,(0)=(PQ)’r, ’rz—m (3.419
Pa’loQ _[z~2)
{5 @y RO (a411)

=1 1 PalOQ 1 1 _ _(5~2)
e {(Q -0) (Q 1)} R, = 2 {(Q2_g) + (Q? _1)}’R4(0)— (PQ ) " (3.4lg)
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—ryr =P2Q g 0= —r r=@AQ oo
(=r) R =2 R(0)={PQ S i =1, R, = A R(0=(Pfr,  (34m),
=" (341)

solution of (3.41a,b) is
P)=| aalr)cose b (r)singus By 4 RO, Froostor , Bcoddn i)

L Rcodl-6)t R [cod6-Q)t _cod+Q)t],  [codl-Q)t _codl+Q)t
R,cos1-0)t - R, (342a)
Q -(1- oy 9 2Q-6 2Q+86 2Q-1 2Q+1 We now

_ _(5~2 _ r_o r I, I3 _
2,,(0)=-(FQ* .1, [Q4+Q2—4+Q2—402+Q (9+1) QZ—(l—H)2

_ r__,,{ 1 1 H,bﬂ(o):o (3420)

612Q*-1 2Q°+1
simplify the following multiplications needed ingmext round of substitution into (3.15) as:

77 = Do fsin(1+ Q) t+sin1-Q)1

. Qz{ {alo(l(;Z_CfSZt) @ 02 ){sm(1+ Q)t+sin(L- Q)t}} H (343a)

i = %Tblz{sm(u Q)t+sin(L-Q)+ %{sm(e +Q)t+sin(Q-8)1

.\ Hzlfgozsinl)zt . 2(Q ){S|n(l+ 6)t +sin(L-6)t} + _(A){sm 1+8)t+sin(@-1)t} If we
H,Psingt
. jﬁﬂ (3430)

now substitute into (3.15) and to ensure uniforrdyid solution int, equate to zero the coefficients of
cosQt andsinQt, we get the following respective equations

by, +db,, =0 and a,+da, =0 (344a) The
solutions of (3.44a) are
b,y(7)= 0 2,,(r) = ay,,(0)e™™ (344)if we

regroup the remaining terms in (3.15), we get
@n22 =R, +R,sin2t + R,cos2t + R ,sin20 t + R, cos28 t + R, sinl+6) t+ R, sin(6-1) t
+R,,coql+8)t+R,.cofl-8) t+ R, sin(Q+8) t+R,,sin(Q-8) t+ R sin(Q+1)t
+Ryo8inL-Q) t+ Ry codl+Q) t+ Ry, codl-Q) t+ R, {codQ + ) t+codQ-6) 1} (345a)
1%(00)=0.7:*(00)+77(00) (34%0)

S —
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RBZ[QZHlal L 4R, 45%% [Qﬂn o0, ananafo}
Q-1 @*-4 @-4]"" @-1 (@*-y

| QH,P | 456R, ., @ QP2
o ) ) S TR
1 QHP HaQ | 251+0R |, 25(1+6)R
/[@-1]) (@-¢) @*-(+of @-(+6F
1 _QHP HaQ  250-6R 251(1—9)&}
2, @-Y @-¢) @-(-6f @-(-6f
R <], @QaaP | o o _[QPh, 25(0+QR _23(6+QR
S (N | P | 8717 6(2Q+6) 6(2Q+6)
R, = 25,(6-QR; _25,(6-QR,
! 2 0(20-6)  6(2Q-06)
R =| Qhdn, QalP  Qab, 250+QR_25(1+QR,
& 2 2@?*-¢?) 2 20+1 2Q+1
R, =| QA Q“AP _Qaub, , 25(1-QR 2501-QR
® 2 2lQ*-¢?) 2 20-1 20-1

aQ' _ P’
R = g oRet = R Rex = =

R.=

Rs=

Q°Pb, _

have

R (0)=alPfr,.r,

= B[ = hl Q — 85051 450r1
R,(0) U(QP) g+ lg [ 207-1) Qo -1o7-4) + Q2 _J

Rg(o):—(QZIS)zrg, rgzg( D 4+aQt P) R,(0)=P?%, .1, = { .

