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Abstract

We prove that Picard, Mann, Mann with errors, Ishikawa,
Ishikawa with errors, Noor, Noor with errors, multistep and multistep
iterations with errors are all equivalent when applied to a class of quasi-
contractive operators. Our results are extensions and generalisations of
the known results of Soltuz[11, 12].
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1.0 Introduction
Let X be a real normed spadéa non-empty, convex subsetXandT a self map irK. Let X, OK.
ThePicard iteration (see [1]) is defined by
Xy =TX,,N20 (1.1)

For any givenU,, X, J K , the sequencgu, },_, defined by
— Al 1 1.1
u., =au, +bTu, +c.s; (1.2)
where{a'}, {b}} and{cC'} are sequences in [0, 1] such that

al +b! +c’ =1foral n>0, {s'}is a bounded sequence in K aidh} = oo
n=0
is called theMann iterative scheme with errors (see [13]).

If C, = O for every N in (1.2), we have thilann iterative scheme (without errors) as

X, = arx, +biTX, (1.3)
Andif C, = 1in (1.2), we have the Mann iterative scheme witbrs in the sense of Liu [6] as:

X, =arx, +biTX, +s; (1.3b)
The sequencgU, },_, defined by

U,., =a’u, +b’Tu’ +c’s’

sl n>0 (4

n=n’

ut =alu, +bTu +c
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where {s}7,, {S}=, are bounded sequences K and {@’}>,, {b2}2,, {c’}o,. {a'},,

{bi}e.,, {ct}., are real sequences in [0,1] such t@dt+b} +ct =a>+b’ +c>=1foral n=0

and Zbrl1 = 00, is calledishikawa iterative scheme with errors (see [13]).
n=0
If Cg = Cﬁ =0 in (1.4), we have thkshikawa iterative scheme (without errors) as
X ., =a’x +bTx
(1.5)
xt=a'x +b'Tx ,n=0

If CE = Crl1 =1 in (1.4), we have the Ishikawa iteration with esrin the sense of Liu [4] as
o =2 0T 45 o
15
Xt =aix +b'Tx +s',n=0

In [9], the sequencgU, } ., defined by
Up.y = 85U, +bTu; +cis;
u?=a’u, +b’Tu’ +c’s? (1.6)

+b'Tu, +c's',n=0

n~n?

ul =au

n

[

where{s'} 7., {S’}, and{S’}"_, are bounded sequences kit and{a'}=, {b'}=.,, {c'}>,, are

bounded sequences in [0, 1] such tlﬁi;i,t+bri1 +C:1 =1 for eachi 0 [1,2,3], n>0 and Y b =0 is
n=0

called theNoor iterative scheme with errors.
If C, = Ci = Cﬁ =0 in (1.6), we have thioor iterative scheme (without errors) as

— A3 3 2
Xns = X, + 0 TX]

x> =a’x. +bTx’ 1.7)
Xt =alx +biTx.
In [14], themultistep iterative scheme with errors is defined as

Unyy = 8n Uy 07 TUl™ + sy

n
ur' ™t =a) tu, +b) T Tu) T + e s
M M M

3 2 3~3
u, +b Tu; +c.s;

N-1
n

(1.8)

=a’u, +b’Tu’ +c?’s’

—_ 1 11
. =au +bTu +c.s,

where{s'}= . {S7} 2., ... {S)'} ., are bounded sequencesha, {a'}=, {b}=,, ... {c'}o, are

u

n

sequences in [0, 1] such thai1 +bri1 +C,i1 =1forid[42,...,N] and ibﬁ =00,
n=0
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If we set Ci = Cg =...= Cr’:‘ =0 in (1.8), then it reduces to thaultistep iterative scheme (without errors).

X, =a) X, +bNTxN™*
N-1 _ ,N-1 N-19, N-2
X, =a, X,+tb, "Tx,
M M
(1.9)
3 _ 43 3Ty 2
X, =a X, + b Tx;
2 _ 42 211
X5 =ajx, +b Tx,
1 _ 41 1
X, = a X, +b Tx,
Remark 1.1
0] If we set N = 3, in (1.8), we have the Noor Iteration scheme wittos (1.6)
(i) If we set N = 3, with Crl1 = CE = Cg =0 in (1.8), we have the Noor iteration scheme (1.7).
(i) If we set N = 2 in (1.8), we have the Ishikawa iteration wittoes (1.4).
(iv) If we set N = 2, with Crl1 = CE =0 in (1.8), we have the Ishikawa iteration (1.5)
v) If we set N =1 in (1.8), we have the Mann iteration with esr(t.2).
(vi) If we set N = 1, with Cﬁ =0 in (1.8), we have the Mann iteration (1.3).

