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Abstract

A more efficient technique for the study of red cel is
electrophoresis. More precisely, if a constant external field is applied to a
protein, the later migrates to anode or cathode according to his net
charge. Compared to Hemoglobin A (HbA) which is the normal
constituent, it was observed that Hemoglobin S (HbS) have a charge

difference which is due to a genetic mutation ,36(A3) Glu - val,

and consequently, a less anodic migration [1]. For the patients with HbS
disease, the red cell instead to stay binocave takes the sickle form when
there are deoxygenated. This deformation leads to the vaso-occlusives
crisis very painful which can provoke different lesions in organelles [2].
In this work, we paid our attention on a particular phenomenon, viz, the
account of the deformation which result exclusively from the conjugated
action of the applied field and the mechanical stress acting on the deoxy-
HDbS during the electrophoresis process. In these conditions, a molecule
of deoxy-HbS which is not deformed is considered as a dieletric sphere

with dielectric constant £, while a defined HbS moleculeis considered as

a dielectric ellipsoid of revolution with dielectric constant & along thej

axis where the field is applied. The results obtained clearly indicate that
the deformation (¢is an analytical function of the form:

¢ = T(E, i, &, €) where E is the dlectric field intensity, 44 the slide
modulus of the molecule, and £
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1.0 The theoretical model

In this work, we paid our attention on a particydtenomenon, viz, the account of the deformation
which result exclusively from the conjugated actairthe applied field and the mechanical stresmgain the
deoxy-HbS during the electrophoresis process.
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* We consider the medium used for the electrophorsistate buffer pH 6,2) on agar, as a continuum
medium with dielectric constarél
« To simplify the mathematical difficulties related the forms of sickle cell hemoglobin, we consider

normal deoxy-HbS as a aphere with dielectric conis#,, and a deformed deoxy-HbS as an ellipsoid of

revolution elongated along j-axis with dielectr'(mstanté‘j .

Hence, with this formulation, our biophysical pretnl reduces directly to an advanced problem of
electrodynamics of continuum media [2]

In order to determined the eccentricity e of tHgp®bid, we suppose that the deformation is a unifo
slide deformation along the volume of the body, enarecisely, a deformation without change in volume

If ¢is the deformation, we get:

Q~a,

¢c= ca, >a, (1.1)

where 8, and 8, = 8, are the lengths of the semiaxes of the deformguseid and a the radius of the sphere.
The equilibrium condition of the deformed body whialso allows to express the deformatigrin

terms of mechanical and electrical parametersbeaexpressed as the condition for which the suthetlastic
energy and the electrostatic energy is minimum.

2.0 Derivation of the electrostatic energyy/q.«

The electrostatic energy is obtained using the domehtal relationships of the theory of elasticBY. We have

by definition:

e = Vo U,
2

where 0, is the elastic stress tensak, the strain tensor, and v the volume of the bodye Fonditions of the

theoretical model read:
1°) — No variation of the volume:

u; =u, +u, +u, =0
2°) — Because of the axial symmetry around thedfidlrection, x-axis, only the components
= U, are different from zero and we have:

_a 8

2.1)

u,,u

1Ty

2

2
<-=(u><x_uw) UXX=§(UXX—UW)=§C

3°) — Using the basic equations of the theory asiitity [2], we get after some algebra the follogyi
relationships:

g, =0,%0,,+0,=00, =§(JXX —JW), (JXX —JW): 2u(uXX —uyy)

where U is the slide modulus of the elastic molecule hgvinspherical form. Finally, using the relations
obtained, the elastic energy (2.2) reads:

Ve =500 -0, Ju ) @2

which leads in term of the deformatign
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2N 2N
17/ :L(UXX—UW)2 :ch (2.3)
3 3
3.0 Derivation of the electrostatic energyy/ g

Let F’xthe component along x axis of the polarizaton vetﬁ) and &, the dielectric constant of the

ellisoid along the same axis. In a medium of digleconstant , the analytical exprssion of the electrostatic
energy reads [4]:
w%j:_REz VE? (g, -1)¢

2 en[e+(e,-e)Al

whereE is the external field intensity, anA< the coefficient of depolarization (or form factoFor an ellipsoid

(3.1)

of revolution stretched along the x axis we get:

1-¢ 1+e
= In -2e 3.2
A 2€’ { (1— e] } 42
If the ellipsoid is such the&e << 1), we obtain with a good approximation:
1 2¢
=== 3.3
A=3 s (3.3)
We have by definition: [2]
a _(a+a)a-a)
e = 1—¥ = o (3.4)

Hence, if we consider the following usual approxXioms:
a+ta,=2a a =a
We obtained equation (3.3) the following relation A( Viz:

e
A 3 w( a j 9

It is worthy to note that equation (3.5) which usefor the derivation of the electrostatic energgy;also
expressed in term of the deformatipn

A dielectric tensor of a body slightly elongatedn be written in a series expansion limited te@ad
order terms, Viz :[2]

Ex = & + Yy T VU O (3.6)
whereg; is the dielectric constant of the spherical bgdgndy, being to arbitrary constants

In particular, the dielectric constafjtreads according to equation (3.6):