o

N

1
+Q +———+ o)
{Qr Q? o Q? }

4516? r,
-& Q2 - 46°

R.(0)=a (Q°P)’r, .t

)}
)

_(50F, . -|Q[ h h, 261-6)r,(0, -1)
R14(O) = (Q2|5) 4214 = ﬁﬁ) ) Ris(o) =R,

(3460)

(346c)
(346d)
(3462)
(346f)
(346g)
(346n)
(346])

(346j)we also

(347a)
(347)

(3.479
(347d)

(347¢)

(3471)

(3479)
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R(0)=(PQf 1 1 —{%— 2%853{6 + 251((2%195);)%} (347h)

0= (Rl v, <[ 2200 2810l (3e7)

—(BAF _ } 2 1 _Qh 201(1+Q)I’7_201(1+ )r6 i
R.B(O)_(PQ) g » r18—{2Qaz){ Is Qz_ez} > + 20+1 20+1 (3.47])

— B — 1 2 _ 1 _th 251(1_Q)r7_251(1_Q)r6
Rig(O)—(PQ)Zl’lg, r19_|:2Q 50{ e QZ—HZ} 5 + 20-1 20-1 (347k)

Ry0(0) = R,1(0) = a(Q°P) 21y, 1o =

The
r,

P)?ry01 Ty = — 3.47
Gy Rel0)= @PY ot (o-a) 47

solution of (3.45a,b) is
2 Rgsm 2t RQCOSZI R,sin26t R, cos26t
n-= [ azz(T)COSQt +b22( )SIth+ Q’ Q-4 Q* -4 + Q- 46° + Q- 46°
,Rysin(L+6)t  R,sin(6-1)t R codl+8)t R, cofl-6)t Rgsin(Q+8)t
Q*-(+8) Q*-(6-17 Q*-(+6) Q*-(-6) = 6(2Q+96)
LRysin(Q-6)t _R,sin(Q+1)t, Rysin(l-Q)t _a RycodQ+1)t , a R, cosl-Q)t

6(2Q - 6) 2Q+1 20-1 20 +1 2Q0-1 To
+F\’22{cos(Q -0)t _codQ+6) tH (3484)
6| 20Q-6 20+6

(=) far, Q% aQtir, QPr, . QP
2,(0)= (PQ[ r., 1., { Q@ Q-4 Q7 -46° |7 -@+oy} (o -@-6))

_aQ4r20 + a Q'ry + Q'ry 1 1 (348b)
20+1 20Q-1 6 |20-6 2Q+6 '

evaluateb,,(0), we note that

2 o 20, (%o 1 1
00)=(PQ)T,, T, =| & -0 N e -
n%(00) = ( Q) {Q Q-1 Q(Q )(Q -)+ 6 {ZQ—H 2Q+6’}
+r7{ 1 1 H (348)
20+1 20Q-1
Therefore, the evaluation dnfzz(O) follows from the second of (3.45b) to yield
- 2r, 207, 1+86)r, (6-1)r,
b,,\0)=P QT , T = ARy 7t 2
0)=PQ [Q -2 @ -4) - @-0-F  icwe
_(Q+9)r16+(Q_9) 17_(Q+1) 18+(1 Q) Mo 17} (3.49)
0(2Q+6) 6(2Q-0) 2Q+1 2Q-1 P
eventually have the following:
Eo :D{Zlo+fng?+flzg?2 +.”}+D2{ZZO+521<?+522<?2 +...}+... (350a)
¢ :D{/flq? +/712§?2+...}+D2{/721§?+/722<?2 +---}+--- (35(1))
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3.1 Maximum displacement
We shall now determine the maximum displaceméyjs, and ¢, ..., of &, (t) and fl(t)

respectively. Fo&,.,, the condition is
&olten7.)+ €&, (t,,7,)=0 (351)wheret,
and 7, are the critical values of t ard. We let
ty :to+<?t01+D(tlo+€?t11)+-“ 1 Iy :Eta :z{to+<?t01+D(t10+€?t11)+"'} (352) By
substituting (3.52) into (3.51) and equating thefficients of 0 ,0& and [0?, we get the following
respective equations