Definition 1.1 [15]
Theoperator T : X — X isaZamfirescu operator if and only if there exist real numbers @, b, €

1
satisfying 0<a<1, 0<b, C<§,such that for each pair X, Y [J X, at least one of the conditionsis

true.
(Z) ITx=Tylallx-vll
(Z,)  ITx=Tyl bl x-Tx|[+[ly-Tyl)
(Z) ITx=Tylcix=Ty [l +]ly-TxI)
It is easy to show that every Zamfirescu operdtosatisfies the inequality

ITX=Ty [ Al x =y +20]| x = Tx]| (1.10)
where 0 = max a,i,i <1.

1-b 1-c
Definition 1.2 [2]
Let (X,d) beametric space. Amapping T : X — X iscalled an a-contraction if
d(Tx,Ty) < ad(x,y),foral x, y X ,whee 0<a<l (1.11)

. . . . 1
Themap T iscalled a Kannan mapping [5] if there exists b [] O,E , such that

d(Tx,Ty) < b[d(x, TX) +d(y,Ty)], forall x, y 00 X (1.12)
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. . . . . 1
The mapT is called a Chatterjea mapping [3] if there exigts] O,E , such that

d(Tx,Ty) < dd(x,TX) +d(y,Ty)], forall x, y 00 X (1.13)
Combining definitions (1.11), (1.12) and (1.13), naeve (1.10).
Definition 1.3 [1]
Let (X,d) beametric space. Amapping T : X — X iscalled a quasi-contraction if

d(Tx, Ty) < hmax[d(x, y),d(x,Tx),d(y, Ty),d(x,Ty),d(y, TX)], (1.14)
where 0< h<1.

Remark 1.2.
Definition 1.1 is a subclass of Definition 1.3. a@ru [10] considered a class of quasi-contractigerators
introduced by Osilike (see [1]) and defined thus:

Definition 1.4 [10]: Let (X,d) be a metric space, there exikt= 0, al1[0,1) such that for eachX,
yoX,

d(Tx,Ty) < Ld(x,Tx) + ad(X, y) (1.15)
Observe that quasi-contraction maps (1.14) arepienident of the class of quasi-contractive mapsbj1vthile
the class of quasi-contractive maps satisfy(Zg - ZS) are also quasi-contractive operators defined.ib5)1

In a recent paper, Soltuz [11] shows that the Bidsliann and Ishikawa iterations are equivalent when
dealing with quasi-contractive operators. In [1R]was also shown that for the same class of opeyat
Krasnoselskij, Mann, Ishikawa, Noor and multistepdtions are equivalent.

In [8, page 145], Rafiq states that the iteratichesnes with errors introduced by Liu [6] are not
satisfactory. The errors can occur in a random Wéne conditions imposed on the error terms whighthat
they tend to zero a#l tends to infinity are therefore, unreasonabletdBatesults are obtained if we use the
iterative schemes introduced by Xu [13].

In 2007, Zhiqun [16] makes some remark on the edence of Picard, Mann and Ishikawa iterations
for the class of quasi-contractive operators.

It is the main purpose of this paper to show thaafd, Mann, Mann with errors, Ishikawa, Ishikawa
with errors, Noor, Noor with errors, multistep amailtistep with errors are all equivalent for a slag quasi-
contractive operators. Our results extend and gdiserthe results of Soltuz [11, 12].

Lemma 1.5 [8]

Let {6} =0 D€ anon-negative sequence which satisfies thafiolg inequality
0.,.<@0-A1,)8, +0, +y,whered, [0, 1), ¥, 20, foreverynN, Z/\n =00, Zyn =o0 and
n=0 n=0

y. =0(A), thenlim 8, =0.

n-oo

2.0 Main Results
Theorem 2.1

Let X beanormed space, K a non-empty, convex, closed subsetof X and T : K - K an
operator satisfying the Zamfirescu conditions (Z, —Z;) . Let U, = X, [JK and define{ U, } and{ X, } as
sequences satisfying respectively (1.8)and (1.9)with the conditions therein. If [im C:] = Ofor eachi, thenthe

n-o
following are equivalent:
0] The multistep iteration (1.9) convergesto .

