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Abstract

It is easily seen that if [0 can be written as the sum of distinct

divisors of (, then the fraction E can be expanded with no
q
denominator greater than (] itself. The idea behind this concept has

provided another method for writing the Egyptian fractions (sum of Unit

fractions) for any rational P ,qz00

1.0 Introduction

Definition 1.1

A practical number is an integer N such that for all values of n < N, n can be written as the sum of
distinct divisors of Ni.e. N is practical if every nwith 1 <n <N isa sum of distinct divisors of N.

For example, the numbers 4 and 12 are practicabeusras shown below:

N=4n=1,2,3) | N=120=1,2, ..., 11)

NP

NIRRT
+ NP

=

Table 1.1

On the other hand, 10 is not a practical numbease

N=10n=12A 9)

1=1

2=2

4=3+10or4=2+2
for4 =3 + 1, 3is not a divisor of 10 and for £2= 2, the two numbers are not distinct. Belowhis list of the
first twenty practical numbers
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1,2,4,6,8, 12, 16, 18, 20, 24, 28, 30, 3248642, 54, 56, 60
Definition 1.2
2 1

1
An Egyptian Fraction is a sum of positive (Usually) distinct unit fractionse.g. — = Z + E (no unit

7

fraction can be repeated [1]).
This work attempt to marry this two definitions withe purpose of being able to decompose the

9
fraction B into its Egyptian Fraction form. For example, & want to expandz—c [INote that 9 can be written

as a distinct divisors of 20i.e.9=4 + 5, so

9 _4+5_1.1

2C 20 5 4

19 14+4+1 1 1 1
Also == T =44+

28 28 2 7 28

Next we consider a theorem that connects praatizaibers and Egyptian fractions.
Theorem 1.1

m _ 1 1 1 _ , L .
— =— +—+/\ +— if and only if there exist positive integers M and N and divisors

n x X X,
M m
D,, D,,A ,D, of N suchthat — = — and D, +D, +A +D, =0 (mod M). Also, the last
N n
condition can be replaced by D, + D, +/A + D, =M and the condition (D1 +D, +A\ + Dk) =1 may
be added without affecting the validity of the theorem.

Proof
First, suppos& andN exist which satisfy given conditions. Then we diyripave
m_M _ D+D,+A+D, _ 1 1 1
n N cN cN cN cN
D, D, Dy
m_ 1 1 1
On the other hand, suppose = — + —+/\ + — is solvable. Then
n - x X Xy

k
m Kk 1 le/\ Xi—1Xi+1/\ Xk M
—=> —=1 =— 1.2)
n =X X, X N\ X, N

Clearly, then M =D, +D, +A +D,, where the D, all dividke N[ And we are done. If

(Dl, D,,A ,Dk) =d #1, then we simply takel\di and % instead.

Also relating to Egyptian fractions, is an impottgnoperty of practical numbers which was provef@ Here
we, state the theorem without proof.
Theorem 1.2

If N isa practical number and  is any number relatively primewith N and g < 2n, then gn is

also practical.
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Proof

5
Applying theorem 1.2, we expangé LIFirst we note that 12 is practical and thus,

5 _ 512

23~ 23012

Since 23 < 2(12) and 12 is practical, we know @®@{12) is also practical by theorem 1.2. So 5(1&) be
written as the sum of distinct divisors of 23(12).

, 512) 60 _ 46+12+2 46 12 2
0 = + I+

2312 276 27¢€ 27€ 27€ 27¢
" 7 7 7(16)
(ii) Expand — =5 — = ————
31 31 31(16)
Since 31 < 2(16) and 6 is practical, then31(L6) is practical. So we can writd(6) as the sum of
distinct divisors 0of31(L6) . Thus
l: 7(16) _ 62+3l+16+2+l= 62 + 31 + 16 + 2 + 1
31 31(6) 31(L6) 31(6) 31(6) 31(l6) 31(l6) 31(L6)
1 + 1 1 2 + 1

o+ =+ —
8 16 31 248 49¢

1 1 1
== + — +—
6 23 13¢

2.0 Properties of practical numbers
Properties of practical numbers relating to Egypfiactions are summarized below.
(i) If N hasdivisorsl=d; <d, <A <d_ =n,thenn is practical if and only if

> d 2d, -1forallr<c-1
i=1

(ii) If N has a subset of divisods=d, <d, <A <d, =n in which each is at most twice the
previous divisor; them is practical.

(i) If N is practical andM is a natural numbe€ N then MN is practical. [3]

(iv) If N is practical and the sum of the divisors if is at leastn + K where Kis a non-negative

integer, thenn (2n +k+ 1) is practical. [3].

3.0 The practical number algorithm for Egyptian fractions

Step 1: GivenB in lowest terms

q
Step 2: sefn=1
Step 3:  1fgm is not practical, leh = M+ 1 and repeat step 3; otherwise

. P _ pm , .
Step 4: Write— = —— and find the expansion.

g dgm

~Nlw

3
Express; in Egyptian form. No

oo
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By step 2, letm =1 and by step 3 test fjM is practical so
@ , [ isnot practical, sowe lemM=m+1=1+1=2.
@)
32
7(2)
3(4)
74

, again 21 is not practican=m+1=3+1=4

Note that 7 < 24 and 4 is practical, so we writ®) 2 the sum of distinct divisors of 7(4) i.e.

34 T7+4+1 1 1 1
==+ =+

7(4) 7(4) 4 7 28
Note that in step 3, we can instead Test to sg@f can be written as the sum of distinct divisors of
gm [ however, in finding asymptotic results, we willvieato take the worst case fdd — thus, testing for

practically is more general.
Clearly, this algorithm will terminate becauseniithing else, we can incremehfl until we reach

2% > q (the binary algorithm) [4].
Also, if we let M(N)= smallest m such that MN is practical then we can say
D(N) < NIM(N), so if we can find a bound fdvl (N), we can also find an upper bound fB{( N) [

The calculation ofVl ( p) in the procedure above is based on the followtegitem.
Theorem 3.1
M(p,) < M(p;) fori<j

Proof
Suppose M(p;) =m (3.1)
In the general ease, take a numbe< MP; < MP;. Find I', € such thatn = P, +r witho<r<p <
p-. Sincel < P;, we can writel' as the sum of distinct divisors of .
S< M < n <m (3.2
P P
We assumem < P; (this is clearly true for large enough). So we can write S as the sum of

distinct divisors of M. Thus, sincem and P, are relatively prime we can writB as the sum of distinct

divisors of Mp, therefore, M(p)<sm=M (p;) (3.3)
which imply M(p,) < M(p,) (3.4)
4.0 Conclusion

Just as we have the real number sysinwe introduce the practical number syste®) {here
PO R. It is easily seen that P can be written as the sum of distinct divisor$1,ollhenE can be expanded
with no denominator grater tharitself. This and other properties of practical inams, stated hare makes it easy

for fractions such asB to be expressed in Egyptian fraction form.

q
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