Z,lto (tO O) = O’ t01 1tot + thl + ero = O ’ 1:10 1t0t + tho = O (353) where
(3.53) is evaluated a(to ,O) .The first of (3.53) is evaluated to give
sint, —@sinft, =0 (354a)By
maintaining just the first two terms in the expansiin (3.54a), we have
6
t, 0, —— 35%)From the
Oy (354)

second equation in (3.53), we have

11+t 10 +
tolz——( it ng °) __[&+t)cosi (354) From the
o cost —6° cot,
' (t5.0)
third equation in (3.53), we get
521
to=——-5| =0 (354d) The
ot (t,.0)

maximum, displacemeny,,...is obtained by evaluating
(3.50a) at(ta,ra) using (3.54a-d) to get
Eomm =0 ¢+ &0+ )+ E (100 0+t 10+ ) 07 207
+o[p&)+o(® &) (355)
(3.55) is evaluated a(to ,O) .0On substituting for terms in (3.55) and simplifyinve get

where

&y = PO [T7 + & (sint, —t, costy ) + 28 2,37 sinto] + ;—O(Qzﬁ)zng?z P
C

where
rop&)+o(r &) (356a)
T, =(codt, —cost,), T, :{— ,,COS + 53+M +£{CO£1+ Qt_codl-Q) t}
1-4Q Q| 2+Q 2-Q

oo cotQ-0)t cofQ+8)t| 1,coRx  reco0t {coil—ﬁ)t co:€1+9)t}
o -+ - +-284 Y20 -
1-(Q-6f 1-(Q+6) 3 Q-4¢) eQP| 2-6 2+0

__2co0t  2coPt }
QPL-Q?) QP -¢)

(3560)

(t0.0)
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The condition for determining, .., is
&t )+ &, (t7) =0 (357a)wheret,
andr, are the values df and 7 respectively até, .., . We assume the following series
T A U B (O i L N € I
introduction of (3.51) into (3.57a), using (3.52m)d equating of the coefficients @f, ] and
DZ yieId the foIIowing respective equations

_O t01,7tt+t0,7tr+,7r_0 ti(f7tt+’7t_o (357C)Fromthe
first of (3 57c) we have
a () P&sind't
SinQt, +Qq =2 0 358a)An
s, (0jsnQT | 2600 oSN - (a5%)

approximate value ot~0 from (3.58a) is

» 1 &
6{Q s +(Q2 _1+Q2 _sz}

t, O 7 1 (35&)From the
Q' _(QZ -2 + Q _:J
second equation in (3.57c), we have
,=- W7+ 4 [T~ Ta =Ty (35%)where
M o T
73(6.0)=PQ7T, T, { Qr coRQ T, + g;’s_t"l - HQE’O_SZZ“} (35%)
n' (£ .0)=-PQ7T, T, :( OrssinQt, + é;;”_]tlo] (35%)
- D — hl _ hz —r — 50
blz(O) =PQT;, T, _[QZ 10— fe —Q2 _J (359d) From the
72(5.0)=FQ°T, T, = {Ts R~ } (35%)
(5.0 =PQ%T,, T, :( ArscoNt, + 5Qcoi°] (359f)
third equation in (3 57c), we have
~_ 0 xS P,
ho=- = (35%)
ke (5.0 T
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(to 0)= (PQ )2 {rﬂsith _2rnsin2t - 26r,sin260t (1+6)r,sin(1+6)t