(ii) The multistep iteration with errors (1.8) convergesto .
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Proof
We prove that (i)=> (ii) using (1.8), (1.9) and (1.10) witk = X, Y =U, . || X} —u} ||=

llasx, +b;Tx, = (aqu, +byTu, +cs0)|
<ap |[x, —u, [[+0} [ Tx, =Tu, || +c; IS} |l
<a ||x, —u, [1+bid [ %, —u, [[+2055 || x, =Tx, || +ch || s; |l
= (ay +0,0) 1%, —u, [1+20; [| X, =Tx, [ +c; Is; || (1.16)
<[1=-b; -9 Ix, —u, [[+20:3 || x, =T, || +c; [Is; | (1.17)
= L-wWp)E, +r) +t,

wherewW} =Bt (1-0), rl=miv., mi =20'5, v, =[|x, = Tx, ||. ts =ct ||s: |I.
Using (1.17) and (1.10), we have
X3 —uq [I= [lagx, +biTx, —(aqu, +byTu, +ciso)|
<a; ||x, —u, [[+b [ITx, = Tu, [|+c; |Is; |
< ay [[x, —u, [1+b7a ||} —ug [[+2b20 |1 %, =T [+ [Is: |l
<az||x, —u, [[+b7d@-b; @-9)) [, —u, |
+ 2010707 || x, = TX, [|[+2073 || x; = Tx; || +c;bd ||s, || +c; |Is: |
=[1-a; +b;d-bibra (- )] %, —u, |
+207020% || X, = Tx, [[+2b70 || X = Tx, [[+cbid IS, || + ¢, |Is: |
=[1-b7@-9)—c; —bb;o@- )l x, —u, |
+ 20,0707 || %, —Tx, || +2020 || %, =T || +cbia || s, 1 +c: [ls: |
< [1-b?@-9)] 1%, —u, ||+ 20,028 || x, = Tx, ||
+ 2073 || %, = Txq [l+cb2a |Is; Il +cq [l s? | (1.18)
= L-w;)8, +ry +t]
where W> =b?(1-9), rZ=mivi, m>=2020, V:=bJ||x, -Tx, ||+]Ix;-Tx ||
t: =cbid|ls, ll+c: IIs; |I.
Using (1.18) and (1.10), we haypx. —u? ||= ||ax, +b>TxZ —(alu, +b’Tu? +c3s?)||
<a; |[x, —u, [[+b] [ITxZ =Tuz || +c; [|s; |l
<ap |I%, —u, [1+b3d || xz —ug [[+2670 || Xz = Txg || +c; |l s: |
<a, |[x, —u, [[+b;o@-bZ - 9)) I, —u, |
+200h2b3° || x, = TX, ||+2b7b3S% || Xt =Tx: ||

+ 2070 || %3 =T, [[+Cbibyo” |Is; ll+cibia |l sg 1+ sy |l

n=n™n
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=[1-b -2 +b}d@A-bZ@- )], —u, |l
+ 20! 02030° || X, — TX, || +2b7b357 || Xt - TX: ||

+ 2070 |1 %; =Tx; [ +C,babid” IIs, [ +cabid [l s; I+t I s I
< [1-b7 W=, —u, || +2bb7b75° [| %, =Tx, ||

+20°0%07% || Xt = Tx! || +2035 || X2 =T ||
+Cbrbid” |I's; lI+cibid Isy ll+c II'sy Il = [L-b7 @ - I x, —u, |
+2030[bb; 0% 1 X, =T, 14078 1 %0 =T 1+ 117 =g [l]
+Cbibio” Is; Il +eoby 1S Il +cp Ilsy ll= @—w;)8, +r) +t;
wherew® =b’(@-9), r’ =m’v:, m® =2b°J,
Vo =bb o 1%, =T, 14070 1% =T, [+ 11%3 =7 I,

ty = Cbbid” Is, lI+ciba Il s; ll+ci lls: l-

n=n™=n

Continuing the above process, we have

1 Xpr =Upr I < =D @= )11 X, =y, [141" +t) = A=wp)E, +1," +1
wherew) =bN @1-9), g, =[x, —u, |. r¥ =mvi™* mY =2p"g,

Vp T =B (1, =T, [1+D) 7SN [ =T [+ [ =T |
ta =Cp by by 0N sy P ll+ey by 3N sy Iy ISy I

By Lemma 1.5, let

Wl’1\l :An’ Bn :”Xn _un ”’ 5n = rnN' yn :tr:\l’: en+1 s (1_An)9n +5n +yn

20,32, 20, Sy, =0 andd, = o(A,)

n=0 n=0
Hence, the assumptions in Lemma 1.5 are satisfied lim 8, = 0. Next, we show thaimu, = p.

n- oo n-oo

By assumption)im x, = p, pOF(T). [lu, = pll<{lu, =%, lI+[x, = pll

= lim[lu, - pll=0
n- o
Hence,limu, = p.
n- o
This shows that (= (ii).
(i) = (i) is obvious if we letC =¢” =...=c) =0in (1.8).