2y
E,ZE,=E T YU, =&, ?1(uXX - uw) (3.7)
Or in equivalent form:
2
& =& +%C (3.8)

Finally, using the relations (3.1) and (3.8) theression of the electrostatic energy reads:
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2 _
VE { (&, -1)e +2y£¢/3 59

Ve =~
g | e+(e,—e+2y,¢/3)A
Using equation (3.5) the electrostatic energy aanreladily written in the following form:

VE? f
Yoo = - ﬁ (3.10)

87 g(c)

{f(c)= Ky +Ky¢
Q(C) = Ks + K4C_ K5C2

with

(3.11)

with the following definitions for the coefficient§ :

K, = (g, -1)¢

K, =2),&/3

K, = (g, +2¢)/3 (3.12)
K, = [2}/1/9 a 4(‘90 a 5)/15]

Ky =8y,/45

The condition for the total enerdff,, = /g, ¥ goxt to be minimum reads:

2 2
4uq” _E [ o _ g
=——1%¢ ~ Tac (3.13)
3 8n
We observe as required that the condition (3.13)dependent of the volumé of the body. Hence
after some algebra, and at first order termive get:

— k,(KzKa B K1K4,)

(3.14)
K, - ?kKlKE,))
- _(E%/8rr
with: k = —(4/1/3) (3.15)

In equation (3.14) the ternﬁZkKlKS) is very small compated td(sz,consequently, the expression for
simply reads:

_ EZ(Ksz - K1K4)

c= (3.16)
arlarK,’ [3)
Substituting the coefficients; by their expreddions given equation (3.12) we get:
c= 9E?((s, - 1)(&, — £)e + 5y, (1+ 2¢)/ 6] 617)
Aomu(e, +2¢) '
which can be written in the following useful form:
9E?
= é(s,.€) (3.18)
40

where the factor¢(£‘0,€) depends only on the dielectric constants of urdieet body, and the dielectric
constant of the medium
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As indicated, we consider in this work the casea afeformation without change in volume, only the
forms variation of the ellipsoid are taken into @act by the variation of the parametemamely are applied

field strengthk, and the dielectric constant of the medium. Indéééi ,u) are the characteristics of the deoxy-
HbS.

4.0 Study of ellipsoid axes variation
We consider following the system of equations:
&% (4.2)
a+a,=2a

The first result from the definition (1.1) of thefdrmation, and the second from the approximatiauento
derive the form factof,. Solving the system (4.1 we get:

a(c) = all+¢/2)
a,(¢) = all-¢/2) 4.2)
a (C) =a (C)

The equation (4.2) indicates that the ellipsoidsekave a linear variations in terms ofHowever, for each
increment/A = ac/2 of the axis ai(c) from the initial form (the sphere) correspond imoemt — A for axis

az(c) Hence the ellipsoid becomes more and more stdich

It is interesting to observe that the variation ag(c) indicates a limit for the deformation. More
precisely, the following condition must be alwagsisfied.
a,(¢c)=0soit¢c<2 4.3)
The equation (4.3) clearly indicates that theresteaicritical valueE. for the field intensity for which the HbS
molecule is destroyed.

It is worthy to note this theoretical result iseércellent agreement with the experimental obseswuati
Using equation (3.17) and the condition (4.3) wefgeE:

E =2 | (4.4)

c = —
3\ ¢le.e)
For numerical calculation of the deformatipnwe suppose at first approximation that the dieilec
mediums crossed by the light are not absorbing umesli Consequently, the Maxwell equation can beilsead
used:

. £, = n02 for the dielectric constant of the sphere;

. £=n° for the dielectric constant of the solution.
The intensity of the applied field is an experitamlata, that is not the case of the slide modylusf

the deoxy-HbS. However, the value of this parameter be readily estimated through the theoretiesiilts
derived by Cerf [5] concerning the form fluctuatioof a elastic spherical molecule
Hence, the formulae giving the mean square ofldiermation coefficients reads:

> =—— (4.5)

where (u“) are the diagonal elements of the deformation teksthe Boltzmann constar¥, the volume of the

molecule,T the absolute temperature.
Moreover, in order to give insight to small fluctioas Cerf [5] used

<(u, ¥ >< o001 (4.6)
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which leads to

_ 100KT
Hs Hy = oy 4.7)
Consequently, for a spherical molecule of radivge get the desired result viz : :
_ 100kT s
¢ 4m’ '

5.0 Conclusion

The deformation of particles by homogenous elecfiglds is of importance in many physical
problems, in particular in studies of disperseayst such as micelles, coaservates and emulsions.

When the patrticle is hemoglobin droplet, equililbmi deformation will be achieved when the electric
and the elastic forces are balanced. And the fneegg of the system is a minimum. It was assumetl tthe
equilibrium shape of the deox-HbS would be an sdlig of revolution with symmetry axis parallel tppdied
field.

The sum of the electric and elastic free enerdiea tvas computed and minimized as a function of the
deformation which depends of the eccentricity.

Finally, it worth noting that the theoretical treent develop in this work will provides subsequent
experimental measurement for a comprehensive stadisickle cell disease.
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