Q Q-4 QQ*-4¢°) Q*-(+ey
, (1-8)rsin(1-6)t r_S{(H +Q)sin(6+Q)t _(8-Q)sin(6- Q)t} on
Q*-@-6y 6 2Q+6 20-6
+£{(1+ Q)sin(6+Q)t _(1-Q)sin(6- Q)tH
6 2Q+1 20-1 o)

evaluating (3.50b) a(t[c, c) using(3.58b) and (3.59a-h), we have

L A gl e At B O R

sEpE L+ en®) || vo0E)+olr &) (360)

where terms not included in (3.60) will automatigalanish on evaluation. Some of the major terms in
(3.60) are evaluated as follows:

(359h)

7, 0)= PO, ,TQ:LC;S_Q;‘; 2031 r coth} (363)
7t,,0) = PQT,o, Tyo = {r J,coNt, +g;’f01 } (361)

(36x)

72(t,.0) = PQT,, T,y = {hsstt hls'”tuhzs'“gto}

Q2 QZ _1 Q2 _92
LCO | r,co20t  r,codl+8)t
Qz -4 (Qz _492) Qz _(1+9)2

7t 0)=(PQY)?T,,. Ty, Lg’z—rwcosQH

L FsCofl-)t 1, [codQ+6)t _codd-Q)t] COS{l Q)_coxl+Q) (361)
Q--6f ol 206 28 Q71 Rl
. % 20,c082t gty cos(L+8)t
72(5.0)=(PQf T Ty = {Q“ﬂ"mt -1 Q@ -4f*-1) @ -(+ef
. Leffl{cos(e-Q) _codf+Q)t H (361

P | 2Q-6 2+ )19

T,gSiNQ't Lan T sin2t _ Q’r, cos2t + rosin26t QOn
Q Q2 Q24 Q2 4 Q2 492
12Q%r, cos28t _ r,sin(l+8)t  r,sin(@-1t  PQ‘r,codd+1)t  PQ*r,codl-6)t
+ + + + Y4
-4 Qi -rof @ -l-F -+ {ot-G-ef
_eSinQ+0)t |, 1 sin(Q-6)t _rgsinQ+ 1)t resin@-Q)t _a rycodQ+1)t

'722(% ,O) = (5Q)2T19 T = [rzz cosQt+

6(2Q+6)  6(Q-46) (2Q+1) 6(2Q-1) P2Q+1)
+a rzﬁo)(c;czgs(:)cz)t . rgl{cosz(g - :)t _ co;(g: g) tH N (3611)

substituting all the relevant terms into (3.60) airdplifying, we have
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{1max =l [ ISQZ@?TQ + 32 (E)ISQleo + lSQZTll)]"' 0 |. (5Q2)2T12<?+ gz{ﬂoﬁQleo + ﬁoi:nﬁQle From

—§,5PQT, +L,PQT, +§,PQ7T, + L (PQ) T, + (5Q)2T19} +o[p&)+o(2 &) (3.62)
(3.4), the net maximum displacemef)i comes from (3.56a) and (3.62) as

& =c,0+C,0°+-- ,C, =P [T7 + f{ (sint, —t, cost, )+ Q2T9}+ &2{ot, 0, sint, + ,Q?T,,

+Q?T, }| (363a) 5 ,
~ 2 — B 2 3 _ ~ —_ —_ ~ —_~ —~ ~ ~ .

C,= [(PQZ) §Tp+¢ Z{KA(PA&)L + 4 PQ Ty + Lol PQ*T, — 1l PQ°T, + §,PQ°T,

+5,PQ7T, +§,(FQ)*T, + (FQ)*T, } | (363b)

Dynamic buckling load
As in [1-5], the dynamic buckling load, is obtained from the maximization in (3.4) .Theaisu
procedure [5] is to, first of all , reverse theisg{3.63a) so that we have

O=d,&, +d,&2 +--- (364a) By
substituting into (3.64a) fo€ . from (3.63a) and equating the coefficientsLéfand [, we have the
following respective values:

1 C
d=—,d,=--2 364p)The
S ihr (3640)
maximization (3.4) easily follows, through (3.64a@)give
d C?
A )= ——_1 - 364c)where
fm( D) me 2d2 2C2 ( )

¢ is the value off | at buckling whered = A, . On evaluating (3.64a) at = A, we have

C

0,=—% 3.65
°7C, (3.65)
wherel], is the value of] at A = A, . On substituting fot], into (3.65), we get the dynamic buckling
load A, as
2
w, C
Ay = | =2 366
(o] -2 (356)

4.0 Special result; the casé =1

The valuef =1 is one of the cases whete aboveanalysisfails because there is a high level of
parametric resonance in the equations of the leastrs of the perturbation parameters leading to
unbounded solution. In this case, the frequencyhefforcing function is equal to that of the natura
vibration of the unloaded structure. An approximiai fairly straightforward and accurate soluti@nc
be obtained by disregarding the pre-buckling iaeas well as the viscous damping on the pre-bugklin
mode so that, from (3.1) and (3.2), we have

&(1)0526 (6, +2+ £} D Pos (4.1)
ddi":l + 2?51% +Q%¢,(1-OPcost) - Qzé’f[a + K/]O‘t] =Q’ O&P cost (4.2)
£(0)=%0) - (43
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where (4.2) is obtained by substituting f@(t) from (4.1) into (3.2).Using the fact that

% =&, +&&,,, we now solve (4.1) and (4.3) by letting
&)= At )D& (44)where the
i=1 j=1
ij,asin Al are superscripts and not powers. On substitiritagy(4.2a), we get
SAl = A+ QPAM = Q%Pcost (45)
SA? =2l ~ 25 A (46)
SA?' = — AQ*Pcost) (47)
SA” = - A2(Q?Pcost) + aQ?(Af — 2A% — 25, A% (48) The

initial conditions are evaluated ft7)=(00) as
Al=0fori =1,2,3;5 ] =1,2,3;-; A =0,AT + AT =0; A7 =0
A%+ AP =0;p=k-1k=2,3,4;- (49
solving (4.5),using appropriate initial conditiome have

2 2

A7) :Ill(r)coth+I12(r)sith+%; 1,,(0) :—QQ2 P1’ 1,,(00=0 (410 we
now substitute into (4.6), and to ensure a unifgrmallid solution in t, we have

I, +40,,=0, and I.,+3],=0 (411)The
solutions of (4.11a) are

l,,=1,(0e?% ,1,=0 (41D) Therefore

2
we have At,7)=1,,co0t+ QQF:C(:)LS (41x)
The remaining equation in (4.6) is solved to get
. 20,Q°Psint QP4 (1+Q

Alz(t’ T) = |21(T)C05Q t +|22(T)S|th+le—_1 ' |21(0) =0 lzz(o) = __(%)_) (412) On

substituting into (4.7) and solving the equatioe, vave

Aﬂ(t’f)=|24(T)COSQt+I25(r)sith+sz[ln{cos(Q_l)t _cos(Q+1)t}

2 20-1 20+1
+P(2-‘)2{(;'2 + ((SSS—ZELH ( 4.l3a) If we
|24(0) = _(PQ2 )2 Qo Go = [QzQ(;;_zAr) B (Qz _1)(24Q2 _1)} ,|25(0) =0 (4-13))

substitute into (4.8) and ensure a uniformly vaalution int by equating to zero the coefficients of
cosQt andsinQt , we get the following respective equations

|é5+51|25:0and |’24+51|24:O (41@)
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On solving (4.14a) we have
«(r)=1,5(0)e*" =0,1,,(0) e (42140)1f we re-
arrange the remaining terms in the substitution {4t8),we have