Therefore, the convergence of multistep iteratiod multistep iteration with errors are equivalenta
class of quasi-contractive operators.
Theorem 2.1 leads to the following corollaries.
Corollary 2.1

Let X be a normed spac& a non-empty, convex, closed subsepbfandT : K - K an
operator satisfying the Zamfirescu conditidd, — Z,) . Let U, = X, [J K and define ,,} respectivelyby
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(1.2), (1.4), (1.6), (1.8); and{ X, } respectively by1.3), (1.5), (1.7) and (.9). If lim C:] = 0O for each i,then the
n- o

following are equivalent:

(A) 0] The Noor iteration (1.7)convergesto .

(ii) The Noor iteration with errors (1.6) convergesto P .
(B) 0) The Ishikawa iteration (1.5) convergesto P .

(ii) The Ishikawa iteration with errors (1.4) convergesto P .
© 0] The Mann iteration (1.3)convergesto P .

(ii) The Mann iteration with errors (1.2) convergesto P .

Theorem 2.2[15, Thm 2.1]
Let E be a normed spac®) a non-empty, convex, closed subsefofandT : D —» D a

Zamfirescu operator. Suppose tflathas a fixed poing I D . Let{ p, } -, be defined by1.1) for p, J K

and Iet{un} ::0 be defined by (1.2) fotl, [1 K, then the following are equivalent:

0] The Picard iteration (1.1) converges to the fixed point of T .

(ii) The Mann iteration (1.2) converges to the fixed point of T .
Theorem2.3[15, Thm 2.3]

Let E be a normed spac&) a non-empty, convex, closed subsetofandT : D - D a
Zamfirescu operator. Suppose tflathas a fixed poing I D . Let{ p, } .-, be defined by (1.1) fop, J K

and let{ Xn} ::0 be defined by1.3) for X, O K, then the following are equivalent:

0] The Picard iteration (1.1) converges to theépoint ofT.
(ii) The Ishikawa iteration (1.3) converges to fixed point ofT.
Theorem 2.4 [11, Thm 3]
Let X be a normed spack,a non-empty, convex, closed subseX@ndT: D — D an operator
satisfying the conditionZ(— Zy). If uy =X € K, then the following are equivalent:
0] The Mann iteration (1.3)converges to the fixed point of T.
(ii) The multistep iteration (1.9) converges to the fixed point of T.
Corollary 2.2 [11, Cor 2]
Let X be a normed spacB,a non-empty, convex, closed subseX@ndT: D — D an operator

satisfying the conditiod. If the initial point is the same for all iteratis, @, = A>0 [ nUN, then the

following are equivalent
0] The Mann iteration (1.3)converges to the fixed point of T.
(ii) The Ishikawa iteration (1.5) converges to the fixed point of T.
(i) The Noor iteration (1.7)converges to the fixed point of T.
(iv) The multistep iteration (1.9) converges to the fixed point of T.
In view of Theorem 2.1, Corollaries 2.1 and 2.2editems 2.2 and 2.3, we have the following:
Corollary 2.3

Let X be a normed space, K a non-empty, convex, closed subset of X and T: K —K an operator
satisfying the Zamfirescu conditions (Z,— Z3).. Let uy = %, € K, and define { U, } respectively by (1.2), (1.4), (1.6),

(1.8)and{ X, } respectively by1.1), (1.3), (1.5), (1.7and (1.9).If lim C:] = 0 for alli, then the following are
n-oo

equivalent:

0) The Picard iteration (1.1) converges to the fixed point of T.

(i) The Mann iteration (1.3) converges to the fixed point of T.

(iii) The Mann iteration with errors (1.2) converges to the fixed point of T.

(iv) The Ishikawa iteration (1.5) converges to the fixed point of T.
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V)
(Vi)
(vii)
(viii)
(X

3.0

The Ishikawa iteration with errors (1.4) converges to the fixed point of T.
The Noor iteration (1.7) converges to the fixed point of T.

The Noor iteration with errors (1.6) converges to the fixed point of T.
The multistep iteration (1.9) converges to the fixed point of T.

The multistep iteration with errors (1.8) converges to the fixed point of T.

Conclusion
Our result extends and generalizes the result bfi5SfL1,12] in the sense that it considered théous

iterations schemes with their errors, whereas ththoa [11,12] considered them without their erroi®laleru
[10] did not consider the Noor and Multistep itévas for this class of operators
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