SA?=p + p,cot + pfcogQ+1)t-cogQ-1) ¢+ p,sifQ+] t+p,sinQ-D t

+P, sin (415)
A#(00)=0,A%(00)+ A%(00)=0 (419)
R (S| ERESAFSEEE (a2

_[ PR, _ PQA,(+Q) _ PQL,(+Q)|  _[PQ, _ PQL(Q-1)  PQ,(Q-1)
p“{ 2 20+1  20+1 }’p&"{ 2 20-1  20+1 }(4'166
pl(o):a(PQz)qllql{QzL_J 0,(0)=a (PQ?)a, ,qZ:%(QZL_J (4.16c)

_ loot)g o - _(poe _ [ a0+@?) | (@+1)a-9) On
30_ P 343~ 1!40_ P 4 Ug =7 -+ 2 4.16d
ps(0)= (PQ?)a; .a; =, p,(0) = (PQ?)a, . LQ(Qz_l) (2Q+1)Q*-1) (4160

o (po)q q - 90+Q7) . @-2a-5) }
5(0)=a (PQ”)d; ,0s = - 5+ - 4.16e
p ( ) ( )q q {ZQ(QZ—l) (2Q—1)(Q _1) ( )
solving (4.15a,b), we have

2l N . P, P,COS2t | p,sin2t codQ-1)t codQ+1)t
Aur) =l cosQt el sinQgs + Q-4 Q-4 +p3{ Q-1  2Q+1
_ p4sin(Q+1)t+ pssin(Q—l)t+ pefinZt} (417)
20+1 20-1 Q-1
—_ 2)? —| % 9, 29,
1,5(0)=-a(PQ*f q, ., {Q2+Q2_4+4Q2 _J (418a)

|27(0)=_1[ 22p6 _p4(1+Q) Q- 1)p5+| szlll{ 1 1 }} (4'18))
QQ° -4 20+1 20-1 2 2Q- 1 20+1 o

On further simplifying (4.18b) we have
0)=-(pe)a 0,2 3 2, -G G0 g b (a2 Thus e
have

& (t) =O(AE + APE? 4. [P (APE + AZEZ . )+ (420 we let f
and 7 be the values of and 7 respectively at the maximum displacemépy, of equation (4.20).The
condition for &,,, is

&, [t.7)+&&, [i.7)=0 (429 we let
tA:fo'*'gfofi'D(flo"'gfll)-""" f:gf:g{fo+<?f01+D(f10+§?f11)+"'} (422)
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We substitute (4.20) into (4.21), using (4.22), andate the coefficients af &, 0&? and[1? & to get
the following respective equations evaluatet(f@,O):

A=0, T AL+ AREAT=0, AL+ AT=0 (423From the
first of (4.23) we get
QsinQt, —sint, =0 (4248)An
approximate value dfo from (4.24a) is
t, 0 iz (4240)we note
1+Q

the following simplifications

Altl(fo,o):PQszo,TZO:Qzl_l(QZ cosQi, -cosf, ); A%(f, 0) = M (425a)

Q —
A2(f 0)= PQ?T,, T, = Q?—l—l [2cosi, - 1+ Q?)cosQ 1, (4250)
(Q-7)sinQ-1)t
ol A _ 1 20-1 _sinx
A,t (tO'O)_PQ2T22 'T22_ Qq)S|th 2 Q -1 (Q+1)sir(Q+])t Qz -4 (4253)
Q+1 )

stfe A [0\ _ ~ 1 [cofQ-1t, cofQ+1)t,

Arl(tO'O)_(PQZ) T23,T23—{q)c§00§2t0+2(Q2 _1){ 2Q'1 2Q+1 }:| (425d)

=l 7. cor-q s 23402 G

coQ-1t_cof+Yt| _q,sinQ+)t, gsinQ-Dt (42%) o
%201 20+1 20+1 221 |4 Using
{co@ﬂ)t_co@—])t} |
. > 11| -1 2Q+1 2Q-1
A 0)=(PQ) T, Ty =| - t 425
£,0=(Pq) 0 COR +- 11 com (425f)
2@ Q4 )
some of (4.25a-f), we have the following from tlee@nd and third of (4.23)
tn=- AJLA’T :_L(Tm 4,009, j’tlo: % =1z (426)The
A,It (f 0) TZO Q 1 A,tt TZO
o (f00)

t0.0

maximum displacemen{,,, of&, in (4.2) is now evaluated from (4.20), using &,44.24b) and (4.26)
to get
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$im =D[ EAM "'C?Z(JEOA,lr1 + Alz) ] ‘ (i 0

On
+[F [Q?AZI‘*'@? 2(floAlrl +f10A,1t2 +f01A,§1+f0A,2r1+ AZZ] 0 T (4-2j
substituting into (4.27), we get
&, =0C,+2C, +-- (428a)
_poc o | £ ) fteosQt . (@+1) . .
C, = PQ%C,,C, _[Qz _l(cost CosQt)+ 3, { "1 + o7 -1) (2sint-sinQt) . (428)

2 — [t coNt, T, - .
G, = (PQZ) Ce .G = {ET% +52{ ll:;)le (Q2 _13 + |130Q221 oy o +HoTs +T24H (42&:)

Meanwhile, from the approximation in (4.1), we have

&, () m (Pcost ¥ % A“fzJ ¥ KOEZEZ{ (A1) +2a% }+ o[&?)+o (@ &2) (a20)The
C C
condition for the maximumé,,, , of &,(t) is
fo,t(fa!fa)-'-ggo,r(fa!fa):o (4303')Wherefa

and 7, are the respective valuestoind 7 for &,,, to be attained. We now let
tAa :To +<?T01+D(T10 +ET11)+' - fa :gfa :g{To +<?T01+D(T10 +2T11)+' } (4303) USing
(4.30b), we clearly observe that eventuafly, will have the form

T2 2 T2
$om = PD{COS +ﬂ} +[F ﬂ[(A”)2 +2A21] f5.0) (431 Thus,
ol A
From (4.31), we need to determine o'ﬁJywhich we now perform from the equation
AT, 0)=0 (4322)This
yields the value
T,=m (4320)where we
have taken only the least nontrivial vaIue'I:gfin (4.32b). Thus ,from (4.31), we have
2
& =0C+F G, C, =PQG, , G, =[PP q, (433)
1 2K, E%1+coRT,)| - 1+co0T, The net
cg=—{—2+ il 2 0)} o=, -reo2t 2 20) (433)
T AR (e2-1)
maximum displacemer{,, is ¢,, =&, + ¢,y and this eventually gives
S =DC11"'DZ CptCu=(G+C) ; Cp =(C4 +C8) (434) Itis now

obvious that equation (4.34a) is similar to (3)&3athat the maximum displacemefj} ()ID)at buckling
is

&)= 2%2112 (439 Asin

equation (3.65), the dynamic buckling lodg follows immediately to give
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@) _C, _ (G+C) _
AD(%) I CTn D (429

5.0 Analysis of results
The result (3.66) is valid in the intervels< 8 < 1, 1< 8 < 2, etc. and is also valid for

Q=# % 12,6,26,1+6,and (1-6) etcltis also valid provided < 9, < 1, 0<J, <1.The static

buckling load A in this case is easily obtained as

(1-A) = 4)lsq?(a+¥j (51)Thus,

from (3.66) and (5.1) we have

2 _
el all%)
A |- A2 4 — (52)Hence,
/]s (1_/15)

given either of A; orA,, we can automatically obtain the other. Similatge result (4.36) is valid

provided,Q # % 12and0< 9, <1.Itis related to equation (5.1) by

2 —
fe)all)
Ao |- G\« - (53)We also
As (1_/15)

relate equation (5.1) to (4.36) by the equation

{ee)ally)
(AD) = \GtGo A Ao (54) Al the
As (1_/15)2

results are strictly asymptotic and are generally valid faillsralues of the perturbation parameters
and ¢ .
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